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PREFACE 

The author’s ooject in writing this book has been to provide a 
prai'ti|al statement of the principles of Mechanics. 'I'he ,1i langenient 
*ado|)ted is similar to that of his Applied Metluinhs for /ief;iiiiiei%. 
flreat pains have been taken to make tlie treatment adeiiuali.' : piin- 
ciples have bein illustrated by numerous hilly ivoiki’d-oiit examples, 
jnd exeicisi'S for home or class w-oik have been provided at the ehds 
of the chapters. The working out oT tyiiical exercises must j,)e done 
by eveiy student of ^[eehanics, but the mere ability to solve exaniina 
tion i]uestlons is not the only service the study of .Applied Mechanics 
' can render the I'ingineer. The problems met with In actual engineer¬ 
ing ])ractice often differ greatly from the te.xt-lrook form of exercise, 
•and the student of Mechanics, in addition to a sound knowledge of 
principles, must learn to ap|)reciate the assumptions‘*invol\eil aiul the 
con.sequent limitations which arise in their piaclical applications 
Conseipicntly, the student must he provided with ficquent oppor¬ 
tunities for performing suitable expcrinwits under workshop condi¬ 
tions. In the mechanical laboiatory 'm must come into touch with 
[ir.actical problems, and there leain to test and apply his knowledge of 
principles, and in this vvoik he should have the tjssistance of a teacher 
and the criticism of fellovv-.students. but il the vvliole value of .sue h 
Jilboratory work is to be secured, no slip-shod working out of results 
must be tolerated. In recognition of the supreme importanie of the 
experience gained in the laboratory, many suitable experiments have 
bejtn Ijcscribcd, and these have been arranged on p. xi to provl'de a 
confiected cot^rfe of praciical work. The n.aturc and scope of the 
apparatus availabic M different lalioratoncs vary greatly, and some of 
the exjieriments included are given as suggestions oniy, so as to be 
.jpplicablelo any form of maeijinP or instrument, 

* Students using the booj; must have a knowledge of Algebra up to 
q^iadratic e([uations, and of Trigonometry^to the simple properties of 
trj^ngles. •They should be acquainted also with abput half-a dozen ‘ 
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rulcstif the CalcSfcs, and these are ^ven in^ ('ha[)t|;r’I. Students 
able. to integrate x^'dxy andto differentiate a”, tjn.v, an'd cosa', wiIHIvj 
able to uiukTSland pr.ielically the whole volume. 

Though no parlieiitar examinalu>n syll.ibii'. has bcemfollowed, the 
book should be of sen ice to students pre[)aringk't Ih^iversity degrees 
in ^engineering, foi the examinations ol the Institutions of (’iyb 
EngiiK'eis an<l of MechaiiKal Isugineers. and ler the higher exan.illa¬ 
tions of the bbard of Ikha ation and the City and (Jtglds of London 
Institute. i i 

Ikxercises marked Ikhk aie horn leeent examination papers of the 
board of l^k^uration, and are ]( [)rinte(l by jiermission of the I ’on- 
lr(fller of H.M. Stationery Oftiec; those marked I.(M'k are taken 
from recent examination pa[)ris of the Institution ol C'lvil Ifiigineeis, 
and are reprinted by permission of the [lublishers, Alessrs. W. ('lowes 
iv Smis. Exeiri.ses maiked L.C. aia; leprinled, with [lerinission, from' 
recent examination [lapers foi J> Sc. (Ihig ) ot London Cniveisiiy, 

It is impossible to give in a book of moderate si/e a complete state¬ 
ment ot all subjects of Applied Me< hani( s l-'or fuller infoimation on 
special maltiTs the student is reteiu'd to separate tieatises ; the names 
of some of these are noted in tire (ext, and the author takes (he 
oj)l)orlumly of a('kno\\ledging his own indebtc'diuss to them, espe( lally 
to AV/r;/;’/// nf Malcriah., by Sir J A. lA\ing (Cambiidge Unneisity 
Lies>), and to Machine /A'v/g//, by I’lol W. C. Ihiwin (l.ongmans). 

Sii K.i( hard Cregoiyand Mi. A. 'I'. Simmons have lead the [aools, 
and to their expert knowledge of books and book jiiodiietion the 
author owpa a heavy delrt of gratitude. 'I'hanks aie also due to Mr. 
L. M'ykx, b.Sc., iXssistant I.eclurer at ^\'cst Dam Institute who has 
read t/e proofs and checked the whole of the mathematical work and 
the inswers to the exenases , it is hoped that hi.s <'aie has had the 
tCi^ct of teducing the numlv r of eiiors to a minimum. * 

' 'I'hc ap[)aratu.s leprescnled in Figs. 706, 707 and 715 is made by 
Mr. A. Macklow'-Smitli. (hu'cn Anne’s ('hambeis, W’esiminstei, and 
the illTistiations have been leprodiiced fioin woiking drawings kim|i5 
supplied by him. The illustration of a ch.^in (Fig. is inseited 
by permission of Messrs. Hans Renold, Ltd? ?'he d'ables of 
Logarithms anfl 'rrigononuaiical Ratios aie i|^‘piinled horn Mr. F. 
Castle’s Machine CoustruLhon ^ud Drawvaec^ (Afaftmllan). 

J. HUiNTMN, 

#VVi‘.sr IIAm, .Scpicinini, 1913.* 
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COURSE OF LABORATORY EXPERIMENTS 


instructions for carr\ ing out 

LABORA'TORV WORK 

General Instructions. - I'wo L.iboi.itoiy Noir books aic rciiuued , in 
one rough notes of llic ospei iinents shouiil be made, and in the oilier a 
fair co])y c'f them in ink .should lie enteied. 

liefote Lommeni mg any expenment, make suie that you muleistand 
\\h.it Its objei t IS, and also tlie (ousti lu lion of the appaiatus .md instru¬ 
ments enijiloyed. 

Reasonable laie should lie cscuised in oidei to .ooid damage to 
appaiatus, .uid to sei me fuiiy acciuate results 

In wilting up the lesiilts, enter the notes in the following oidei ;* 

(1) 'I'he title of the cxpeinnent and the dale on ulmh it was 
peifoimed. 

(2) Sketches and dcscnplions of any spcci.d apparatus or mstiuments 
used 

(3) 'The object of the expei iment. 

(4) Dimensions, weights, etc, rc(|uiied for woiking out the results; 
from these values (alnilatc any constants teiiiuied 

I's) f.og of the e\])eimient, cnteicd in t.ibiikir foiin w’hcie possible, 
together with any lemaiks ne« essaiy. 

(6) Woik out the results of the experiment and tabulate them where 
possible. 

(7) Plot .my curves ic<juired. 

(8) Work out any genci.d eii lations required. 

(9) W 1 TC possible, state any general conclusions which may be 
deduced from the lesults, and compare the results obtained with those 
which may be (Iciiv'tI from theory. Account for any discrepancies 

Notes should not be lef‘ m the rough form for sevctal days ; it is much 
uCUer to work out the icsulls and enlei them directly after the expeliments 
,iave been pei formed. 
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rART J. 

■MATERIALS AND STRUCTURES. 

CHAPTER I. 

IN'i'RODl'C rORY I'RINCII I.ES. 

Definition of terms. Applud nicclianlcs treats ol those laws 
of force atid the effects of fr>rci' tipoii mtittei which apply to woiks 
of htittiati art. It will stifliec to ilcfine matter aa aiiythititt tvhu'h 
occuptes s|)are. Matter exists in many diherent forms, atid can 
often be ehaiiftcal liom one foiiii to another, blit man eatinot create 
tit, nor can he annihilate it. Any pnm piece of nuittei, oci'tipying 
a definite .space, ts called a body. Force may exert push or pull 
on a body : force may i lianpe or tend to change a body’s state of 
rest or of motion. 

Statics is that [>ait of the subject etnbraeing all qiiestiotis in 
which the fotccs applied to a body do not piodtice a distuibance 
in its state of icst or motion. When we speak of a body’s motion 
we nieati its motioti telative to other bodies. Rest is mcieiy a 
relative R'rm ; no body, so lar as we are aivare, is ai tually at rest; 
but if its |)osltion is tiot changing in lelalion to other neighbouring 
oodies, we say it is at rest. Iti the same u;iy, when we speak ol 
a body’s motion we itieati the chatige of ])osition which is being 
efiected relative to neighbouring bodies, t ’hange of tlie state of rest 
O’- of motion may be secured ity tlie application of a force or forces, 
but if the,|oices aiipli”d are self-cqiiihbrating, i.e. balance among 
themselves, no el.angc of motion will occur. Kinetics includes all 
problems in which change of motion occurs a.s a 'fconsequence of 
the application of forces. 

There is another division of the subject called irlnematlcs. This 
ai vision may be defined as the geometry of motion, and has no 
reference to the forces which may be recitiired for the production 

D.M. A 
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MATERIAL^ STRUCTURES 

• ^ - 

of the motion. Rroblems arise in kinemati('s such as the curves 

describe^ by moving poii'ts tii a muchanism, anfi fee velocities- of 
these points at any instant. 

Measurement of matter. Matter is measured by the mass, or 
quantity of matter, it contains. 'I’lie .standard unit of mass for this 
country is tlie pound mass, which may bo defined as the quantity of 
matter contained in a ceitain piece of platinum preserved in the, 
Exehetiucr Olfite. A g.illon of water at 62°!''. has a mass of to 
pounds. In cases where a larger unit is desirable, the ton, contain¬ 
ing 2240 pouiuls, or the hundredweight, containing 012 |)ounds, 
in.ay he used, denerally s|)eaking, it is best to state icsiilts in tons 
afid (lecim.ils of a ton, or in pounds and decimals of a pound. 

In countries using the metric system, the unit ol mass i-mployed 
is the gram. 'I'liis njay be defined as the i|uantily ol matter con- 
jtaincd in a cubic centiinetre ol pure water at the teiii|ieiatiire of 
•I ( 1 . \\'hcie a larger unit is required, the kilogram may be used, 
being a mass of looo grains. 

'I'hc term density relers to the mass of unit volume of a suhstanee. 
'I'hiis, in the British system, tlie density of water is about (12-5, theie 
being 62-5 pounds mass in one cubic foot of water. The den.sity of 
cast iron 111 the s.ime system is about 450 pounds per cubic foot. 
The density of water in the metric system is 1, and of east iron 7-2, 
these nunihers giving the mass in grams in one euhic centiinetre 
of water and cast iron respectively. 

Measurement of force, forces may be measured by com¬ 
parison with tlie weight of the unit of mass. Thus, the weight of 
the one pound mass, or that of the guun, may be taken as units of 
force, and as these depend on giavitational effort they are refeired 
to as gravltatlonul units' of force. The attraction exerted by the 
eartli in producing the cITect known as the weight of a body varies 
in different latitudes, hence gravitational units of force have the 
disadvantage of possessing variable magnitudes. The variation can 
he disregarded in many engineering calculations, as it affects the 
result to a very small extent only. Other practical giavitational units 
of force are the weight of one ton (2240 'b.) and the vveiglft of 
a kilogram (1000 grams or 2-2 lb. nearly). 

An absolute Unit of force does not vary, as it is defined in relation 
to the invariable units of mass, length and tim^ belonging to the 
system. In the British system, the ab.solrte unit of force is called' 
the pounds and har, such a magnittide that, if it acts on one |.ouiiel 
rnass, assumed to be perfectly free to move, for one seco.'id, it w^ill 
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jroducc a veTocity of one f 5 ot i)cr second. Tlie* metric al)s*)lute 
rnft of force in^tlie dyne, and will priMiice a velocity of one centi- 
netre [rer second if it acts for one second on a gram mass which 
s perfectly free to move. 'I’he |)oiindal i.s eijiial roughly to the 
veight ot halhan-oimce, or, accurately, it is equal to ' lb. weight, 

' heinj^ the jate.at which a body falling freely increases its speed, 
'or all parjs of’llrilam y may be taken as 32'2 in,ffet and second 
ii'gts, or^pSi m centimetre and second tmits. On this basis, the 

lyne will bf ' giam weight, or 981 dynes e(|ual one giam weight 
teaily. 

’ Newton’s laws of motion. In connection with the abch-e 
lefinitions, it is iiseliil to study the laws of motion laid down by 
'Jewton. • riicse laws loim the basis of all pyncipics m iiicchanics, 
ind are three in number. 

First law. I'ivery body continties m its state of rest 01 of jmifotiii 
notion in a straight line escept in so lar as it Is coni|)elled by forces 
o change that state. • 

Second law. Ohange of momentum is |iroportlonal to the a[iplicd 
orcc, and takes place in the dpcction in which the force acts. 

Third law. To every ai tion there is always an e<|tial tiiul contrary 
reaction ; or, the muttial actions of any two bodies aie always equal 
and oppositely dircteted. 

The first law e.v|)resses what is called the inertia of a body, ie, that 
[iroperty whereby it resists any effort made to chatigc either the 
m.agnitude of its velocity or the direction of its motton. In the 
second law, the term momentum may be here understood to mean 
(luantity of motion, measured by the [troduct of the body’s mass 
and velocity. The law (expresses the obkerved facts that change 
in the magnitude of the velocity of a given body is proportional 
'to the force ap[)lied, and change in the direction of motion takes 
place in the line of the force. 'I'he third law also expresses 
observed facts. It is impossible to ap|)Iy a single forca; there 
must always be an ecpial o[)i)osite force. One end of a string 
cannot bi» p'ulled tmk*ss an ec|ual opposite pull be ap|)lied to the 
other end. Jf itie body used be free to move and an effort be 
applied, the veloci^v will change continuoii.sly an8 the jnertia of 
the bodj providt^i the resistance equal and opposite to Ihe force 
hpplied. 

Elperimental measurement of m%s3 and force. Masses may 
fie comfiared by means of a common Ixalance (Kig. 1). In this 
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appliance, a beam Ali, pivnted at its centre, will Income hori/ontal, 
or will describe small eijual angles on each side iWethe borizOntal 
when equal forces are ap[)lied at A and H. Such eipial forces will 
arise when bodies (i and I), having equal 
masses, are [ilaced in the pans. 'This 
follows as a conseipience of the fact that 
eijual masses have equal weights at the 
same part of the earth’s siirfacr;. Further, 
no matter at what part of the earth the 
balance is used, it will always indicate 
t therefore follows that such a balance could not 
f a bodv’s weight in different 


Fic. 1.—Comnioij halAiue. 


eijual masses. 

be used to indicate the \aiiation 
places. 

Spring balances (Fig’ 2) may be used to measure iforces by 
observation ol the extensions piodiiced in a spiing. As equal 
masses have ctpial weights, such balances will indicate 
the sainc scale reading lor equal masses, but as it is the 
weight Of the bgdy which pioduces the extension of 
the spring, and as it is known that the extension is 
proportional to the foiee applied, it follows that change 
of weight, such as would be |)roduced by taking the 
balance to anothei part of the eaith’s surface, will be 
evidenced by a different scale reaihng. As has been 
already mentioned, such difference is eery small. b|iring 
bakances are generally calibrated in a vertical position, 
as shown in Fig. 2, and will not indicate (juite the same 
force when the balance is used in an inclined or inveited 
position. 'This is owing to zero on the .scale being 
marked for the spring extension corresponding to the 
weights of the parts of the balance susiiended from the j 1 

spring, but no load on the hook or scale pan. ( on- - 

se(]uently the zero will change if the balance is used “■sai.mJr'"* 
in any yosition other than that shown. 

Specific gravity. The specific gravity of a substance is tiie 
weight of a given volume of the substance las com[)aTe)' with the 
weight of an etiual volume of pure water. Specific gravities are 
usually meastirefS at a temperature of 60” Fahrenheit. 

Let V = volume of a given body in cubic feet, 

P = spcf ific gravity of material, 

I* 

\V = weight of body in lb. 
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rhcn lb. weight il'tlio mateiial is \vnter, 

lb. weight for the given substance. 

Hence p-— 

()2'5V 

This e>*[)ression enables the specific giavil) of a gicen body to Ije 
found roughly by first weighing it, then calculating its volume from 
^he ineastired'diitiensions ■ . 

'I'he follfjwing table gives the weights and specific giatities of 
some rtun'nvjn substances; 

■ W'kII.III.S ANIi SI'MIHC fiKAVI I Its. 


M.ticn.il 

W, 1, 

;lit -if 

W ci>;lit Ilf n vlittl 1 
1" ilii< k, 1 

Sitcc il’ii 

• ! 

( llK' ( ttli f<n)l ! 

Otic cull llicll 

I Ml fll'll AHM. 

• 

' III 

1 111 

lit 

• 

WVou^'ht lion 

4S0 

1 0 j8 

40 


Steel 

4 'to 

’ 0 28 

41 

7 « 

(.'a.st non 

450 

0 26 

,’> 7 ^ 

■72 

Copjier - 

5 .S" 


46 

«8 

lil.lSS 

5'5 

0 30 

44 

8-4 

j (»un niclal 

540 

• 031 

45 

8 6 

AUinnnuiin 

if’S 

OUV 5 

14 

26 

Zinc - - , 

450 

0 26 

37 i 

74 

I'm 

4^'5 

0 27 

.lO 

74 

Lead - - , 

710 

041 

S') 

11-4 

Krc.sh watci - | 

62 5 

00'/) 


1 0 i 

Sea 

64 

i ^^87 


1-024 j 


Mathematical formulae. The following mathematual notes are 
given for reference. It is assumed that thd reader has studied the 
[)rinci|)les involved, or that he is doing so conjointly with his course 
Hr mechanics. It may be noted here that a knowledge of the 
elementary rules of the calculus given below is not required in 
reading the first five chaiiters of this book. 

jMknsukai ION. 

Determination areas. 

St/uan. side r; ar^a - - 

NicUinffe, adjaevnt sides a and />; '*rea--<7A 

Trianf,le, base pcrpe*idictilar height h\ area - I/'x yi. 

Tnangle, sides u, h and c. 2.r a + c. 

Aiea - a)(s - i>)(s - c). 
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Parallelo;p-am ; area = 
side to the opposite one. 

Any trrej^ttlar fiynn bounded by straight lines; sffiit it up into 
triangles, find the area of each separately and take the sum. 

Trapzoui ; area => half the sum of 
the end ordinates x the base. 

A trapezoidal figure having cijual 
intemils (Fig, 3); " 

(h.-gh, , , 

area = a I - ’ + h., + h.^ + /l^ 

Simpson's ruk for the area bounded by a eunee (h'ig.^g); take an 
odd number (say 7) of eijuidistant ordinates; then 



Ki<; 4 — Ilhisir.Ttioii of binipsoii’b rule. 


Circle, radius r, diameter d] area = irA- !^—. 

4 

((jrcumfercnce = zirr^-ird.) 

Parabola, vertex at O (Fig, 5); area 011 ( 1 = yi/e 

Cylinder, diameter d, length /, area of eiined 
surface = ndl. 

Sphere, diameter d, radius v, area of curved 
surlace=7r(/- = 47r/--. 

Cone-, area of curved surface = circumference 
of base x ( slant height. 

Determination of volumes. 

Cube, edge.t; volume = r*. 

Cylinder or prism, having its ends perpendicular 
to its axis; volume = area of one end x leng(Ji of 
cylinder or prism. 

Sphere, radiuj r-, volume = ‘irrl 

Cone or pyramid-, volume = area of base x j perpendicular height. 

f ft 

'rUKIONOMKTRY. ' 

A desfree is the angle siihte'nded at the centre of a circle by an a(c 
ttf yJod' of the circumference. 




I'lO. ‘t, —Tra|)«/’oid.il fl>;iirc. 


one side x perpendicular i^istance from that 
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A radian is tkc angle siil)ten 4 ed at the een*tre of a^'ircle by an*arc 
e(ju%l to the ladiu^ of the circle. • 

'rhcrc are 2;»^idians in a <'oinp!etc cncle, hence 

27r ladians -360 degrees. 

;]7r ,, .-270 ,, 

77 „ - I So „ 

V ,, 00 ,, 

• • - ^ , 

IvCt I be tjie Icftglh o( arc subtended by an’angle, aiKl let r be the 
radms tjie circle, both in the same units ; then angle = tadians. 

Trigonometrical ratios. In log. 6 let Oli re\(jl\i‘ anticlockwise 
a^)out O, and let it stop .suc(essnely in positions OF,, Ol‘,., Ol\, 
OPj; the angles described by OB are said to lie as follows: 
in tlie first (luadrant (X^Ih 
I’.Oii, in tlic second (inadnmt COA. • 
l’iOB (greater than i8o°), in the thiid quadrant 
l’iOI! (greater tlian 270°), in the fourtli (|uadrant ISOIl. 
l)ro|) |)erpendieuliirs such as I’lM, from etich position of I’ on to 
Alt. Ol’ IS al«a)s regarded as positive. <)M is positive if on the 
right and negaltve it on the left of O , I’.M is positive il ahove and 
negative il below All. ^ 


1 



Ali/rlirait. sieti of i.-tln 


j N.iiiicof 

R.'nn) .IS 

V'.ihn- of 

_ 




Mt.O 

wrui(.n 

ratio 

1st qii.id. 

?liil tjllAtl 

V'i (|iiaii. 

jtli i|ii.iil 

Sine BOM 

Sin BOM 

BM 

Oi’ 

F 

f 





OM 





cosine BOM - 

cos POM 

Ol‘ 

+ 



1- 



BM 





tangent i^O.M - 

tan BOM 

OM 





cosecant POM 

(osc: BOM 

OB 

i’M 

-1- 

+ 



secant BOM - 

sec I'OM 

OB 

OM 


- 





OM 




» 

cotangent BOM 

cot I’OM 

l*^t 

4- 

- 

f 


• ^ A 



. .. ... 





The values' of the ratios are not affected by tl^; length of the 
radius 01'; taking Ql' to lie unity, we have 
sin I> 0 M=^ 1 >.\I (Fig. 6), 
cos l'()M-.()M (f ig. 6), 

U^n I’OM l’'l) or dependHig on the quadrant (Fig. 7). 
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Figs. 6 and f show clearly both Ibe sign and th0 varying values' 
these ratios, and enable ih^e following table to bfc^deduced; <. 




Viiiites of ilic ratios for 

of 




QO' 

ift./ ; 

V70” 

360* 

,in I’OM - 

o 

I 

o 

- I 

0 

■os POM - 

I 

O 1 

-- r 

4 0, 

I 

anl’OM -• 

'’o 1 

1 

CO 

o 

~ CO ( 

0 1 


C 



Kig. 6.—TiiconDmelrical latios. 



The folhrwing foimulac arc given for reference: 
I . I 


eosec A - 
tan .A -- 


sin A' 
sin A 


si'C A --- 


cos A' 
cos A 


, cot A^- 
cos A, sin A 


cot A -- — , ■ 
tan A 

< os'A + siii-A -- I 


tan-A + I - sec'hV ; cot'.\ + i -- cosec-A. 

sin A = cos(yo° - A); sin A = .sin(i So" - A). 
sin(A + li) = sin A cos I! + cos A sin 1 !. 
c()s(A + B) = cos cos 1 > ' sin A sin l’>. 
sin(A - 1 !)=- sin A cos I! - c osi 4 sin li. ■ 
cos(;\ - 1!) ^ cos .\ cos li + sin A sinbi. . 
tan A -c Ian B , 

I < tan .\ tan 1! 


tan(.\ + l!) = 


,, ,,, Ian .A - tan li 

i'in(. i) p+tanAtaiiB 
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’ • ’ ' ' * * 

* If the anglesiof a triangle ar« A, H and C 'and ths sides oppr^ite 
thesj angles are b and c respectively, Uxi following relations hold ; 
a =/'cos C + c cos H, 
a b i 

sin A sill 1! sin Cl 
d- =- b- +1 - - 2 A' cos A. 


Ai.c.khka. 

SMution of simple simultaneous equations. If the gi\cn ci[uations are 

*• 

(Il,\ ... (l) 

u,.\db,f t,,.. .(2_) 


then 


- f/./,' 




Solution of a quadratic equation. 1 f 

<7 \-+ AiV-l-L'• O, 


llicn 


/f ± Jlr - ^(W 

* 2a 


('.M.cui.rs. 

Dififarential calculus Let AI> (I'lg. 8) rc))R^si.iu l!ic relation 
of two (juantitic-s x aiul y wIik ii aic connected in some derinitc 



, Fig. 8.- illnstralion of .a ilifTercniul cocfTicicnt 


manner. ('oPsidi?r two points 1’, and l\ on Ali se[)arated by a 
short distance bjPjj then 

AM,=,x,; rrM.-ev 

The difference between the abscisCae OM, and OM., will be 
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x.,»-x^), and jnay be* written <ij;, »the symbol 8 lignifying “the* 
iifference in ” ; similarly wikl^the ordinates I’jMi ai^d PjMj. Hitnce 
• 8T = .v„-.r, = MiM,,= P,K. ^ 

fy=,,,-.i',= P,K. 

The ratio of these will be 

^PoK 

8.V “ A'j Pj K 

The value of this ratio depends on the pro.\imuy oc a, itnu-r,. 
[f these points are taken indefinitely close together, tllb ratio tends 
o take a definite value which depends on the given relationship of 
» and 'I'his value is called a differential coefBolent, and serves 
0 measure the rate of growth of r with x. 

If P, and I’,, are very close together, P|Po is practically a straight 
line, and we have i) e 

• ^ p;„ = 

If P, and P._, are indefinitely close together, P,!’., is in the direction 
of the tangent I’^T’ drawn to touch the (iirve at P,; in this case 8j/ 
and 8.r are written liy and i/x, and the final value of the ratio is 

;'-^lanP,TM,-'’'^''. 
dv ' ^ 1 Mj 

For exaiiijilc, 5up(K)sc a^raph siicli as AK in Fi^. 8 (o have been [iloltcd 
fioin tlic equalion, (r) 

Then j --- (r -f 81 )- 

---.1^21-. 8.v+(8v)-.(2) 

Taking the difference between (2) and (1) gi\cs 
8/ - 2.1'. 81 + (81)-. 

Now is the square of a (juanlity which ultimately l)cconies \eiy 
small, and thcicforc becomes negligible. Hence we may wnie ^ 

21. f/i, 

dy / s 

™ . 

Suppose, as anotlier example, we lake ^ 

T .■*.. -.(4) 

when a is a consyint. It will be erident, on repeating tlic'aboi'e piocess, 
‘hat ,/y * . / s 


•thus giving the nilc; that any constant factor appears unaltcrid in 
the value of the diffciiaUial cA;fficiciit. 
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* Take now tlie Tollowing e(iuat*n : 

^ .0^ _)'= ,v-+ <r. . ,0. (6) 

jl'he effect of the addition of a constant <; to tlie right hani side 
of (i) is simply to raise the graiih to a higher level above OX in 
Fig. 8; its vhapc will be exactly as before, and hence the tangent at 
any point will make the same angle with OX. Therefore the’ 
Uifferential coefficivlit will have the same value,;is (3), \\/.. 


It will also be clear that, if the eipiation is 


_)■ = r!,v-+/',.(8\ 

then '^\=2(r,v.(9) 


Vhe rule may be expressed that a constant iinantity added to the ^ 
right-hand side disa|)pcars from the differential coefficient. 

The following differential coefficients are useful; the methods of 
obtaining them may be studied in any book dealing with tbe calculus. 
The symbol c represents the base of the Naperian or hyperbolic 
system of logarithms, \i/. 2'7i82<l. 


DlttKKKNI I.VI, CoKtnCIKNIS. 



(h' , 


(/y „ . 


dx 

y =-ax''- 

dx 


dv 

y 

</.r 

11 

dy 1 


dy a 

d\ X 


dl X 

j' —sin V 

dv 

■ - cos V 
dx 

y — ahm/>x 

dx 

_J'--C()S V 

dv 

\ — - Sin i' 
</.i- 

y -<i cos dr 

~ -(ihwn b.\ 
dx 

. V 

dv 

; =sec-.r 

y = (ii'dndv 

— ah sec'-’Ar 
dv 

1 

1 

- dv 



y = 



• 

1 _ - 

. ■». - 

- - - 



■' Differentiation rules, ,' 1 'he lollow’ng rules may also be stated 
here.* ^ • 

*If the'■ight-hand side takes the form of the sum of a number of 
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toms each depending on .r, then th^differential coefficient is the suA 
of the differential cocflicidns of the terms taken separately. Tffms: 

’ )' = + /u- + fx + d, 

' 6 ' o , 

= xax- + ^bx + c. 
dx 

• T'o differentiate the product of a nnmher of factors, cacn of which. 
de|)ends on x, mullip'y the tlifferential co('fficien *4 ol’each factor 5 y 
all the other factors and take the sum. Thus: 

jl’ = .r-sin.v, 

= 21'Sin .V + .vcos ,v. 
dx 

To diffcrcnliale a fraction in which both numerator and denomi¬ 
nator depend on .v, proceed thus: 

(hff. coeff. of numerator x denominator 
dy _ - diff. coeff. of denominator x numerator 

* dx s(|uare of denominator 

Exampi.h; Let . 

sin r 

The dilTeienti.il coeffii lent of (he numerator is 2.v and that of the 
denominator is cos.i, hence, by the above lule : 

ily _2.vsin r--i‘L:os i 
dx sin-.r 

.Supposing we have to find the differential coidTu lent of 
sin''.v, 

it should be noticed that the given ex|)ression, vi/. the cube of sin.v, 
depends on another function of .v. The rule to he followed is to 
differentiate the cxpre.ssjon as given, viz. (sin.v)-', the result being 
3(sina-)-; then multiply this result by the differential coefficient of 
the function on which the given e.xpression depends, viz. sin.v, f(K 
which the differential coefficient is cos x. 

Hence, '•^,-=3(sin.t)'-cos.v 

= 3sin-.vcos.r. 

In Buccesaire dlfferontdation, the differential coeffilienf of the given 

function is taketi a.s a new function of .r and its differential coefficient 

is tound ; the latter is called tl\p second diffcrentuj coefficient, and is 

(i'^v % * 

written The ojrcration may he rc|icated as many times a%,niay 

be necessary. 
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2CVU'\ 

dx‘- 

* d\' , „ 

-.~',=r 60 U 

, The maxim,'jm value of a given fuiulion of .v may ofu n he found 
by ap^ilicati^n of the following simple method. It will he noietl that, 
in Fig. 8, at die jioint in Ah for whicli y has it.s ma\iimim value, 

the tangent to tlie rune is ivatallel to OX, and hcnee for this 
' ‘ dx 

point w'ill he zero 'I'he rule llierefori' is, take the differential 

coefficient and equate to zeio. this will give the value of .r coire- 

sponding to the maximum value of j’. by inserting iliis value of x 

in the given equation connecting .v and_r, the maxiimiin value of jy 

may be found. Thus • 

Let j'-iin.i, 

*■' —cos X ~o foi the maximum value of y. 

<■/1 

Now when ros,i -o, i is cilhci 90' 01 270'’, ; c. ^ or ladians, lienee 

MaMimim v alue of/ = sm ^ 01 sin^^. 

As the numerical value of sm ^ is imiiy, il follows tliat the maximum 
value of/is also unity. 

As anolhei example, take 

y~a.t -a'\ 
dv 

-y=,i~2r^o; 
dx 

X ‘ foi tlie maximum value of/. 


then, 


Maximum value of y --^ 


Incegral ^calculus. la thi.s branch of mathematics, rules are 
formed for the add/tion of the indefinitely small {lortions into which 
a quantity may h^imagined to l)e divided. In Fig. 9, OA and OB 
are two distances mt^asured along the same straight line from 0. 
l.2t these be a and respectively, then the length of AB will be 

' \V, = b-a._^ .■.( 1 ) 

The iinvS AB might be measured also by the process of dividing it 
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up into a large number of small [portions 6a:j, Satj, S-Tj, etc. The 
total length of AI! will theit be ->a 

AB = Hjfj + Sa:2 + SjTj + etc. 

= - a. from (i). (2) 

The symbol il or J (sigma) is used to denote the phrase “the 
algebraic sum of," and if any exi)ression follows .the symbol 2, it 

' . 0 A B ' 

.■-;—1-;— i —I—'—I 

- a -I 

H-4-->1 

Fi<. g 

understood to be one only ol a number rrf terms which are all of tlie 
same type. Thus,. 2 &v' means “the algebraic sum of all terms of 
which il.v is given as a type." II we write 2 ^^, it is to be understc id 
that we arc to begin taking small poitions, such as o.V|, at a distance 
(1 from the origin, and to finish .at a distance A Hence we m.ay 
write (2), 2‘r/.v = 4 - a . (3) 

In Fig. to is shown .another example. As before, 0 .\-ii and 
Oli^/i,'.and the figure AB(T) is-constructed by m.akmg Al)=-rt 

and BC=^/', both being [lerpcn. 
dicular to OH, T'he area of the 
figure AB('I) may be c.alculated 
by dcdiii ting the area ol the 
triangle OAl) from th.at of the 
triangle OBC. Thus: 

Area of A BCD 

- {/> X I/') - (<i X bi) 

J'y .(t) 

2 2 

Alternatively, the area m.ay be 
estimated by cutting the figure 
into strips, such .as the one shown 
shaded. It is evidexit from the 
construction th.at its height y is 
equal to x ; let be its breadth, then „ 

Area of*lhe strip = .t.8.v. '. (t) 

Any similar strip,,will have a similar expression for its area, hence 
Tol.al area of the strips = a-&v.(6) 










The area statod in (5) is tak vn as tliat of a rectangJe, and her.le 
oniitsTa small triajpgle at the top of tlie strip. If, however, the strips 
^bc taken indefinitely narrow, these triangles will practically \nnish, 
arRl the area expressed in (6) will be the area of ABCI). Hence 
from (6) and (4), 




■..( 7 ), 


follows 




/,« I I I I 


In mathcnijiiica? books, it is shown that if .vis raised p) a power n 
in eijuation ^7), « having any value except - 1, then (he lesult is as 

.. ( 8 ) 

■(9) 


If// is - I, then the lesnll ma) be shown to be 


;,v'.//.v - 


s'. 


iog, ^ ■ 7 


.df // is /eio, tiien .v"- i, and we have 


k,-': ,",/.v " /> 


1 


(10) 


The above are evamples of definite integrals, taken between given 
limits a and //; the sum may be stated in an indefinite manner, 
leaving the limits to be inseitedIdterwards. Thus: 

,v»t' 


Xod/.v- 


(11) 


It is also shown in mathematics that a constant teim c should be 
added to the result. The value of c depends on the conditions of 
the problem, .and can be lound usually fiom the data. The com¬ 
plete solution of (i i) would thus be 

./til 

. (12) 

.Similarly, il = log,..r + c. . (13) 


VM 1 

-tc. 

// + I 

</x 


If a constant factor is given on the left-hand side, it will ajipear 
unHltered on the right-hand side. 'I'hus : 

^ ‘ Vna-^,/.v = n-:!- + c. 

♦ 3 

If a number of terms be given, the result will he obtained by 
applying 'he rule^ To eav.h term separately and then summing for 
the total. Thus: 

- (x^ + .a- + «)(/.V = — 4 j + ax -?• c. 

. " 4 3 
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^The rules ^8), (9),'(12) and (i3> should be learned thoroughly. 
Some examples arc given. 

Examplh, I. Find the area of the triangle given in Fig. 11. 

Taking a narrow strip parallel to the base and at a distance/ from 0 . 

let the breadth of the strip be ^/ and 

, ^-../ Its length A 

. /\ • Area of the'stiip-/'. <S/. 




Kio j I — Arcii of a tnanglr 


aiea of the stnp = ./(i/ 

Any oiliei smnlai strip will have 
Minil.ir e\])iession for Us aiea, hence 


■v n b , 

lotalaica-^ H'’'-’ 

Bll 


EXAMi’i.K 3 . Find the volume of a cone of height H and radius o 
base R (Fig. 13). 

In this case lake a thin slice pai.dlcl to tiie base ; let the laduis of th( 
slice be rand its thickness «V/. I hen 

Volume of ilie slice- w/". a//. « 


■. volume of the slice JrM. 


Any other similar slice will have a similar 
expression for us volume, hence 


1 ^^k 


Kk- 12.—Volume of a con«. ^ 


1 'otal volume = 7 r-!^v.y /;-</// 

H*' y 

R'* 

s' 

= 7rR2x,\H. 

No constant of integration i^eed be added in either of these examples, 
Instances where a constant is necessary will occur later. 
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I'hc following tabic ol indc/inac itucgrals is gi\cn here for icfcicnce. 


In 1 KtiRAI.S. 


jj ". <ix 

“;/+i 

J sec- r.//t 

=^tan i 

fl... 

r 

1 COSt'C'.l' ii\ 

- cot X 

Cf 

•- (1 log,- r 

1 a ( O'^/n .cA 

-- , sill /'I 

b 



j a sin I>\ .ii\ 


1 (h‘'" . </l 

,/ 

1 se( /'I 

t.in /' r 

^ ( os 1 .t/\ 

■ sin i 

1 <r < os(‘( V' 1 //i 

- ^yAb\ 

1 Sin i (/ 1 

1 os 1 


^ei i 

I l.in 1 .(/i 

log sr( r 

1' </• 

1 sin- 

- - COsCC l 


EXERCISES ON CHARTER 1 . 


1. A masoniy w.ill is li.ipr/oulal in si-i tioiR one f.iec (»f the wall being 
vertical. Height t)f u.ill, ?(j fci t , tliKkness at fop, 4 feet ; thickness at 
base, cj feet, riie inasoniy weighs 150 lb |>ei culiu. fool. Find the 
weight of a poition of the w.ill 1 foot in Icngtli. 

2 . A trape/oidnl figure, having e(|ual inteixals of ro feet cai h, lias 
oidinates in feet as follows o, too, 140, 120, 80,0. I ind the tol.d .uea 
in scju.irc feet. 

3 . Diau’ a paiabolu < nice on a b.isc a 60 feel ; llie heiglit/ feel of 
llie curve at any (list.nice 1 Jioin one end of the base is gi\en liy 


Find the aiea by appli< .ition of Simpson’s rule ; < hec k the result by use 
of the rule : aica —rpf/', where /' is tlie maximuin height of tiic euiv^. 

I) 

4. Write down the diffeienti.il loefficients of the following : 

(</) r-siii'.i+(:os-a. 

(/?) yr'. (c) v-'-sinlr-f cos-'i. 

(<) / = 2sin r-3cos i. {/)T~3ian r-eos.r. 

5 . In Question 3, fioin a point M on thp base, distant 15 feel fioni one 
end, draw a perpendu iiiai to cut the curve at a point R. At R draw a 
tangent to the cuive cutting Hiic base produced in a jioint 1 . Measure 

RM and M T and evaluate the ratio 'I^he result gives the dilfcrential 

D.M. 
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co?ffi c'lcnt for tlic curve at V ; comparer this result \vitJi*that obtained by^ 
differentiation ofAnd putting .r=i5 in tlio expression fOr 
How do you account for the discrepancy, if any? 

6, 'lake the equation / = (4 - .f) r. Find the value of .r for which/, 
attains its maximum value, and find also the maximum value of/. Check 

•your result by plotting a giaph ftom the equation. 

7 . Wiitc down the indelinitc integrals of the followings 

{< 1 ) jrliy.i-. (r/) (3i- + cos.i)^,<r. 


(C) (2~xfdv. 



8. Find the v'aluc of the following expression when R, = i2 inches and 
R._, = 6 inches. No constant of integration is required. 

/■Ri 


D--27r/ 


r*. dr. 


H., 

9 . Find the value,of the following expression when 15 = 4 inches and 
H -8 inches. No constant of inlcgMiion is icquired. 



CIIArXKR II. 


I'ORCE.S ACriNi; AT A POINT. 


• Representation of a force. Any force is s|)ecificd conipletelj* 
when we are p'iven the lollowinn particulars: (a) its niagiiitude, (/') its 
point of a[iphcation, (r) its line of direction, (</) its sense, i.e. to state 
w^iether the lorce is pushing or pulling at the poist of application. 

A stiaight line may he employed to represent a given force, for it 
may be drawn of any length, and so represent to a given scale the 
magnitude ol the foice. The end of the line shows the |)oint of applica¬ 
tion, the direction ol the line gives the direction, and an arrow point 
on the line will indicate the sense of the force. Thus a pull of 5 lb. 
acting at a point O in a body (Fig. 13) at 45” to the horizontal 


would be com|)letely represented by a line OA, 
of length 2V' to a scale of i" to a lb, and an 
arrow point as shown. (>.\ is called a vector; any 
physical ipiantity for which a line of direction must 
be stated in order to have a com|)lete siiecilica- 
tion is called a vector quantity. Other cpiantilies. 



such as mass and volume, into which the idea of 
direction does not enter, are called scalar quantities. 


The expression “ forc;e acting at a point” must not be taken 
liKrally. No material is so hard that it would not be penetrated by 
even a very small force applied to it at a mathematical point. What 
is meant is that the forc-c; may be imagined to be concentrated at the 
point in cpiestion without thereby affecting the condition of The body 


as a wheie. • 


Forces acting, in the same straight line. A body is said to 


be in equUltjnum if the forces apjilied to it balapce one anotlier. 
,'l'hus, if tivo eepudand opposite ]nills P, P (Fig. 14) be applied at a 
»i(X)int O in a body, both in the same*str.aight line, they will evidently 
bahince one another, and the body will be in e^(|uilibrium. 

* Examples of this principle occur indies, and in struts and columns. 
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Tfca are those parts of a structure intended to be unuer pull (I'ig. 15), 
struts and columns are ihosojtarts intended to be under push (Eig. 16). 
T'hest; parts remain at rest under the action of the ciiual and opiwsite 
forces applied in the same straight line. 

It Is ImpoBslbls for a single force to act alone. To every force there 
must be an etjual and o|)posite force, or what is exactly equivalent to 
an e(|ual and op[)osite force. 'I'he term reaction is often used t(. 
distinguish the resistance offered by bodies to which a gb'en body is 



Fi<''. 14 'I'wD ei|ii tl Fill 1; I‘ (jtiililnuiiii I'll, 16 — Ki|uili!)rliiin 

opiiDbilc furi-cs of u lie. uf.» coliiiiiii 

connected when forces are applied to the lattei body. An example 
of the use of the term will be found in the leaclioiis ol the piers 
supporting a bridge girder. Loads aiiplied to the girder are balanced 
by the reactions of the iiiers. 

If several forces in the same stiaight line act at a [loint, the point 
will be in equilibrium il the sum of the forces ol one sense is equal to 
the sum of those of opposite sense. Calling those forces of one 
sense [xisitive and those t'f opposite sen.se negative, the condition 
may be expressed by stating that the algebiaic sum of the given 
forces must be zero. Thus, the forces 1 ’,, IL, l’^, etc. (Kig 17), will 
balance, provided 



the interpretation being that the algebraic sum of all the forces of 
which one only is given as a ty|)e iminedialely after the .symbol ii 
must be equal to zero. 

Suppose in a given case it is found that the algebraic sum of the 
given forces is not zero. We may infer from this that a single force 
may be subsliuited for the given forces without altering the effect. 
Thus, in Eig. 18, calliijg forces of sense fiom A 'awards H positive, 
we have 2 + 3 + 5-8-i= + i. 

The given forces can be replaced by a single force of i lb. weight of 
sense from A towards B. The single force which may be sub.aituted 
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• • • , •. 

for a^iven system of forces wiiliom alterijig the cffci't on the body is 

called the Resultoit of the system. 'I'o liiid the resultant K jif the 
*s)«tem we have been considering above, we have 


The resiiltant R may be balanced by applying ,tn eiiutil opposite, 
iforee in the siyne straight line, and, since R is ciiuivalent to the given 
system of f<*»ces, tYe .same force would tilso btilance the4;iven system. 


t3 B 



Any force wliiih balatKcs a given system of forces is called the 
equilibrant of the system. Thus, the etiiiihbrant I'i of the system 
shown in Fig. iS is a loice of i lb. weight of .sense Irom I! 
towards A. 

Two intersecting forces. Tc find the resultant of two intersecting 
. forces, the following construction may be emitloyed. l.et P and (,) 
be two pulls applied to a nail at () (Fig. 19(1;)), their joint 
tendency will be to carry the nail u|)wards to the right, and the 
resultant must produce evactly the same tendency. Set olf, in the 
direction m which P acts, OA, to some suitable scale, etiti.d to P, 



Kk; 19 — Resultant and of two uiiersectin),' forces 


and OB, ^o Ijie same scale, eipial to Q and in the direction in which 
Q acts. Complete the [larallelogram 0 .\('B, and draw its diagonal 
OC. This diagonal will represent R completely, the magnitude being 
measured by the Icpgth of 00 to the same scale. The method is 
J'alled the parallftogram of forces. I* and Q are called components 
o‘f IJ. * 

,As R,is equivalent in its effects to !’ and Q jointly, we may apply 
eiiljer P and Q together, or R alone, without altering the effect on the 
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nail. T'hib may be e.\prosjed by stating that the resultant nny be 
stibstituted for tlie components, or vice versa. 

Substituting R for 1 ’ and Q (Fig. 19 (/')), we may balance R by 
applying an e(|uilibrant F = R as shown. Again, replacing R by 1 ' 
^and Q (Fig. 19(c)), it will be evident that I’, Q and’ E are in 
ctiuilibrium. 

Experimenla.1 veriflfation. The most salisfactdry proof that the 
engineering student can have of the truth of the parallelogram of 
forces is experimental. 

li.KPT. I.—PacaUelogram of forces. In F'ig. 20 is shown a board 
'attached to a wall and having three |)ulleys .\, li and capable jf 



being clamped to any part of the edge of the board. These pulleys 
should run very easily. Pin a sheet of drawing paper to the board. 
Clamp the pullets .A and H in any given positions. Tie two silk 
cords to a s|)lit key ring, pass a bradawl through the ring into the 
board at O, and lead the cords over the |)ulleys at \ and 1 !. 'I'he 
ends of the cords should have scale pans attac hed, in which weights 
may be placed. Thus, known loices P and Q are applied to the ring 
at (). Take caie in noting tliese forces that the weight of the .scale 
pan is added to the weight you have placed in it. Mark carefully the 
directions of P and () on the |)apcr, and find their resulyrnt R by 
means of the paiallelograin Oak. Produce the hue of R, and by 
means of a thiid cord tied to the ring apply a force E ctiiial to R, 
bringing the cord exactly into the line of R by^usiiig the [lulley (1 
clamped to the ])roper |)o.sition. on the board. No'e that' the piopef 
weight to place in the scale [tan is Jv loss the weight of the scale ]iar;,' 
so that weight and ecale pai] together eiiual E. If the methdd of 
construction is correct, the bradawl may be withdrawn without Ihe 
ring altering its position. ^ .■ 
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* In general it vvill be found tlftt, after the bradaal is removed, tl*e 
ring may be made to take up posilntns sJime little distance from O. 
^'I'his is due to the friction of the pulleys and to the stiffness &f the 
cdids bending round the pulleys, giving forces which cannot easily 

• be taken into account in the abo\e construction. 


Notice that, before attempting to a])|)ly the parallelogram of forces,» 
‘uoth given fbress nfUet be made to act either towards or from the point of 
application, ‘’rhus, given 1 ’’ pushing and Q pulling at'O (Fig. 21), 
theAenUerey will be to carry O downwarrls to the right, bubstitutc 
P= P', pullinj at O for P'; -complete the parallelogram OACli, when 
OC will give the resultant R. * ^ 

’It will also be noticed that any one of the forces P, Q and K 
(Fig. 19(c)) will be equal and op|K)site to the resultant of the other 
two if the three forces are in eiiuilibnum. 

Rectangular components of a force. Very fre(|ucntly it becomes 
useful in a given problem to deal with the eornponents tif a given 




Imo -i-j —Kect.inc<)l-ii coinpoiienli 
..f,. force 


force instead of using the force itself. These coinponcnts are 
gewerally taken along two lines at 90° inlersei ling on the line of the 
given force. Thus, given P ac ting at O (Fig. 22), and two lines OA 
• and OB at cyo° intersecting at (), and m the same plane as P. The 
C( 5 mponents will be found by making ()(' c(|ual to P, and coilipleting 
the jiaralkilcgiatn of fegees OliCA, which m this case is a rectangle. 
S equal to OB lyid T equal to ().\ will be the rc'ctangular com¬ 
ponents of P. , 

The folljiw'ing wtU be .seen easily fiom the geometry of the figure : 

* Q(T--0.\2 + A(:-’ 

- 0 A=-F, 0 H-; 

P-’ = S^-k'IA 
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‘"Also, let the angle tliefi 

()A 

OA --OC.coS a; 

'I' -P.cosa. 
AC 

AC A)l! -OC.sina, 

S r.Mn<(. 


Again, 


Triangle of forces. It will now he undcrsiood that the ronditi()ns 
wliich nuisl be riiHilled in order that three forces whose lines inter¬ 
sect may he in e(iinlihriiim are : (^0 the forces nuist all he in the 
same plane, r.e. unjolanar; (/') their lines must mlcrsect in tlie same 
point; (<■) any one of them must he equal and opposite to tlie 
resultant of th(‘ otiier two foices. 

(a)ndilion (() may he slated in another manner. In l^’ig 2^5, V and 
Q have a resu’tant K, found hy the [)aiallelogram of foices ()A(’(>. 

A foice \\ lias been applied (M[ual and 
opposite to R as shown; hence the 
forces IC, !‘ and () aie m equilihilum. 
'The following relation evnUaitly holds: 

U:(j i>. ah; .on-OA. 

Note the Older in which (he letters 
of the lines ha\(‘ been written , thus, 
R IS represented by ()(', not hy (' 0 , 
the (jrder being so chosiai as to show’ 
Kow 1; 1^ eijual to R, and OA is e(|ual to 



the sense of the lorce 
]IC ; hence we may write 

1 ' • ( ) ■ I 


-COiOBilU', 


OC having been altered to ('0 so as to give the jiropcr sense to IC. 

Expressed in words, the proportion stales that the three forces ,m 
equilibrium are proportional respectively to the sides of a triangle taken in 
order. The triangle ORC; in h'ig. 23 may h‘e diawn an)\vherc on 
the paper, and is called the tnangle offerees for the r()r(‘es E, Q, P. 


Ex.ami'I.K I (liven three iiniplanar forces P, QjvS' (Fig. 24) acting at 
O ; test for their ctiuiltbi luiii. " ' 

Using a con\cnient sc.ilc of foirc, draw A'and tW parallel and pro¬ 
portional respectively ttS the forms P, Q and S' If the given forces are in 
equilibrium, the lines so drawn will foim a dosed tnangle. Iif’Fig. ^4, 
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Tt will be noticed there is a <iii. S' will thercfoic not ctjinlilnavc 
1 * and*^, but may be made to do so if it lediawn as S, paiallel and 
j)roportional to tlic closiiig^ line of tlic inan^lc a/u. 




P Up 75 - 'I ll.Ul^ ir Df fl'K OS cl l<) 

a |>u'cli .tiiil .( pull 


Kxampi.K 2. (li\cn two foiccs I’ and Q (Ki^. 25) m ting at O; find 
tiieir cquililnaiU. 

It will be obsened that, in ajipl^ing llie liiangic of fn-u's, tlieu' is no 
necessity for liist making boili the gi\en foues |Hishes 01 laills, jiiovided 
attention is l)aid to drawing the, sides of the lii.mgle in proiier oi(h r. 

,Thns, draw fi/> to lepicscnl !’ and /x to repiesenl , then 0/ will lepie- 
sent the tspiilibranl, whn h sliould now- be diawn as L a< ting at <), pai.illel 
and piopotlional to i<L and of sense shown by the older of the letters (Ut. 
Note (arefiilly that the inoblem is not finished until K lias been applied 
on the drawing acting at the |)ioper pl.u c t> 

I'AXMPl.l', 1 'I'lnee gi\en fon cs aie known to i>e in ecpiihbrinm 
(Fig. 2(')(<i]) . diav\ the tnanglc ol fours 
This example is gueii to illustrate a (on- 
vemcnl method of lettering the for( os (ailed 
Bow’s Notation. This method will be found to 
simj)hfy many of the pioblcms whi(.h have 
to 1)C distaissed, and ( onsists in giving letters 
to llie spaces instead of to the forces In 
P'\g. 26(rz) this ])lan lias btamcained out by 
(ailing the sp.ue between the gib and the 
2 lb v\, tln-t between tlHr2 lb and the 3 ib 11, 
and the remaining^ space C. Stalling, say, 
m spa(.c A and crossing o\er into space H, 
line AB(Fig. is drawn par.dlel and 

proportional to tht fore c crossed, and' the 
letters are so placed that the.'r order A to B represents the sense of that 
force. Now cross from space B into spa^re C. and'diau- BC to represent 
completely llie foicc crossed. Finish the construcliun by cn^sing from 



Hi. j 6 — \|i|>U<.nilou cjf Hejw .s 

Noljtjoii 
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solace C into space A, when CA in Kijf 26(1^) will repre'sent the third force 
completely. • ® 

Kx^imininy these diagrams, it will be obser\'cd that a complete rotation 
round the point of application has been performed in Fig. 26(n), and Aat 
there has been no reversal of the direction of rotation. Also that, in' 
Fig. 26(i), if the same order of rotation be followed ont, the sifles correctly 
represent the senses of the various forces. Either sense of rotation may 
be used in proceeding j-onnd the point of application, clockwise or anti¬ 
clockwise, bift tfnee started there must be no leversal. ‘ 

Belation of forces and angles. In Fig. 27(12) tljere are three 

given ftiree.s in equilibrium, vi/., P, Q and .S, and in Fig. i-; (fi) is 

. shown the triangle of forces for them. From what has been ssul 
above, we may write 

P:Q:.S -AHiliCtC.V 

It is shown in trigonometry that the sides of any triangle are pro¬ 
portional to the sines of the opiiosite angle.s. Hence, in Fig. 27 (/t), 
.Al! ■ l!(i; (h'\ - sin y : sin a : sin /f, 

or, , P : (J . S = sin y . sin (t ■ sin/i 




It will be noticed in Fig. 27 (a), as shown by dotted lines, that a, /J, 
y are res|)ectively the angles between the produced directions of 
S and P, P and and Q and .S , also that the angles or s[)i«ces 
denoted by B and C in the same figuie are the supplements of 
these angles. 2\.s the sine of any angle is etpial to the sine of its 
supplei*ent, we hate, in Fig. 27 (e), ' 

P • (,): .S sin (': sin A . si* B. 

We infer from this that each force is proportional to the sine of the 
angle between thif other two forces. 

Any number of uniplanar forces acting at a. point.* 'I'he nef 
effect of such a system of forces may be feund by taking component* 
of each force along two rectaijgular axes which meet in the point of 
intersection and are in the same plane as the given forces. It is best, 
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in ord^ to comply witli the usual trij^onometncal conventions 
•regarding the algebraic signs of sines and* cosines, to arrange the 
lftr<*ts^to be either all pulls or all pushes. * 

. In Fig. 28, 1 ’,, P,, l’.| and are the given forces acting at O, 
and OX aiuFOY are two rectangular axes. T'he angles of direction 



of the forces are stated with leference to OX as a,, <1,, 1I3 and 
Taking coin|)oneiits along OX and 0 \', we have: , 

t.'oinponents along OX, l’,cosU|, I’.cosa,, I'jCosoj, P|Cosa^. 
Components along 0 \', l’|Sm«|, ICsituo, I’^smaj, P^sina|. 

* Paying attention to the algebraic signs of these, it will be observed 



^ P| cos a, + IC cos a , + Pj cos a,, H PjCOSa^=R,(, 

P, sin a, + 1 C sin + Pj sin a,, + P, sin aj = Ry. 
Using tiie abbreviated system of writing these, we have 


i'Pcosa==Ry,.(1) 

XP sin a -- R,. . ..•.(2) 


’ The system being now reduced to Cvvo forces R^ and Ry acting in 
lines at 90” to each other, vc have for the resultant (Fig. 29), 

R = v' 0 ;\-+' 0 R- 
= s/Rx^*+‘"R'7^. 


( 3 ) 
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Also, 


tai; It = 


CA* OK 


OA' 

Rv 

R\ 


OA 


' (4) 


It may so happen that either Rm or Ry may be zero, hi whieh ease 
the resultant of the system is a force acting along either OX or OV, 
depending upon which of the forces is zero, h'fjr eipiilihiitim of the 
given syslem^bolh Ry and Ry must be zero. T'his Vondilion may 

be written L'l’cosano.(5) 

XP sin re o ;.*.(b) 

a pair of simfiltaneous ciiiiations wliich will serve for the solution 
of any problem connected with the eipulibrium of any system of 
uniplanar forces acting at a point. 

Graphical solution. A graphical solution of the same problem 
may be obtained by re|)eatetl application of the paiallelograifl of 
forces. Thus, given P, Q, S and T acting 
at O (I'ig. 30). hirst find K, of P and S, 
then R._, of and T by applications of the 
parallelogram of foices. The resultant R n 
lound bya.thiid applie.uion of the |)arallclo- 
grani, as shown. .\ better solution is 
obtained by repealed appliiation of the 
triangle of fori cs. 

In hig. 31(1'), four forces P, (^), S and T 
are given To ascertain the net effect of the 
svsliaii, first find the eiiiiilibiant K, of P and 
(,) by the triangle of forces .-MU' (log. 31 (/p). h, reversed in sense 
will give R], the resultant of P and (), and is so shown in Fig. 3i(<r), 
and is represented by .W, in Fig. 3i(/') Now find the e(|uilibrant 



Fii. JO - l\< Milt.iiu liy.i[ii>li( .niTii 
of llie panillcloci.iiii of forces 



c. 


E., of R, and S by means of the triangle •f forces ACD (Fig. 3 i^(/')V 
E„ reversed gives 14,, the r^stiltant of R, anti S, and hence the 
resultant of P, Q and S. R., will be represented m Fig. 3i(/')*by 
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A*I). Ro aiul T' ihc fonxs rumaming in I'lg. 

ihcir rc.Millaiit R ^Mll be Ibund from the Iriaitgle ol lona-s ADA' 
31 (A)), which gi\es their eiiiiilibrant leprebented 1 ))’ A'A, 
and on rexersal give-^ R. 

It will be noticed that, had the gi\en fou'o been in e(|U]hl)imni, 
Eg would ha\e Ix'en zero, and A' would have (oineided with A. 
'J’his ca-^e is shewn in Fig. 3:, giving a closed jioivgon* AlU'D, the 
sides of which, taken in order, ri‘j>rcsenl respectnely the guen lorces. 
We therefore infer tliat a g:iven system of unlplanar forces acting at a 
point will be in equilibrium, provided a closed polygon can be drawn which 
shall have its sides respectively parallel and proportional to the given forces 
takA In order. Should tin- polygon not < 1 om“, then tlu' line required 
in ordei to (lose it will tcpieseiit the e(juilibianl ol the given ioM<'s, 
and, the sense; being leveised, ihr same line will give the lesiillanl 
of t[?e given systmn 'I'lic figun‘ AIK'D (I'lg. 3 -('^'')) <allcd tlie 



polygon of forces for the given forces. N(»le, as before, llial no problem 
can be regarded as <“oin|)leled until R or J'i, as tlx; case may letjuire, 
is actually shown on tlie drawing acting at its piopei place (). 

ICxpr. 2.— Pendulum. Fig 33(a) shows a pendulum consisting of 
a heavy bob at A suspended by a coid atta<:hed at li and having a 
s|)iing balance at F. Anothei (ord is attac hed to A and is led 
liori/.ontally to 1 C, where iL is fastene<l. A s|)nng l)alan<'e at D 
enables the pull to be lead. Find the laills 1 ’ and !* ol the spring 
^balances F and I) rispectively when A is at giadually nureaseti 
disliUKH;s X from the veitical. ( heck these by cah ulalion as ahown 
lielovv, and plot and .v. 

Since P, W and T are respe( lively horizontal, vi rlKal and ahmg 
Ali, it follow.s that AIR' is the tiiangle ol loices loi them. Hence 


P 

W 


CA 

lu: 


(I'iK 33 '''), 



W tan u .. 


(«) 
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Also, 


T Al!_» 

’■'I"' 


= W sec a. 


.,.( 2 ) 



Measure /, also .e and //, for each position of the bob, and calculate 
P and T by inserting the retpiired quantities in (i) and (2). 
Tabulate thus ; Weight of bob in lb. = W =^= 

Length of AB in inches ^/ = 


jc inolics. 

/l niches. 

Culcul.'tlctl Mtiues 

Obscived titles from 
spi ink; bai.inces 



P-^,Wlb 

h 

T^fw'lL. 

h 1 

IMb. 

T 11. 

1 

. '1 

1 

1 

! 

1 


i 


1 . 

• i 




% 

• 

1 


The curve will resemble that shown in Fig. 34! Note how nearly 
straight it is for companitirely small values of .r. 

Expt. 3.—Roof truaa. In “Fig. 35 is shown a'simple model ol”a 
roof truss consisting of two rafters made of wooden bars AB a'lid 
B(i hinged by me 4 ns of a irolt at B and connected at the l>bpom 
by a cord AC, which takes the place of the tie-bar in the actual truss. 
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Com|)rcssioii siirlng balaiiCL-. D ^ind 1 C and an oidinary spun)! 
Imlance^F t'nal)le tlie Idrcu^ in tin.' Nations parts to be ineasuicd. 
ii is pivotnd by two ])omtfd set screws, 
as shown in the end elcNalion, and a 
rolleS- at A, also shown in end elevation, 
permits the span ot the truss to be 


altered by a'djusting the length of the 
cord AC. A weight W is hung Iroin It. 

■Set tij) the aji^iari'tiLS, and ohsene the 
IHish in each oilier Al! and Cl!, and al.so 
the pull in The tie AC. Measure and 
note the lengti.s Al!, liC and .\C when 
the load is on. Reiieat the experinieiit, 
using different weights and spans, being 
careful in each case to note the altered 
dimensions of the parts, (,'oiiipaie cai h 
set of read'..igs rvith those found by a|)iih- 
eatiiiT of the triangle of forces, as shown 
below. 

Make an outline drawing of the truss 
to scale (Fig. 3fi(n)). If the truss is symmetrical, each rafter will 



. —(Jraplt of P an<l i 

pCIIlllltlllll 


give eipial pushes, say 1 ’ lb., to the joints at I!, A and C. 'The tie 
will ap|)ly equal forces 'T, at A and C. 'The reactions of the 
t>upiK)its, R, and Rj, nia) be assumed to be \eitical. (.Considering 



the fisrces acting at the point 1!, which is in equilibrium, and setting 
off a/i to re|iresent W (fig. 36 (/')), and <ic and A- [larallel res|)eetively 
to Al! and BC, nvc have the triangle of forces mV for 1 ’, \V and 1 ' 
acting at H. Now «i represents 1 ’ acting at IJ, and iic may be 
taken to represent 1 ' ol opjxisite sense acting at A. Draw cd 
parallel to.Afb 'riien I'Jie triangle mv/ is the triangle of forces for 
P, R, and 'T acting at A. In the same way is the triangle of 
forces for I’, R.^ and I' acting at C. 'Therefore, 

P — ac, 

'T = n/. 

The results for P and T as obtained from the diagram will agree 
fairly well with those obtained from thenpring balances, jirovided due 








32*' *• ^Saterials and structures 

-- ,, - 

€ * 

j allowance be made Tor the efTeci^^ of the weights of the various {)arts 
before the application of W. To do this, remove W and note the 
readings of the balances.’ 'i'hese readings should be deducted from 



those taken after \V is applied, wlien the corrected results will show 
the forces in the parts due to the application ot W alone. 'I'he results 
should be tabulated thus : 



From your experiments, give a general statement of how P and I' 
vary for the same value of \V, but with increasing lengths of span. 



Fit. 37.—Uiibjmmetrical rool iruw. 


The case of an unsymnietrical roof fruss may be worked out irJ a 
similar manner, and is shown in Fig. 37, the lettering of »'hich 
corresponds with that of Fig. .^6. ^ 






FORCES ACTING AT A POINT 


33 


• Expt. Derrick crane. A cltrrick cram;' model is .shown in* 
F'K- 3S1 consLsting of a po.st All firmly lT\jxl to a Iniso lioaul which 



is screwed to a l.dile . a jih ' has a |)oml(xl c nd at A lieaimg m a 
Clip recess, a jiulley at (' and a i onipicssion spimg lialaiicc at I). A 
tie lie .sii[)ports the jih and is of adjti.stahle leiiglh ; a spiing halaiice 
for measuring the pull is inserted at F. 'I'hc weight *s supported 
by a cord led over the pulley at (' and atiai hed to one ol the 
screw-eyes on the jiost. T he imTinatioii of the jib may be alteied 
•by adjusting the length of IK', and the inchnations of IsC and lid 
may be changed by making use of different screw l yes. 



* • • 

Find the |)ush in,the jib and the pull in the tie for different values 
of W and different dimensions of the apjiaratus by observing the 
spring balances. Check the result.s by means of tffe polygon of 
foTces. 

•'The methods are .similar to those adojited for the roof trmss 
(p. giJ). It may be assumed that the jiulley at, C merely changes 
ihS direiiion of the cord without altering the force in it. Hence 
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'P = VV (Fig. 39(a)). ' The polygoil of forces is shown in Fig. 39(1''), 
in which VV Q = ra', 

P - bc^ 'P = da. 

The observed and graphical results should be compared in tabular 
form as before: 



Ivemrilii m incSrs 


hoiccs in ll> Ironf. 
diagram 

('Driccfed forces in lb 
fn^in spriiiq balances. 

All 

lu: 

AC 

\h 


'I’l jiutl 

push 

T, pull. 










i'vXPT. 5.—Wall crane. A mode! wall erane is shown in F»g. 40(47). 
Its ronstiuciion is similar to that of the derrick craiKs and the method 
of experimenting is the same. The outline diagram is given in 



I'lu. 40 —hAi>eriineiilal w.ill cruiu. 


Fig. 4o(/;), and die poij'gon of forces in Fig. 40(e). T'hese are lettered 
to cofrespond with tho.se for the derrick crane, and will be followed 
readily. , 

Forces acting at a point but not in the same plane. In Fig. 41 
is shown in outline a pair of sheer legs such as is used for moving 
heavy loads. Two legs AB and BC are jointed' together at the top B, 
and are hinged at the ground at A and C so as to be callable-of 
rotating as a whok about ^the line AC in the plan. The Ictgs are 
supported in any given position by means of a back leg DE, whicn is 




EXERCISI-S ON (HVj’i'KR H ^ 

pointed to 'il R of 5 lb. and anotlie? force Q of unknown in.iKnituiIe ad* 
,tnove(f horizontally''''"^^'' ■'7 ll>» find the niairnitude of y. 
^oad \\' is hung fro 3, supposing 1' and A * 

lc*s; these ai e shown . ^ ^ * 

the same vertical |)l.in''k 43 .! '''is its arms .11 j 

. , , , , , At -d 5 inches, Be 6 

inclined plane which f ,p f, j 

legs are syminenic;^. tin,'anotliei (Misapplied .vpi.tl, and will ha\e a 
resultant S, Atiich will fall in tliCTiaine \erliral plane .as‘I' and \V. 



Diaw the triangle of forces ul'C by making at’ ri'pri sent W’, and A'and 
ai [larallel to A'li' and 11 1 )' iespecti\ely. 'I'hen ui gives the pull ' 1 ' 
in the back leg, and </< gites the foue .S, 'I'o obtain the loices Q, (M, 
rotate the |)lane of about the line AC, as shown, until it lies on 
the giound, when the true shape of the tiiangle ABC will be .seen in 
the plan as ABjC. Mark off Ji|ls to lejireseiit S, and draw the 
paj-allelograin of forces B|Cl'il'', when the eiitial lines ( 315 , and l•'H, 
will give the values ol the equal lorces (}, (,). 

4 tripod Ls worked out in big. 42. 'I'hree |K)les AI), HI) aipl Cl) 
are lashed together at their tops, and have their lower ends resting on 
the groumf t)ften the*poles are e(|ual in length, but for greater 
generality they havj been taken une(|ual in the e.eample chosen. To 
draw the plan (big. 42), first construct a plan of the itiangular base 
ACC from tiie givtjtl*distances betweeij the feet of the poles. Con- 
sftuct the triangles AbC and»BbC by making AF e(|ual to the length 
of thtfpole AI), BK equal to that of BD, and CF»and CE each equal 
to that of CD. It is clear that AbC and liE (7 are rcsnectivelv the 
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‘'P = W (Fig. 39(a)). The polygo'i of forces is shown in and 
in which W=rai^, Q^ca", .U the position of 

T = (/a ‘ n and perpendicular 


The ob-served and graphical results should be. , ,, , ,, , 

, . r J and S be the forces 

form as before; . 

_ _ _ _ _ ; same vertical plane, 


and mr,^ be ijaia..,,.._ 
plane and. al.s/i conl.ained by uie 
the plan will be DO, obtained by prodiu in 


forest 111 i|v.I,. J'in the same vertical 
.,iic of ADO. Th'ej line of Z in 
lil). To ()bt.)in a true 



I' H.. 4?. —Kurces 111 a tiipod. 


view of the forces P, W and Z, take an elevation on the gionnd line 
.\T, which is parallel to HI); in this cK'vation, H'D' is the true length 
of the pole lU). The lines of P and Z are shown by H'D' and 
Cr'I)' in this view (Fig. 42). W will be perpendicular to .rr, and 
by making D'A equal to )V and drawing the parallelogram DVrA', 
the values of P and Z will be given by uD' and cD' respectively. 
To obtain Q and S, wo have in the plan their lines lying or. the 
ground at AF and CF, and GF will be the line of Z. Make Ff equal 
to Z and construct the parallelogram when Q and S will be 
given' by ^/F and /F respectively. 


EXERCISES ON CHAPTER'II. 

1 . Two pulls aie applied to a point, one of 4 lb_ and the other of 9 lb. 

Find graphically the magnitude and direction of tl>e resuriant wlien the 
forces are inclined to each otlier at ang-les of (t/) 30", 45'', (c) 12O*. 

Check your results liy calculation. *' 

2 . Answer Question i, supposing the 4 lb. force to be a push. 
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3 . A pull 1 ^ of 5 11 ). and anolheT force Q of unknown niaf^nitude act* 
u 9 oA* They are l)alance{l by a force of 7 lo# Find the magnitude of Q. 

4. Answer Question 3, supposing E and Q 
'iHbrsect at 45". 

• 5. A bent lever (Ei}.; 43) has its arms ai 
90° and is ptA)led at C. AC - i ^ inches, BC - 6 
inches. A force E of 35 lb. is applied at A 
at r 5° to the hontontjfl, and anotbei Q is applied 
at 15 at 20' lotflc \crlic.il. Find the ina^niiudc 
of Q,and the m.ignitude and diicction of the 
reaction*11 C required to b.d.incc E and Q. 

6. A body weighing 24 lb is kept at rest 
on an incline which makes 40" with the hoii- 
/oiftal by a force E whi<h is pai.dlel to the 
plane (Fig. 44C Assume th.it the rc.Ktion R 
of the plane is at ‘>0" to its surfai e, and hnd E. 

Answer Question 6, supposing E to be honzontid. 

8. Four lo.adcd bats meet at a joint as shown (Fig. 45). E and Q are 
in the same hon/onta! line ; 1 ' and W arc in the same vcitual ; S makes 





45'' With E. (b\en ih.ii E = i5 tons, W-12 tons, S = 6 tons, find Q 
and T. 

9. Lines aie drawn fioin the centre 0 of a hexagon to eacli of the 
( orners A, 15 , C, 1 ), K, F. Foices are .i[)plied*in these lines as follows : 
From 0 to A, 6 lb. ; fiom 15 to (), 2 lb. ; fiom C to O, 8 lb. ; from O to 
D, lb. ; from E to (), 7 Ib. ; from F to 0 , 3 lb. Find the resultant. 

10 . Two etjiial bars AC and 15 C aie hinged at C (Fig. 46). A and 15 
*are capable of moving in guides in tiic stiaight line Aik A constant 

for4'e E of 40 lb. is applied at C m a direction at 90 to Ali, *and is 
balanced by equal forces Q, Q applied at A and 15 in the line AH. 
Calculate t^e tallies of Q when the angle ACB has values .as follow’s: 
170^ 172°, 174", 176^ 178“, 179', i8oA idot Q and the angle AC 15 from 
your results. (The arrangement is called a toggle joint.) 

11 . Five forces meet at a point O as shown (Fig. 47)* and are in 
equilibrium. ♦ In thg front elevation, E, Q and S are in the plane of the 
paper and T is at 45" to ihc4)lane of the paper; Q makes 135“ with S. 
In l\w side elevation 'I' and V are in the olane of Uie paper. V is per¬ 
pendicular to the plane i out.lining )’, Q and .S, antlT in.ikes 45'' with V. 
Given Q=4o tons, T—25 ions, find E, .S and V. 
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12. In a hinj,^ed structure, pieces LG and CO meet at the Innj^e O, and 
a force of 2 tons acts upon^ O in the direction AO. The anj^le / OB is 
j 15"^ IU)C IS 15” and the angle AOC is 130''; find the forces in the two 
pieces and say whether they are struts or ties. (B.F ] 



A B 

f’.(. 46. 



13 . 'I'herc IS a triangiil.ir loof tniss AIH' ; AC is horizontal, the angle 

MCA IS 25'' and B.A(. is 55°; tluae is a \et(i(al load of 5 tons at B. 
What aic the (oinpressne foncs in BA and BC ^ What aie the vertical 
supporting foicos at A and C What is the tensile foue in AC ^ Find 
these answers in any w,iy you please. (B.K.) 

14 . FIa( li of tlie legs of a pair of sheer legs is 45 feet long ; tliey arc 

sprea<I out 23 feci at thou base. 'I lie length of the l)ack slay is 60 feet. 
If .1 lo.id of tons IS lienig lifted .it a distance of 15 feet, nicasuied in a 
pcrpendiiul.ir line fioin tlic line joining the feet of the two legs, find llic 
forces in the legs and in the barkslay du*‘ to tins load. (It may be 
assumed that the load is simply hung from the top of llie legs ) (B.K.) 

15 . A tiipod h.is the following dimensions : 'I'he apex point is O, and 

the Icngliis of the three legs AO, BO and CO .ite lespectively i 3 -ofeet, 
17-5 feet and ib leo I’hc Icngtlis of the sides of the mangle formed by 
the feet AB, BC and CA <ue <)0 feet, 9 5 feet ,ind to feet resjicctivcly. 
Find graphu .illy, or m any otliei u.iy, tlic fon es wlm h act down each leg 
of the tiipod nhen a load of 10 tons is suspended from it. (B K.) 

16. If a rigid body l)e ac ted on by two non-par.allel forces whose points 

of .ipphc.ition aie ditTeieiU and be kept at lesl l)y a thud force, how must 
this thud fone .u 1, and what must l)c its magnitude? A straight light 
lod xj'c IS pivoted ficel)9.rt r, ,ind the point / is attached to a pin 
vei ti( <tlly above .1, by a light ( ord ; tjis 3 feet, i.'is 4 feet, j'tms 2 feet, 
fc IS 2 feet : fiom -- is lumg a weight of 30 lb. Find graphically the 
tension m the coid. (I.C’.K.) 

17. If three non-paiallcl foues aio m ccjiiilibiium, prove that their lines 

of action must ))e com urienl. A uniform plank AB has length 6 feet and' 
weight 80 pounds and is inclined at 40' to the \eriical. Its lower end A 
IS hinged to a support, while a light c hain is fastened to a ring four feet 
vertically abo\e A and to a point on the plaiV.c five feet'fio.n A. Find 
graphically, or otherwise', the tension in the chain atvj the magnitude and 
(liieciion of the action of the hinge at A. (The weight of AB may be 
concentrated at tlic centre of the plank.) (L U.) 

18. Three cylinders, A, B and C, alike in all rQspec ts,‘'are arranged 
as follows: A and B rest on .1 honzontaU.ible and llieir curved surfaces 
touch one another.^ C rests on the top, its curved surface boing in 
contact with both A and B. Kach cylinder weighs 6 lb. ^Find,\by 
calculation, the mutual prcssuic between C and A, also what minimum 
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4 iorizontal forces must he applied A and H, *passini; throu^li tlicn' 
axes, iji order to preserve cquilibiiuni. T'lutional etfccls are to be 
•disregarded. ^ 

Three similar sphcies rest on a hori/onlal table .ind aic in 
contact with each other. A fourth sj)hcre, sinular to the olluus, rests 
ori the top the three spheres. Each spheie weighs lo lb. Find the 
pressure communicated by the top sphcie to each of the othci ihice 
spheres. Neglect fric tion.d cficcts. 




CHAPTER III. 


PARALLEL FORCES 

Parallel forces, (.'onfining ourselves for the present to two forces 
only, there aie two eases to be considered, vi/. forces of like sense 
and forces of uvjlike sense. To find the resultant of two parallel 
forces 1 ' and Q (Fig. ot like Sense, the following method may be 

employed. Let the given forces act at 90'' to a rod, at the points A 
and U respectively. The equilibrium of the rod will not be dis- 




Fir. 48.—ResHltAnt of iwo par.illel foices. 

tiirbed by the application of eipial opposite forces S, S, ap[)lied in 
the line of the lod at A and 1 !. by means of the |)aiallelogiam of 
forces A/'ai, lind R; of P and S acting at A; and by means of tile 
parallelogram of foiccs find R, of Q and S acting at li. 

Produce tlie lines of R, and R^ until they iiltcrsect at (), and let R, 
and R. act at 0 . A])|)ly the parallelogram of forces 0 ///(;g to find R 
of R, and R will clearly he the resultant of P and Q, and will 
balance P and Q if its sense„be reveised. By njcasurement it will 
be found that R is C(|ual to the sum of B and Q. 

'Phe resultant of tuo [laral'cl forces of unlike sense may he foiii,'^ 
by the same process. 'I'he construction is shown for two such 
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P and (J, in Kii;. 4S(/'), tit; Intcnn^^ ol'llns dia^nain corrc- 
:^)Oiuis^uh that nl I'li; 4'S(n), and nia\ hn^followcal wiihotit tmtlier 
(ij^^^in.uion. If the dia^iani hi- nu-asuri'd, it will lie found timt R*is 
cqlml to ihi; difference of I’ and (J. 

Moment of^a force. The moment of a force means the tendency of a 
force to turn the body on which it acta about a given axis. I'he inoinent 
of agnen forci; den(!nds upon (n) the nia^nitiKje of the force, and 
{/’) the lonp;th*itl a pcipendicular diojipi-d from the a\u of* rolatioti 
on to She*liik.‘ of action of the loicc-, and is thcKforc measured hy 
taking the proiKu t of these (pi.intilies. I'lius, m Fig. 4c), the body 
is free to rotate about (). and a foice P is acting 
on in Draw OM at 90 to \\ then 
Monu-nt of P 1 * X OM. 

'i’o .state the units in uliuh a gi\en inomc-nt 
is measured, both the unit of force einplo_\ed 
and the unit of length must be mentioned. 

'Thus, m tile abo\e ease, if P is in lb. uc-iglii ri,. - Mommi of.i 
andOM in feet, the units will belb 4 eel. Otbei 1 ’"' 

units uliich may be used are ton-loot, lon-iiu b, gram-ceiitimetie, etc. 

'Pile sen.sc' of the moment of a foicc is best staled bv rcicicncc to 
4 he direction of rotation of the hands of .1 c loc k. 'I'lnis the moment 
of a giieii forc'e will be clockwise or anti-clockwise accoidmg as it 
tends to produce the same or oj)posite sense of rotation as that of 
the hands of a c lock. 

Principle of moments, d'iu' n-sultant moment of two or more 
forces, all of wine h Icmd to rotate the body on uhieli they a< t in the 
same sense, will be- (bund by first calculating the moment of each 
force, and then taking the sum If some of the forces ha\c 
moments of oppcjsite sc-iise, these- may be dc-sigualc-d negali\e, and 
the resultant moment will be found by taking the algebiaic sum. 
Should the resultant moment be /cro, the body will be in e(|uihbrium 
.sp far as rotation is c'caicemed. 'Plus leads to the statement that 
a body will be in equilibrium as regards rotation provided the sum of the 
clockwise moi^enja applied to it is equal to the sum of the anti clockwise 

moments. 'I’iiis is c alled ifie principle of moments. 

3 

Exami'I.k I. A hoii/ont.il rod AH, the wei^dit of uhicb^may be ne¬ 
glected, has a puot 50)^ •'uid has two ceilical forces P and Q 

® applied at A :tnd B fcspccluely. find lltc lelation of 1 ' and Q if the 
rocl IS in ct|uilibnum. “ 

L^t --r, 

BC--A 
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Taking moments a 1 )out C, 

clockwise moment = anli-clockwise moment, 

Q X ^ = P X d, 

Q d 

It will be seen from this result that the forces are inversely propor¬ 
tional to the segments into which the rod is divided liy the pivot. It will 
also be eyidcnt that tlie equihbrant of P and Q acts threwgh C. 



Kif. so. I'l'. St. 


ExAMPl.lv 2. rA horizontal rod BC, the weight of whnh may be ne¬ 
glected, has a pivot at C, and lias two vertical forces P and Q of i^dike 
sense applied at A and B respedively (Fig 51). Find the relation of 
P and Q if the rod is balanced. 

]xt . AC--a, 

Taking moments about C, 

P X d Q X 
V 

Again we may say that each force proportional to the distance of 
the other force from the pivot, and that the cquilibrant of P and Q acts 
through C. 


..w 

a - 


(ho)- - d 


Fio. 52 - 


dB 


F'xampLK 3. A horizontal rod z\B, the weigl'.t of uhicli may be ne- 
glc( ted, lias a weiglit W applied at C and is 
supported at A and B, the reactions P and Q 
being vertical (Fig. 52). Find P and Q, 

Let AB-^/, 

AC~d, 

then BC-/-d. 

Taking moments about B, 

Px/--\V(/-d)-f(Qxo), 

(I-A 


QT 


1 '- 


w. 


Taking moments about A, 

Wx,i’-.(Qx/)+/P>co), 


■ W. 


,.{T) 


»•(=) 
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*lt IS of interest to lincl the sum of l'*’.'in(i (), using flieir \alucs as found 
ajxive ; |fms 

i / 


P + Q. 


|\v+';w 


-W 




_ \V ' I -"+"1 

' I /) 
=--\V. 


Besulta'ut 6f two parallel forces. ICvanuniDg the nsulis of these 
examples togeliu-r with uhat has been said ic^ardinj.; two j)aiallcl 
furres on p. \vc may stale that the resultant of tuo parallel f()r<’es 
has llie following; properties; 

(1) The resultant is equal to the sum or diflerenoe of the given forces 

accor^ng as tbey are of like or unlike sense. r 

(2) The resultant is parallel to the given forces and acts nearer to the 
larger ; it falls between the given forces if these are of like sense and outside 
the larger force if of unlike sense. 

(3) The perpendicular distances from the Ime of the resultant to the 
given forces are inversely proportional to the given forces. 

We may state properties (1) and algeliiaicaily; 

R R± 0 ,.(i) 


A special case. 'I’he resultant of two equal parallel forces ol 
op[)os!tc sense 5.O <'aiinot l)c determined from these cipiutions. 
Here Q is eifual to I‘, hence 

- I’-o, 

I’ A . 

I’ (I ’ 

'rij,cse results show that no single force ran 
form the resultant of such given forces, and we may infer from this 
that the resultant effect i.s to produce rotation solely. The name 
couple is given to this^system. 

Resultant of a number of parallel forces. In Fig. 5 ; 's sliown a 
,horr/ontal rod Al> acicd on hy a numbyr of parallel vertical forces 
Wj^, W„, W^, P and (). ]d)r die rod to lie in equilibrium under the 
action these forces, the following conditions mu.stlic complied with : 
(1) Ihe forUss must not produce any vertical movement, either upwarde 
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or downwards: (2) they mi^t not produce any rotational moToment, eit&r 
oloclnriae or anU-olookwlsSi * , 

“The first condition will be satisfied provided the sum of tlie 
uiiward forces is eipial to that of the downward forces; hence 
W, + W,, + W,j = P + Q. 

The second condition will be satisfied if, on taking moments 
about any point such as A, the sum of the elockwise moments is 
etiual to“ that of the anti-clockwisc moments, hence 
WVv, + \\b,r, + VVVra = Pa + Q/>. 

Sup[)Osing that it is found that the sum of the downward forces is 
not etiual to that of the upward forces, then the rod may be equilibrated 
by application of a force E e<nial and opposite to the difference of 
these sums; thus E = (Wj + \V, + \\\) - (P + Q). 
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I’ll.. 5.1.—Resiittaiil o ( par.TlIci furn-'s. 


The distance a: from A at which E must be applied (Pig. 5.)) may 
be found by taking moments about A : thus 

ET = (WVc, + \V,,.r_. + W,,.r,) - (Pn + Q/.). 

Having thus found_thc magnitude, position and sense of Pi, the 
resultant of the given forces may be found by reversing the sense of E. 

We have therefore the following rules for finding the resu^ant of 
a number of parallel forces Pj, P.^, P,, etc. 



. 

. (') 


RT = EP.t, . 

.'•■(2) 


EP-V 


or, 




II 

.(3) 


Equation (i) will give the magnitude of R, and its position will*be 
given by calculating .V, oliiiined by taking moments about airy .con¬ 
venient point as indicated by equation (2). 
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•Example i. Four parallel forces aA on a rml AB .Is shown {Fig. SS(^)). 
Find the^r resultant. 

♦ R-i;p 

-2 + 54-7 + 3 

= 17 lb., of sense downwaid. 

• “ 

Taking moments about A, we have 

* “ 17-1--(2 X 2) -f-(5 X 5) +(7 X 6)+ ('3 X 7) 


= 92, 



l ie. 55, 


Exa.MJM.K 2. I’atallel forrcsaci on a body as shown m i’ig. 55 (/'). I'ind 
then lesuUant. 

= {3 + 4 + 2)-S 

-9-8- 1 11). , of sense dow-nwaid. 

It is con\’enient to take moments about a point (.) on the line of ilie 3 lb. 
force. 

I x.r=(3 xo)+(4 X i^)- (8 X4j) + (2 x 6 J), 

» .r=-17 feet. 

The negative sign indicates that R falls on the left side of 0 . 

Example 3. A beam of 16 feet span rests on supports at A and 13 
and is loaded as shown (Fig. 56(^2)). Find the reactions of its supports. 
^ Taking moments about B wc have 

Px 16 = (2 x i4)+{i X ii) + (^^x5)+{Ax3), 

* 1^ = 2-765 tons. 

Taking moments abdiit A we have 

Qx i6 = (2X2) + (i X5)+(|X Ii)+(|^X 13), 

Q= 1-484 tons. 
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To check the work we have 

r ‘ p+Q=i:vv, 

2 765 + i-4a4 = 2+i+J + i, 

4-:49=4-25, 

results which agree within the limits of accuiai y of the answers found for 
P and Q. * 


YSfo/u 


d ton 


Y 3 to ns 


if ^ ton 


hfons 
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B 

_a_;_^_■ • B.._ 

(2+-s'-*-6 - 3-4 
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I ifi Reaction? of the Mipporis of iteaius. 


EXAMnCK 4. A beam lests on suppoits at A and 11 (Fig 5fi(<i)), us 
ends oveihanging the suppoits, and the bc.im is loaded as shown. Find 
the reactions P and Q. 

Taking inomeius about II, we have 

'(Px io) + (i X o + ( 4 X 4 ) = (2x 131 + 13 ><f') + ( 5 X 5 ). 

10 P ^75 -17, 

P " 1 a tons. 

Taking monicnts about .A, we ha\ t; 

(Qx 10)+ (2 X 3)^(4 X 14) i-iT X 11,1+ (5 X 5)+ (3x2), 

109 = 98 - (>, 

O "9 2 tons. 

To check the woik, we hat e 

P + Q = 2 + 3 + 54-1 +4, 

15- 15 


Graphical method .of finding the reactions of a beam. The 
method will be illustrated by relcience to Fig. 57, which shows a 
beam simply supported at A and li and carr)ing a single Iwi W. 
Taking a base line ((I) projected horn the (hawing of the beam, set 
off Cli at right angles to (d), and of length to scale to represent W. 
Join Die and project W tiownwards so as to intersect Cl) and I'ds in 
F and G. 'I'aking moments about 15 , we bate 
JY=\\ 72 , 


From the similar triangles ECI) anjl GFD, tve have 
CE FG 
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hi(.. r; - Ik’.iin c.irr>jit^ uti< lu.iii , fouiui ^JraplllLa^iy. 

Hence FG reprc.'ieiits I’ lo ihe same scale that Cli represeiib W. 
'File value cif Q may he liamd lioni 
I' + Q W, 

. g - W - 1'. 

Gi, by using the same cnnstiuelion, Q may be found by making 
I)H e(|ual to W, joining I'll eiitting F(i m K, when FK gives Ihe 
value ol {,) (I'lg, 57). 



Fjg. 58.—Grapilkal sulution of 1’ for a beam tarrying several loads. 


If thd' beam carries several loads (F'ig, r8), the construction for P 
should be tarried out for each load as indicated; the total sum of the 
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intcr(:cj)ts will give the value Q may he found by means of a 

similar construction ('ar.ded out for the other end of the iKiim, and 
the result may he checked hy comparing the sum of and Q with 
the sum of the given loads. • 

Centre of parallel forces. Let two parallel forces 1 ^ and Q ac't on 
a rod Ah (log 59). 'I’heir resultant R will di\Kle Ah in the pro¬ 
portion ILQ-hO.AC. , (1) 

Let tlic lines of P and Q he rotat<‘d to new jidsiuons P', (/, 
without altcimg the magnitudes, 'i'hiough (' dtawd)(,dt perpen¬ 
dicular to P' an<l (/. 'Phi-n R', the resultant of 1 '' and O', will 
divide Die in inverse jiropoiiion to P' and (/. Inspection of Fig. 
59 will show that the tiianglc'^ ADD and P>LIt aic similar, hence 
LC:DC - hC;AC 
-P.() 

from (f). It therefore follows that R' [lassi's rhiough the same point 
('. 'I'his point is called the centre of the [laiallel forces P and Q- 



If iheie are a number of parallel fon'es, it will he seen easily that 
their icsiillant always passes through the same [xunt, whatever may 
be the inclination of the forces. A common example o( this occurs 
in the case of the weiglit of a body. ]ta< h p.utide in tK‘ l)ody 
possesses weight, hence gravitational effort on the body is really a 
large num!)er of forces directed towards the earth's centie, and these 
will be parallel and vertic'al lor any body of moderate dimensions. 

It is not possible to incline the dueclioiK of the forces, in this case, 
but the same effect may be produced by inclning the body. The’« 
weights ofj^il particles will still be vertical, but thcii direi tions will be 
altered in ri'laiion to a fixed line Ali in the Wxly (Fig. 60 (a and /^)). 
Supposing the line CD of the resultant weight W to be marked on 
the body in Fig. />o(fr), and to be marked again as IsF in Fg;. 6o(/'), 
the intersection G of these lines of \V would be the c::ntre df the 
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weights of the composite particles. 'I'ho name centre of gravity is 
gn-en to this point. 

'• '^entre of gravity by calculation. 'I'he general inetliod of calcu¬ 
lation will be understood by releience to I'ig. 6t. 'I'hc body is 
supposed to by a thin sheet of matenal, 'lake two cooidinate axes 



OX .and OY. First let OX be hoii/iontal; the weights of the 
particles being called if'|, riu, re.,, etc, and their coordinates 
(.v,_Vj), (x.j’.j), etc., we have, by taking nioments about O, 

(?(', -t-f(’ 2 -H ii'-i -e etc.)T . fc, V| -f 7t’,x., + -Hetc., 

Xrf'.v 

’ ire 

It is evident that Xre gives the total weight W of the sheet, hence 


.v 



(0 


Now turn the sheet round until OV is horizontal; the lines of 
direction of the weights will be parallel to OX, and, by taking 
moments about O, we have 

(re, + 7t’.^ + 7t'.j + etc) J’ 7t\ -f 7ti^y^ -f 7t’.^ -t- etc., 


“ Yv' ■ 


(2) 


iJraw a line parallel to OX, and at a distance / from it, .and 
another parallel to 0\' at a distance i; the intersection,of these 
gives the centre of gravity G. 

D.M. 


D 
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T'he position of the centre of gravity in certain simitle cafes may 
seen by inspection. 'Thus for a slender straight rod or wire, it lie.s 
at the middle of the length. In a .s(]tiare or rectangular plat' yj 
lies at the intersection of the diagonals 

A circular plate has G at its geometrical centre. 'The position of 
G in a triangular jtlate m;iy be found by first unagining it to be cut 
into thin strips parallel to. 1 !C (Fig. 62). 
'The centre of gravity of each strip will lie 
at its centre of length ; lienee' all tho.sc 
centres will he in l).\, where 1) is the 
centre of 1 !G, and hence [>.\ contains 
the centre of gravity of the plate. In the 
.s,ime way, by taking strips parallel to Alt, 
the centre of gravity will lie in CF, where 
C I'i is the centre of .\H. Hence G lies at 
Fie. 62.-t'cniie ofgraviiy ota t|ie inteisection of I ).\ and CF, and it 

lii.'tngic. . ’ 

IS easy to show by geometiy that 1 )G is 

one-third (,f DA. lienee the rule that G lies one third up the line 
joining thcT centie of one side to the opposite corner. 

Advantage is taken ol a knowledge of the position of G in thin 
plates having simple outlines in applying eiiu.ations (1) and (2) above.' 
'I'he following examples will illustrate the method. 

EXAMl'l.K I. Find the centre of giaviiy of the thin uniform jilate shown 
in Fig. 63. 

'Take axes OX and OY as shown and let the weight of the plate per 
siiuare inch ot surf.ice be rtc Toi convenience of lalculation the plate is 
divided into three rectangles as shown, the lesjiective centres of gravity 
being Gj, G,, ;uid Gj. 'Taking nionients about OY, we htive 
w{{6x i) + (8 X |)T(3 X i)j 1 =n>(6 x 1 x 3)-F7 c/(8 x i x J) + i£/(3 x i x i^), 



= I'ffi inches. 

Again, taking moments about O.X, we have 

I7j^(6x I x9J) + (8x i^x 5) + (3X I x|), 

- 98-5 

y= ^ t 

‘=£8 inches. 

Examfi.k 2, A circular plate (Fig. 64) 12 inches diameter has a hole 
3 inches diamctei. 'The distance between the centre A of the ulate'and 




PARALLEL F 0 R(;F.S 




Take AR prodiucd as OX, and take OV Km^cnlial to the ciicumferenrc 
pf the plate. It is evident that lies in 0 >?. Taking moments about 
we may say that the moment of the plate as made is e(|ual to tiia*t of 



the solid disc diminished ])y the moment of l)ie mateiial lemovcd in 
rutting out the liole. F-ct Ti' be the weight per s(|u.ue im h/)f suiface, I) 
the diameter of tlie j)!atc and tiiat of ilie hole. Then . 


W'eiglit of solid disc —iv 
Weight of piece cut out — Te 
Weight of plate as in.ide -Ti' 


:riy^ 
4 ‘ 

TTr/" 

4 ' 



7rd~' 

4 


4 

Take moments about C)V', ami let 0(1 = 

wjT,, „ - ( jtI)- / Trd'^ 

— (, D- - d-)x = -M-— X 6j - p(' ^ X 4 j, 

(A)- -4d^ 

13 inches. 

'35 — 

Other ra.se.s of synimetrical solids which may be wod'cd out by 
application of the sanjj‘ [irinciples are given below. 

Any nnifotni prishiatic bar has its ecnitre of gravity in its axi.s, at 
tfie mijjdle of its length. * 

A solitgeone or pyramid has the centre of gravity one-tjuarter up 
thejine joining the centre of the base to the apex. 
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A cone or pyramid open ar the base and made of thin ihcct metal 
has its centre of gravity one-third np the line joining the centre of 
the^base to llie apex. ^ 


Graphical method for finding the centre of gravity. 'I'hc follow¬ 
ing method of finding (1 by construction 
in the case of a thin .‘|hect n/vi/ (Fig, 65) 
is sometimes of service. Join id and find 
the centres of grarity c, and o, of the 
triangles aid and cid, join <yo. Again, 
join (le, and find the centres of gravity e, 
and Cj of the triangles aic and adc; join 
r, and Cj, culling in (I, the centre of 
gravity of the sheet. 

States of equilibrium of a body. 'I'he equilibrium of a body will 
be stable, unstable or neutral, deiiending on whether it tends to return 



Fio. 65.—Centre of gravity 
found graphically. 



to its original position, to capsi/e, or to remain at rest when it is 
.slightly disturbed from,its original position, .A body at rest under 
the action of gravity and sup|)orting forces 
Xlepends for its state of equilibrium on the 
situation of its centre of gravity. A cone 
gives an excellent example of all three 
states; when resting on its base on a hori¬ 
zontal table the equilibrium is stable 
(Fig, 66(a)), for on slightly disturbing it 
(Fig. 66(d)), R and \V conspire to return 
it to its original position. If resting 
on its apex, the equilibrium is unstable 
(Fi,g. 66(e)); a slight disturbance (Fig. 

66((f)) shows that R and Vv’ conspire to overthrow it. If resting on 
its curved surface on a horizontal table (Fig. 67), the equilibrium is 



Kic. 67 —Neiitrrd ecjiiilihrliim. 
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lieutral, for, no matter what the positicyi may he, R ami \V act in 
tlic siimc vertical line, and so halance. • 

•.Reactions of the supports of a beam. In calculating the montent 
of liie weight of a gnen body about a given axis, we may imagine 
thaf the wholt; weigiit is comentrated at the centre of gra\ity. 'I'liis 
enables us to deal whh problems on beams < arr)ing disiiibuted loads. 
The followiiyi^example will make the method clAar. 

KxjmI’CK. a beam is supported at A and l>(rig. 68). Tlie section 
of tiic beam is lynfoim and its ueigiil is joo lb per fool run. It caines 


<-- - --9'-y 





pi ! 


» Ai 

^ - 

Lw 1 

t . q4 

-10--> 

Q. 


l-li. o;' ■ U. . nf l),, vn,.|K.,t ,.f.. K- 


a load of 5<x) Ih, jici foot iiin unifoiiniy distiihiited o\ci '/ feet ^)f tlic 
length <is shown. Find I’ .md Q. 

Idle centre of gra\ily of (lie beam lies at (1, at a distainc of 7 feet 
from 1) (i, Is the centre of gracity of the distributed lo.td, .md lies at 

pi fed from [>. 

'I'otal weight of beam -AVj - :oox 14 — 2800 Ih. 

Tot.d wciglu of load -W.-500x9 -45001!) 

Apply W'j <il (1, and Wj at and l.ike niomenls about b to tiiid 1': 
I*x io-(\V, X 7j + (W_,X9i}, 
j, _f28oox7)4-(45oox9i) 

10 

lb. 

Again, take-inoinentb about A to find Q . 

' Qx io..--(W,X3) + (\V,xt), 

l,^eSoox 3 ) + ( 4500 x i) 

^ [O 

10 ^ lb 

Clieckiii}; tfie result*-, «e it.ive 

• l' + Q-W, + \V.,, 

6235 + 1065 -- 2800 + 4500, 

, ■ 7300-7300- . 

'Parallel forces not in the same plane. In Fig. 69 are shown four 
bo(^es, one at each corner of the horizofital .square AB(il). 'I'he 
weights of these bodies act vertically downwards, and hence are not 
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ing method of finding (1 by construction 
in the case of a thin .‘|hect n/vi/ (Fig, 65) 
is sometimes of service. Join id and find 
the centres of grarity c, and o, of the 
triangles aid and cid, join <yo. Again, 
join (le, and find the centres of gravity e, 
and Cj of the triangles aic and adc; join 
r, and Cj, culling in (I, the centre of 
gravity of the sheet. 

States of equilibrium of a body. 'I'he equilibrium of a body will 
be stable, unstable or neutral, deiiending on whether it tends to return 
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to its original position, to capsi/e, or to remain at rest when it is 
.slightly disturbed from,its original position, .A body at rest under 
the action of gravity and sup|)orting forces 
Xlepends for its state of equilibrium on the 
situation of its centre of gravity. A cone 
gives an excellent example of all three 
states; when resting on its base on a hori¬ 
zontal table the equilibrium is stable 
(Fig, 66(a)), for on slightly disturbing it 
(Fig. 66(d)), R and \V conspire to return 
it to its original position. If resting 
on its apex, the equilibrium is unstable 
(Fi,g. 66(e)); a slight disturbance (Fig. 

66((f)) shows that R and Vv’ conspire to overthrow it. If resting on 
its curved surface on a horizontal table (Fig. 67), the equilibrium is 
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It will bo noticed that if om- of tliojogs, say A, l)o lifted .sliylilly, the 
table wiil rotate in a lortical plane about thejine BC. 'I bis iiulieates 
tliat the [iressiire on A may be ealrnlated bv takiny; momenis abcjiit 
Draw' (IM and AN perpendu iilar to BC, and let 1 \ be tbe 


V. \\% 


reaction of tbe left i 

J\xAN WxCM, 

CM 

'an' 

In Ibc'sable way, I’,, may be 
found by taking moments about 
AC, and 1 \ liy taking moments 
aboift AB. Tbe results may be 
clucked fiom 

I’a + I'iH-I’, -W'. 

» 

ICxi'i'. 6 .- Principle of moments. 

Fig. 71 .sbow's a wooden disc wbicli 
is free to rotate about its eeiilre 
on a screw driven into a wall 
board. Atlaeli cords to carious points on tbe f.iee of tbe disc and 
a|il)ly dilTeieiit foiees b) means of weights as sbow:i. I .el the disc 
come to rest under tbe action of Ibesc forces, and lest tbe Irutb of 
tbe principle of moments by calciilatiiig tbe sum ol tbe clockwise 
moments and also that of the anti cloi kwise moments. 



Fni’I. 7—Reactions of a beam, big 72 shows an .ippaiatus con¬ 
sisting of a wooden beam supported by means of two banging s|iring 



balanc?s. Apply various loads and calcmlate the reactions of the 
suiJ|iorts. Make allowance for the weight of tbe beam and also 
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' for any di.strilruled loads corTjentrating tlicni at tlieir respective 
centres of gravity. Repeat the experiment with altered lends and 
, , different positions of the points of support. Make 

a table showing in each case the calctih .eu 
reactions and also those read lioin the spring 
bakinces, 

z' \ K.Kl’r. 8.—Centro of gra lty of sheets. The 

\ centre of gravity of a thin sheet nviy be found by 

/ hanging it from a fixed support by means of a 

/ • ''^E cord All (Kig. 7,5); the cord extends downwards 

( ) and has a small weight W, thus serving as a 

\ y |)hunl) line. Mark the direction A(' on the sheet 
and then repeat the oireration hy hanging the 
sheet from D, niaiking the new vertical l)li. (I 
O'h' will be ihe point of intersection of AC and DIs. 

I'T' 71 I'Ar’diiigni ('airy out this expeliment for the sheets of metal 

01 lIs-t. Hire ot uravi y 7 T I 

of.isiici-i or millbo.ird supplied. 

Iv.xl’T. (). —Centre of gravity of a solid body. The I'cntre of giavity 
of a body such as a loniiecting rod (Fig. yt) may be found by 
balancing it on a knife edge, which may be aiianged easily by use 
of V blocks and a sipiaie h.u of steel. G will lie veitically over 



Kic. 7(. —Kvpcrimeiil on the cr-niie of gravity of a solid body. 


the knife wiien die rod is IxiUnced. (\ury out this experiment 
on the bodies supplied, in each case making a sketch of the body and 
recording on the sketcli the dimensions necessary for indicating the 
position of G. 


EXERCISES ON CHAPTER III. 

1. A unifoim hori/oiil.il lod AT is pivoted at its centre C, and canies 

a load of 12 lb at I) aiul another of 20 11 ) at E. D and E are on 
oi)|)ositc sides of C, CD and CE being 8 inches ami 12 inchcvrespcctivcly. 
If balance lias to be rcstoicd by moans of a 14 lb find where it 

must be placed. What will l)e the reaction of the y vot ? 

2 . A rod AB carries lo.ids of 3 lb, 7 Ib. and 10 lb. at distances of 2 
inches, 9 inches and 15 inches respectively from A Find tlie point at 
which the rod will balance. Neglect the weight of ihe lod. 

3 . Fig. 75 sliows an arrangement of A righl-anylcd bent lever ABC 
carrying a load of 40 lb. Ab and BC are 12 inches and 3 inches respec¬ 
tively and AB is horizontal. C is connected by a horizontal lihk CE to a 
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v^tical lever I)F, uliuh is jn\u(cti af 1). DF aiul*!))*' .m- 15 inthcs 
and 3 ineiics icspcciiwh' 'I Iiv ananj^cinen’t is halaiaod iiy .v und FO 
p.ftsing o\ci a pulley al (1 and «...ui\ing a load u. I'diui \V, neglecting 
tlw^iglits of (lie \aiious pails and also (in (ion 

4. A lever safety valve foi .1 sivain hoilei lias tlie follow ing dimensions •. 
Diameter of valve, 3 inelios ; disiaiue liom fu!<ium to vahe <entie, 4^ 
inches ; weight of vahe and its .tliai hiin'nt to die level, 4^ Ih , distant e 
from fulcrum to tend# of giaviiy of tin' level, 1^ iin lies ; weight of 
lever, 7 lb. d'^e, weight on die end of die lever is (p Ih find its 
distance from the fiihium if the valve is to open widi a sie.lin pressure 
of 70 Ib.'pei; s(]uaic imii, 

5 . A uniform ficaiii 20 feet long weighs 1] tons, and is snppoited at 
its en<!s A and 11 .\ uiiifoindy distiihuttal load ol 'v ton pei fool lun 
extends own' 10 feet of the length nieasuied fiom A, and a < om enliati'd 
lo.id i)f 3 tons tests at .1 [loitit 4 teet fiom \'> l-md the icac (ions of (he 
suppoits 1 )\’ c.ili.ul.Uion 



6. A beam 18 feet span came', lo.ids of 2 tons, 4 tons and 8 tons at 
dist.UKes me.isuied fiom one su|)poi( of 3 feet, 8 le< t .ind u feet lespec- 
tivcl}’. I'lnd giapliicaliy (he I e.K lions of ilie sijpj)<ji„ls N eg lei I the weight 
of llie beam. 

7 . A uniform beam weighs 2 tons and is 24 f(‘ct long. It is supiioried 
at a poifit A 6 feet fiom one end, ,ind at another point B 4 f<‘et fiom the 
other end. Tliere is .1 comentiated loail of lA tons .it eai h end and 
another of 3 tons at the midille of the beam hind the leactmns of the 
suppoi’ts by calculation. 

8 . Three w'-ights of 4 Ih 8 lb .and 12 lb ies[)e( lively are plaied at 
the corners A, B and (' of an eqiiilateial tiiaiigle of 2 feet side. Find tlie 
centie of giavity. 

9 . A letter L is cut out of thin cardhoaid. Height, j iiulics; 
^breadth, 2 inches ; width >f malcnal, ^ im Ii , Find llte centre of gravity. 

1/). A solid pyramid has a 3 inches edge and is 

5 inches iugh. It rests on its base on a l>o.u(i, one end of winch may 
be raised., J'he edges of ilie Isisc of the pyr.miid aie parallel to the 
edges of the board, and slipping is prevented by means of a thin strip 
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nailed acro'.s tlic board. Find, by drawing or ollierwise, the anj^le whitfh 
tlie board makes with the hAnzonta! when the pyramid just tip'jvover. 

, 11 . A flat cqiiiialcral triangular plate of 4 feet side is supported horizon¬ 
tally by three legs, one at caeh comer. A \erlical force of 112 pov^- .ishs 
applied to the plate at a point which is distant 3 feet from one leg and 
18 im lies from another. Determine the compressive force in each leg 
produced by this load. ‘ (U.E.) 

12 . A scale-pan a balance with uncijual ari^is is wciglUcd in such a 
way that the beam is horizontal when no masses are ji^.aced m the pans. 
A body when placed in the two pans successively is balanced by masses 
P and Q m the opposite pans. Pio\c that its mass is -v/pt^. * (L U.) 

13 . A lioi;i/ontal platform is supported on three piers ABC forming a 
triangle in plan. AH'-6 feet ; AC = 8 feet ; BC -8 feet. The centre of 
gravity of the platform and load carried is distant 5 feet from A and 
4 feet from B h ind the proportion of the load carried l)y each of the 
three piers. Sliow lh.it, if tiieie were four picis instead of three, the 
reactions could not be determined witliout fiirtlicr infoimation (l.C.Iv) 
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I’ROl’ERTIK.S OF COl'I’I.K.S. .SV.STEM.S OK UNIl'I.ANAK 
K()K( KS. 

• 

Moment of a couple. ('oiiskKt tlu' couple formed l>y ilu* ('(jual 
forces \\ and 1*. (f'li;. yd). Let // he the perpendicular distance, or 
arm, Ifetween die lines ol die loices. 

It may he shown, hy taking.; momc-nts 
in succession about se\eral points A, 
h, ]\ that the moment of the couple 
16 the same about any point in its plane, 
and is g:iven by Pd. 

d'luis, taking moments about A, wc 
liave 

Moment of the rou[)le 

~ ( I’l X o) -- ( lb X (/) 

= . ( 1 ) 
die negative sign indnaling an anti eloi kwisc moment. 

Taking moments about 1>, we have 

Moment of the couple (lb x o) - (Pj x //) 

= - '’l'''- . (2) 

TakiCig moments altoiit (' gives 

Moment of tlie eoii|)le = - (1’, x a) - V.,(d-a) 

.•'.(.a 

Taking moments about I), we have 

Moment o,f the couple — (Ib x /') - V^{d-hh) 

= -V- .(4) 

^ As the forces are etii'.al, the four restilts are identical, Ihu.s proving 
th& proposition, 

Ett^uilibrant of a couple. It has been .sren (p. 43) that no .single 
force can b'e tlie resultiuit of a couple, hence no .single force can 



\..D 


l it. 7'' - AtMllpIr ll.is lilt s.Uttf inoillLIlI 
.ilniui .my jKimi m its plant. 
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MAilUUALS AXI) STRUCTURES 

• ^ 
eciuihbnilc a couple, II; will ^l()w be shown that another coupll of 
equal oppoalte moment' applied in the same plane, or la a parallel plane, 
‘will balance a given couple. , , 


III Fif,'. 7j are shown two couple.s, one having equal forces V, and 
lb, tind the other couple having equal forces Qj and Q.,. Produce 



the lines of these forces to intersect 
at ,\, B, C ani D, and let u and h be 
the arms of the P and (,) couples 
respectively. From A- draw A.M and 
.AN perpendicular *to Pj and (J, re. 
spectively. 'Then AM ;= u, and AN = A 
Pile triangles A.AIC and .\NI) are 
similar, hence 

.AC : AM-AI): AN, 
.\C;AI)-=-AM:AN * 

-"if'.(I) 


Now if the couples have cqii.tl iiioiiieiils, we have 
P<i ^ tyi, 

or Q ■ P - (! : /;. .(c) 

Hence, .\C and .\l) may be taken to represent Q and P respec¬ 
tively to some .scale of force. 

As ,\Clil) is a parallelogram, it follows that the restillant of P, 
and Q, acting at B will be aB. 

•Also the resultatU R._. of If, and acting at A will be 



Kh.. 73 —I'-qiial opjiosiiig couples in parallel planes ?irc in eqiiiTibrium. 

* 

As R, and Ro are eqttol, opposite, and in the same straight, line, 
they balance; hence, the given couples are in equilibrium. We 





PI^OPKKTIFS OF rorPLFS 


Ol 

nia>' therefore slate that naipK's ot e(|iial. opposite nioment acting 
in Uie same ()latie are in e(|uilil)rmm, and Other uJiipk* may be 
sai^ e(im!il)raiU of the other eo\i])Ie. 

In hig. 7S IS sh(n\n a rect.mgular l)i(Hk having e(jiial foices 1 ’, 
and IV applied ^o its vertical front edges AD ami Clh and other 
equal forces \\ and P.^. applied to the viataal back edges FO and 
Let these Jc^rces Le all ecjiial, when the bkx k will have a pair 
of equal opposite couples acting in paiallcl jiianes. 'That these 
couples tialaiice’ may be seen by taking the lesultant R, ol tlie 
forces I’j, Pp and also the resultant K._, of the other equal [)air 
Pj, P^ ‘i'hese resultants are equal and opjiosite and act in the 
same sttaight line, and lienee arc m (Sjuilibnum. 

Resultant of a couple. We have* now seen that a couple can be 
balanced by llic applic ation m iht' same jilane, or m a parallel plane', 
of a sec^ond couple having an equal opixjsiie moment. Supposing 
the forces of the second couple tc^ be n veise<l in sense, it is evidc'iit 



Fig. 79,—Sintile-handed t.ij) wroncli. t u,. 8*>. 1 s*ui.k ti iinkd i.ip w rem it. 


that llie effect of this coiipl(‘ on the body will be idenlual with that 
of the first couple. Wc may say now that either couple is the resultant 
of the other, />. the effec l on tlu‘ body as a whole will lie the same, 
no matter winch couple be ap[>]ied to il. 

'I'his projKesition may be stated in a different way, viz. a couple 
maj he moved from any given position to another position in the same 
plane or* in a parallel plane, without thereby altering its effect on the body 
as a whole. t 

, Owing to the equality of tlie forces forming a couple, the applica¬ 
tion of a couple to any body will not tend to move it in any 
direction, but will merely tend to sot up rotation. For example, 
ill tapping a hcle, the use of a single-hancied tap wrench {Fig. 79) 
w'iiriend to bend the tap and U> spoil the* thread ; a double-handed 
wrench enajvles a couple to be apjilied giviiig putc rotation to the 
tat) fFig. 80). It is evident that the same lurninir effort may be 
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obtained by means of small t’orees and a l.u^n arm, or^ by larger 
forces and a smaller ?lrni, a fact which we may state as follows: «The 
forces of a couple may be altered in ma^tude provided the arm be^tSVed 
so as to mahe the moment the same as at first 

'I'he case of a ship having screw propellers affords an example of 
the balancing of couples in parallel planes^ Referring to Fig. 8i, 
couples are apidied to the shaft at A by the t-ngiiy'j and, neglecting 
the frictidn of ilie biarings, these couples are balanced by an eijual 
opposite conple pioduced by the lesisfance of the water acting on 



r iip. SI. - - If w j)i(p}M-lkr -li.ifi. 


the propeller at 1:. 'I'he planes of ll;e^“ couples are [)erpendicular 
to that pf the papi-r aiul heiae aie parallel. 'I’he distance ot A 
from K is immaterial .so far as the equilibrium of the couples is 
concerned ; nor does the diameter of the [iropeller affect the problem 
of e([nilibrium. 

'I'he law that every force must have an equal opposite loice may 
now be extended by asserting that it is impossible for a couple to act 
alone; there must always be an equal opposite couple acting m the same 
plane, or in a parallel plane. 


Substitution of a force and couple for a given force. In log. 82 

is shown a body having a force 1 *, applied at A. \\’e will siqiposc 
that it would be utote convenient to 



force of like sense together with a couple having a moment obtained above. 
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*Subst%tion of a force for a given force and a given couple. 


In •Fig. 83 we have given a loioc 
c(? 5 |Ai Q, Q, having an arm d. 
'I'hc moment of the couple ().'/. 
Alter the forces-) of the couple so 
that each new force 1 ^, P' i'. e(pial 
to P, thcncwarsiv/ being such that 
^ \Ka^Qd 

Apply the ne\v* couple so that 
one of its loicc's a('ts at A, in the 
same line as P, ami in the opposit(‘ 
sen.se. I'hese lorces balaiu e at A, 
IiMving a .single lorce P' a<'ting at 
the gi\(Mi foi< e P. 


P acting at A, together witli a 



i peijH'iulK ular distance u lioin 


Kx.smI’LK 1. A >^ingle-li.uuled lap wreiu h has a foicc of 30 lb. applied 
at a distance of 15 inches fioin the .i\is of ihcMap (!• ig. 84). Iheccntie 
line of the wrcncli is at .1 height of 5 inches above the face of the woik 
being t.ippcd. h iiul ilic iiioincnl 0/ th(“ (oii[)le acting on the tap and also 
the nioinent of the foice lending to bend the t.ip. 

'riansfemng P from A to P gives a Ibice P acting at P., togethei witli 
a couple liaving a moment given by 

Moment of couple^ 1 ' x AP 

30 X 15 -- 450 lb -nil lies. 

'i he force P acting at P (ends to bend the lap about C. 'I’o calculate 
Us moment ue h.ive 

Moment of P -- P x 15 C 

--30X 5" 150 Ib.-inchcs. 




Exampi.k 2. A bent lever i\Cit (Kig. 85) is pivoted at C, and has 
forces and Q applied at A and U re.speci'vely. Kind the resultant 
turning m ... ent on the lev'cr and also the resultant force on the pivot. 

The solution may be obtained by drawing the lever to scale. IVansfer 
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P and Q to C as siiown, );ivinj( forces P'-P and Q'=Q acting at C, 
together with a clockwise couple QxCN and an anii-clockwisc couple 
1 ‘xCM, CN and CM being perpendicular to Q and P respectively. The 
resultant turning moment may be calculated by taking the algebra’Ic sum 
of the couples, tluis 

Turning m()ment = (Q x CN) -(l^ x CM). 

This moment will be clockwise if tlie result is p )sitivc. 

To obtain the resultant foicc on the pivot, apply the parallelogram of 
forces as shown to lind the lesultant of P' and Q’ acting at C. ‘ R gives 
the required force. 

Equilibrium of a system of uniplanar forces. Any s} stcni of forces 
acting in the same plane uill be in cipiililiriinn provided (^^) there la 
no tendency to produce translational movement, (I>) there ia no tendency to 
rotate the body. 'Phese conditions may be tested either by mathe¬ 
matical e(juali6ns or by graj)hi<'al methods, d o oi)tain the necessaiy 
ecjuatnms we may proceed as follows. 

In Ktg. 86, lour forces Pj, 1 C, P.^, P,,, aie given acting in the 
plane of the paper at A, B, (i and I) respectively. Take any two 



Fig. 86.—a sj’slcm of uniplanar forces. 


rectangular axes OX and OV in the same-plane and"take comiKinents 
of each force parallel to these axes. Calling the angles made by 
the forces with O.X Hp a,, a, and the components will be 
(seep. 23): , 

Components parallel to OX : P, cosa^. P.^cosfij, Pjcosaj, l\cos< ^. 
Components parallel to CV : PjSinK,, ICsina,,, Pj.sincij, P^sinc^. 

These components may be substituted for the given forces. Now , 




SYSTK.MS OF UNlPr.ANAH•FORCFS 


<■'5 


transfer coinponent so that it acts Jt O instead ol in its given 
position. This transference will necessitate the intioduction of n 
cttnpl^ for eacli component transferreil. I.et .Vj and v, he tlie 
coordinates of A, and describe similarly the coordinates of 1 !, (i! 
and I). The cosiples required by the transference ol the components 
of P, will be (P, cos <q Ji'i and (P, sin 'q),!, . the otijei couples may he 
written in the same manner, going , 

C(niples*paralliJ to ().\ : 

(l\cos 11,)^,, (Ibcosadic, (PjCOSiqllq, ( 1 '^ COS . 

(iouples paiallel to OV : 

*(Pj sin (P.siii <c_,) t_,, (Pjsina,) v,|, (I'lsinaJ.cq. 

The couples paralli I to OX m.iy be icdiiced to a single lesultant 
couple^ by .idding then inonieiits algcbiaically. Smiilaily, those 
jiarallel to 0\’ may be lediiced to a single couple, gi'ing 
Resultant couple par.illel to O.X ' l'( P cos (()y. 

Kesultant couple paiallel to OV X(Psina).v, 

P'lg. Sy shows the icdiictioii of the gneii system so lai as we have 
proceeded, which now consists ol a iiiiniber of forces ai ting in OX 


sin 

Pj Sin o(j 
Pj stn c(j 
i P, sin a, 


Couple. = l(Pcos'<)y. 


f, 


Couple-ZiPstni^X. 




P4 COSCti 


P, co«a, Pj cot aj 

Fit' 87.— \ ‘•ysttin e(|im.iUnt 10 iliai ill I"i>;. 86. 


and W, to^^ether witli two couples, i'or c(|iiilil)riiiin, there must be 
no tendency to produce movonieiU in a direction parallel to OY, 
licnce the algebraic sum ol* the tor<'es in OY must be zero. 1 bis 
’condition may be written : 

li]’ sin a .(0 

'Vt the same time thert; must be no tcndeTicy to [iroduce movement 
nil direction parallel to OX ; 4 ience the al^^ebraic sum of the forces 
n OK zero, a condition wliich may be written: 

i;Pcosa-o.(2) 
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Kii]tiler, there must be no'teiideney to prodiiee rotation, a condition 
^'hich may be secured [irovided (i) each of the couples is zero, in 
which ease i'(rsina),v + i:(P<osa)j -o ; 

oi, (ii) the couples may be of eijiial moment and of opposite sense of 
rotation, in which case their algebraic sum will again be/eio. Hence 
the com])lcte condition of no lotational tendency may be written: 

-(!’ sm u)a + os a)v -- o.(3) 

'I'lic.se equations (i), (2) and {3) being fullilled simultaneously serve 
as tests fo: the cquilibiium of any system of uniplanar forces. A 
little judgment must be e.xeiciscd in the selection of the coordinate 
axes OX and OY in any |)artieulai pioblcm so as to simplify the 
subsequent calculations. 

ExAMei.is. A roof truss, 20 feet span, 5 feet rise (Fig, 88),, has a 
lesiiltant wind tiiessiiie of 2000 11). ailing at U, the centre of llic light* 



hand tafter, in .1 ihicction perpendicular to that of the rafter. The tiiis.s 
IS bolted down to the support at 11 , .and tests on tollers at A. so that 
the le.iclion of the support at A is terlical. Find the re,actions of the 
supports. 

In this case, R.X .and liV are the most convenient coordinate axes. 
First lind II .iiul V, the components of the load paiaiicl 10 these axc.s, by 
drawing the tii.ingle of foices <tfc This trhinglc is sunilai to the triangle 
HUE, hence 11 : 2000 = 5 : vbas, ' 


H 10000 ,, ,, 

=' 0=895 b. 

1118 

V : 2000=10 : /ns, 

V = 1790 lb. 
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liie components ot Q [)a!allel to I 5 \ and IT\’ ic'-pcctisciy Then, fioni 


tli« cajuatmns of eqiuhljiiuni, u<' have * 

• 2^1’‘sin a <; , Iiciu e, 1' -\' o, 

or r t ll> .(i) 

♦ o; li(iu(\(^)fi II o, 

or ; Oil U*. (2) 


X(l’sin a) i co'v u)j’- o. lienee, (!'x jo) (V'xO {Il,>'2^) -o. 

It notwal that the list equation is oltlained l>y taking the alj^ebiaic 

sum of llic inonienis of,ill the fo'ccs about !> Rediu mg it, we luuc 


(i 7 >)ox 5 ) + (X.)5X2!,), 

• .>'"'''7 2 ,, / 2 

* 20 ' .(3) 

Substitution of tins value of 1 ’ tn (i) gives 

• 5 S'M i 7 'M * 

0^ i..‘;o6ib .(q) 

To lind (), ue have s^khi' f kb ' 

I hxjo 

1 S:‘o Ib.(5) 


'I’o (ind the .ingle <i uhu h makes with the wile a!, we have 

bbi 

^')S 

I 2 >0 o 
0727 ; 

II /)" 1'.(6) 

Graphical solution by the link polygon. -V convcniciil inctliDcl of 
(leterniiiiin}7 j^r.ipliK'ally llii! (-‘ijuililiianl ot a system of uniplaiiar forces 
will now be explained It is rr(|iiiied to lind llie etiuilibranl ol the 
given forces 1 ’,, Iband I’., (h ig. .Sp (a)) 'lake any point A on the line 
of 1\, and [iioceed to balance 1’, by die application ol any pair of 
forces* /i and />, intersecting ,it A. 'I'be triangle of forces M) 
(Kig, «y (/>)), *n wjiich , 

I’l :/„ ■/>, 2 ii/i ' //() ■ Off, 

will determine the magnitudes of/, and Imagine /, and/,, to 
be applied at A (Fig. 8^(«)) tlirougb the medium of bars, or links, 
one of which, Ab, i.s ^.xteiulcd to a point li on the line ol action of 
iC 'l'?*equilibrate this link, ft must cxert^a pull /j at B etpial and 
oppAiite 'w=«tlie pull it gives to A, 

'I'l^e forces A,> and lb acting at 1! may be erpiilibratcd by the 
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f , 

application of a third forcfcat li,/j Ircing found In direction and 
rnagnitude from the triangle of foices Ok (Fig. 89 (/<)), in which ' 

: 1‘.2:^ 0/'. k: rO. 

Let /j be applied at IS (Fig. 89(17)) by means of a link lid, 
interseeting I’j at (' and exerting at C a Ibtee equal and ojiposite to 
that which it exertt on 11. • 

The forcesand T, acting at C aie now e(|uilibrated by means of 
a force applied at C,/, being found from the triangle of forces 
Oo/, in whii h . p,^. p ^.. 0,': a !: r/O. 

Let the force/, be .appliral at d by moans of a link, and let this link 
and that in whii h/j nets intersect at I). F.aeli link will exert a force 
at 1 ) crjual and opposite to that which it coiiiiiiiiiiicates to A and d 


e c 



respectively. The foices/j and thus acting at 1 ) maybe equilibrated 
by nieaivs of a third force L applied at I), F being found from the 
triangle of forces Oiti-i, in which 

, itj : L :/i = Oil : ila : nO. 

It will now be seen, by reference to Fig. 89 (<j), that each of the given 
forces Is balanced, that the closed link polygon Alldl) irf in equilibrium, 
and that the force L la also balauced. It theiefor: follows that the forces' 
Pj, Pj, P, and E are in equilibrium. 

Reference to Fig. 89(1!) will .show that ak/t '.*0081110108 a closed polygon 
of forces for P,, P.j, Pj and E, and that the lines drawn from 0 to a, 
b, rand r/are parallel respectively to the links in F'ig. 89(0). As we 
had a liberty of choice of the directions of the first two links, viii. DA 
and AB, and as these directions, once chosen, settled the position of 
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the point 0 in Ki|;. we infer (h?it tlit; posiiion’of O is immaterial, 

only^ffcct of \arying its position l>ein^^ changi* somewhat the 
%ha()C (»f the link ptOygon without altering the final \alm‘ or position 
of K. It shouk! also he noted that each link in Mg. <S()(^/) is patallel 
to the’ line fron^O in htg. S9(/') uhuh lalls hetween the snk's of the 
force polygon represe^iting the two forces connected by the link in 
Mg. 89(/r). djiys, Af! in Eig. 89(u) is i)aralk‘l to 0 /' in Mg. the 
latter falling hct\\een <i/' and A u hi( h re[)rcs(‘nt \\ and lb il‘specli\ ely. 

In [iraclK e,'Low’s notation is emplo)cd. Some examples are given 
to illustrate the nuahod. 

Kx.am im.k t. (liven tillcc fon cs of 3 lf»ns,.} tons and 2 Ions icspei lively, 
find ihcMT C(|iiilihrant (l-ig fpM)). 

'I'hc piiiK iplcs on uliuh llie solution is Isiscd are, as lias lieen found 
above, {(i) the force polvgon must closo, (/') the link po]ygt)n tinist (lose. 



Naming the spac es A, l> ami (', and pl.a< ing 1) piov isionally ne.ir to the 
force of 2 tons, draw ihcforcc puhgonAlU ]) ‘lire closing 

line DA gives the diicf tion, sense and magniliidewof the C(iuilihrant. 'I’o 
find Us proper position, t.d^e any pole O (I'lg. <p(/f))y and join () to the 
<ornersA, h, (\ DoflliefoKe polvgon. (.'hoosc any point a on the line 
of the *3 tons force. In sisicc A diaw a line W, of indefinite length, 
paiallel to OA in Fig 9o(/')- In '^pa<e B draw a line ri/> parallel to OB ; 
and, yi space C a line A paiallel to OC. From c diaw a line paiallel to 
OI) to intersect that <lrawn from <i in the point </. 'I lien K passes thiough 
(f, and may nc?\v b5 shown c<Jlnpletely in f ig (p(ii). 

F.XAMri.K 2. Four ifirres .ire given in fig. 91 hr); find their resultant. 

I'hc method employed consists in first finding the efjuilibrant and then 
reversing its sense. 'I'h#. example is of sligl^tly greater :omplicatioii, hut 
the working does not differ from tliat illustrate<l above. In Fig. 91 (<^) 
/'TBCDhiis the force polygim, t/^c closing sid^ KA represents (lie ecjmli- 
brai%, licftiie AE represents the resultant The position of the equilibrant 
is found by drawing the link polygon uWc, having its sides paiallel to 
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the lines radiating from any pole O m Kig. 91 (/'). The interscclion oiue 
and rft'gives a point ^ oi\ the line of action of K. ^ 



Exampi.k 3. (liven a beam canying loiuis as shown {!■ ig. 9: (r/)); find 
the leaclions of (he supports. 

In this case, as all tlio forces aic pai.illel, the foice polygon becomes a 
stiaight line. 'I hc reactions AH and (lA being unknown, begin in space 
B and draw tlic sides of the foiec polygon as BC, (T), Dlv, ICF and F(l. 
The coinei A of the foicc polygon w ill fall on 15(1, and, us j) 0 ‘alion having 
been deleimined, the segments (lA and AB will give the magnitudes 
of the iea<.tions (.'hoose .my ))ole (J .iiul join it to the known (oiners 
of the foicc polygon, v 1 /. 15, (', I), M, K, (1. .Siai t < onsii m ting the polygon 
fiom a point a on the line of the left-h.ind ic.ietion (Kig. 9 -(''t)) by 




!■ K, >).’ -Rc.i(.lioiis of a l>caiii I'y lh«* link polygon nicihod 

drawing al' par.illel to 015 in the space lyingf)etween the le.ietion AB and 
the forte 15C. 'J’hen thaw A, <</, //c, rf le.spta tnely |>aiallel to OC, (')!), 
OK, ('>!'. From a point on the forte F( 1 , a line /g lias to be thavvn to 
intersect the reaction (lA ; as these foit es aie ii^'thc same straight line, it 
is deal that is of /ero length, .ind that the link polygon will conse- 
(|ucntly liave a side shoit. omplete tlie’link jiolygon by draw in;//, and 
draw OA (Fig. 92 (A)) patallel to //. The magnitudes of tbr.-reactions 
may now be sealed as AB and ('»A. 
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• 1‘^XPT. 10.—Equilibrium of two equtJ opposing couplos. In i' ig 93 is 
shown asTod AU luing by a string allachi^d at A and also to a li\cd 
sifpport at C Hy inpans of cords, pulleys and weights, apply two 
ftqual, opposite and {)arallel forces P, P, and also another paii Q, Q. 
Adjust the values so that the follow ing equation is satished : 

PxDl- --OxRL 

Note that tlie lod nujains at re st under the ac(i<»ii of tlu'se foices. 

Repeat the Vfpennu nt, inclining the jiarallel for( cs P, P, at any 
angle to the [lori/ontal, and inclining lln; parallel forces (^), i), to a 
different angle, luit arranging that the moment of the P, P, < ouple is 
equal to tliat of the Q, R), I'ouple. Note whether the ro(l is balanced 
under the action of these couples. 

A|:f|)ly the P, P, couj)le only, and asecilain by actual tiial whether 
it IS [Hissible to balanei' the lod m its \eilieal jiosiiion as shown in 
the figure by applK'ation of any single force. 



E^I'T. 11.—Couples actmg on a door. P'lg. 94 sliows a boaid which 
may be taken as a model of a door hung on two lunges. 'I’hc 
eijual foices*VV and P r<*rpj a couple, wlii( h is balanced by the c(jual 
* opposing couj)le (), (^>. Wiigh the lioaid, measure a and and 
aileulale (^) from ^ 

Apply the forces shown and mde whether the dnor is in', 
ecjuilibrium. 

^CxpT. 12 .- Link polygon. Fig. 95(a) ‘liiows a polygon APCDEA 
made oriight cord and having forces P, Q, S, '1' and V applied as 
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shown. Let the arrangement cwine to rest. Show by actual draw¬ 
ing (a) that the force polygon akifea closes (Fig. 95 (/')), its sides being 



drawn parallel and proporlional to 1 ’, (), .S, T and V respectively; 
(/') that lines drawn from /', c, 1/ and e parallel respectively to ,\li, 
lie, CIl, OE and K.\ iiUer.sect in a eonimoii pole O. 

E.xit. 13. —Hanging cord. A light cord has .small rings at A, li, V, 
and 11 and may be passed over pulleys E and F attached to a wall 
board (Fig. () 6 {a)). Weights W,, W._,, Wj and W, may be alltiched to 



Fio.. 96.—A hanging cord, <0 

the rings, and P and Q to the ends of the cord. Choose any value's 
for Wj, W„, Wj and ‘.ind draw the force polygon for (herr» as 
shown at aii Je. Choose any suitable pole 0 , and join 0 to «, />, c, d 
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ai^ e. Oa and Qe will gi\e the magfiitudes of I’ and Q respectively, 
hix the riftg at A to the board by means of a bradawl or pin ; fix the 
pulley at b so that the direction of the cord AE is parallel to 
fix the ring at B by means of a pin so that the direction of the cord 
AH is jiarallel to OA Fix also the other rings (i atid I), and the 
prtiley at F so th*l the directions of ]{(’, Cl) and DF ate parallel to 
M, do and eO res])cct*s'ely Apply the selected weights M',, \V.,, W, 
and \V^, and al:y>,\\eig 1 its 1 ’ and (^) ol niagnitnde'given by On and 
Oc. Remote the bradawls and asccitam if the cord rhinains in 
e(]uilibri1iin. • 

I'.xiT. 14.- Han^ng chain, Fig. 97 (n) shims a siioit chijin .ACH in 
C(|iiihbriinn under the actioti of forces V,, V.,, 11 , and a|iplied by 
ineansof cords, pullets and tveights. Find these loiccs by calcula¬ 
tion, as indic.atcd below, first tveighitig the chain, and a|)ply them as 
shown in the figure so a.s to test for the ei|uilibiiutn of the chaiti. 



l.et the proposed dip or deliei tion of the'chain in iiu lies. 

S - the span ,\1! in im lies. 

It sh«uld be noted that I) should not be loo large when compared 
with .S. Both may be meastired conveniently by first stretching the 
chain between the two inaikcd |iosilions and B on the wall board 
and then taking the re(|uired dimensions. It is assumed that A and 
B arc on the saniedevel. , 

, Imagine the chain to be cut at its centre C, and consider the 
etpiilibnuni of the righf hand half (I'lg. 97 {/'))• Tbe weight of the 
whole chain being \V lb., the weiglit of the half considered will be 
and will act at the^fcntre of gravity fx, which may be assumed 

toHre at - horizontally from H»provided I) is not too large. As a 

chain’can-.tally pull, the force II at C must be horizontal. Hence 
the portion BC is at rest under the action of two equal opposing 
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couples, one formed by tbe e(]tial forces V2 and JW and the other 
by the equal forces Il<uid Hg. Hence ' 


Vo = iW . 


n 


and 

or 


H^x \)--l\Vx 


S 

4’ 


II, 


\vs 

8ir 



EXERCISES ON CilAl'TER IV. 

1 . A wooden gale weighs icx^ ll>, .md lias ils ( entre of ^ra\ ily ?.ituated 
2t inches from tlic vcrtu.il .ixts of llie hinges I'hc Innges are 24 inches 
apart vertically, and the vcitical Tcaclion rc(juned to balance the gate is 
shated equally*between them. C.ilculale the magnitude and direction of 
the reaction of each hinge and show bolli reactions in a diagram. 

2 . A square plate of 2 feet edge has foucs of 2, 3, 4 and 5 lb. applied 
as shown'(Eig. 98). Find the force tc<|uircd in order to balance the 
plate. 

3 . A |)l.ilc having the sliape of an e{|mlateial tnangle of 3 feet edge 
has Tones of 1, 2 and 3 lb applied as shown (Eig.99). Find the resultant 
foicc on (he plate. 




4 . Su|)posc the plate m q)iies(ion 3 to have equal forces of 2, Ih. each 
applied along the edges m the ''ame m,inner as befoic. What must be 
done in order to keep the pl.ite in e(|uilibiium ? 


5 . A uniform beam 12 feet span ami f8 inches deep weighs^qoo lb. 

A load of 2 tons is applie^l to, tlu; top surface 
at 3 feet ft()m*the iiglit-liand support at an 
angle of 45'’ to t^e hoii/ontal (E'K- 
Siippo-'C the left-hand reaction to be vertical, 
and tail ulate the icai lions of the supports. 

0, 

6. A beam ,\E vests against walls at /V 
and l> (Fiji;. loi). Veitical loads of 40Q lb. 
. and 600 lb. insect the beam. Sf«ppose the 
reaction at A to be hon/onial, and calculate the rcactions#£jt A lind 15 . 
Neglect the weight of the beam. 
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•7. A triangular frame 15 feet span and 5*feet high (Kig. t.mics 
loads of lb. bisecting AC, f)00 lb. at ami lb. Insciting l>C at 
nglA angles. The reaction at 1 > is \crlu.al. Kind tlic reactions of th<^ 
silfports by calculation. 



8. I’io\c that tu'0{uu|)les uf c(jual ojiposing moment, .icting in the 
s.imc jilanc, balance. 

9 . Show how a fou e acting at a gi \ en ))Oint may 1)0 moved to anotliei 
point not in the original line of the lone. l’!o\c the method to be 
coi reel. 

10. C hoosc any thice foK es not mccling at a ])omt ami not paiallel to 

one another. Show how wc (an timl, gi,i|»hicall)', tlicii icsullant 01 ibcii 
ccjuilibiant. (U.K.) 

11 . Answer Question 10 m a in.uim i suitaldc for c.ilculalion. 



‘ 12 . A numbci of foM-r-s ait m a plane and do not meet in ,i ))oinl. 
Treating them giaphically, uhal is the comiilion of cipiilibniiin I’rovc 
your st.itcment to be coiicct. (You .nc espected to ( bouse more than 
•three forces.) • • (RE.) 

43 . A unifoirn chain weighs 4 W)., and is hung fiom two points on the 
samc^icvel. i he span is 4 feci and the cenliaKlip is 6 hk hcs. (■alciilalc 
the pulls ai'ihc ends of the chain, and show the directions of ilie chain at 
llie ery,ls. 
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14. A beam AB of 24 feet sp^n is supported at the ends, and cariies 
vertical loads of i’5, 2,3 and 4 5 tons at distances of 3, 6, I2«and 18 feet 
^0171 the support at A. Use the hnk polygon method and find the reacftons 
of the SLippoils. 

15. Answer Question 6 by (onstruction. 

16. Answer Question 7 by construction. 

17. AlUH) IS aiSipiare of 2-in(h side. BI) be;ng a diagonal. A force 

of 50 lb a( ts .dong BC from B towards C ; a foi< c of Kolb acts along Cl) 
fiom C tow.irds 1) ; and a force of 60 lb. acts along DB fiom I) towards 
B. Replace tiicsc fon os by two e(|uivalcnt forces, one ()f uhich acts at A 
along tlie line AI). Bind the magnitude of both thcsi: forces and the line 
and dirccli^m of the second. (I.C.E.) 

18. Brovc tli.it any system of coplanar fon es may be repl.ic^d by a 

single foice acting at any assigned point and a couple. Forces of i, 2, 3, 
4 lb weight .u t along the skIcs of a sipiatc taken m order. Find a point 
su(h that the forces may be replaced by a single force acting at that 
point. ' (L.U.) 



CHAITKR V. 

SIMI’I.K SI Kl’Cri'RKS. 

Some definitionB. A structure is an atMn_L;( nu nt oi \aiious parts 
constructed in such a inanma that no u lalisc motion (<.)thi i than the 
sutall amounts due U» llie straining ol'tlu' pails) taki s ))|ai'r \\lun the 
strucluie is loaded. 'I'he simple Itanied siiui lines considi'i<‘d in this 
chaptei consist of bars assumed to he connecti d by pin joints and 


inline 


1 

B 

1 



0 




(a) (h) (c) 


Ki(.. 103.— of si I lit tm< '> (o) <k(ii i<‘nt, {/>) MiiipU lniii, (<) h i!iin<l ml. 


carrying Inilds apirljcd at thes<' jnints I he hais iiiulci these conditions 
will be SLilijecled to siin|)lc push or pull in the- diierlioii of their 
lengths, and our object will be to deteiiiiinf the magnitude ol the 
force in each bar, and also »lielher the bar is under |)iisb or pull. 

.Structures may be dcDclent, simply Arm, 01 redundant. Deficient 
structures are leally nicchanisms, tliat is, tlie parts are capable of 
considerable relative motion, fig. 103 (rr) shows an cMimple of a 
deficient structure, consisting of lour bars ronnoeted by pin joints. 
'I'he arrangement may be made simply firm by the introduction of a 
single diagonal‘barC'ig 103 C)), and will now be capable of pic.scrving 
its shape under the loacjj 'I'he introduction of a sec-ond diagonal bar 
(Kig. 103(e)) produces a redundant .struc ttire In lediindanl structures, 

’ the length of any bar eaHiiot be altered without either a oorrespond- 
*5ng alteration in the Ibngths of other bars of the structure, or the 
production of forces in the fttlier bars ^(iocxl workmanship is 
essenlial h redundant sliuctures to ensure the accurate fitting 
|ogetl\,er of all [larts, othciwise some of the bars may recpiire to be 
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forced into position. Ulieqiial heating causes unequal ^expansion 
in redundant structdrcs, and therefore introduces forces in'the 
Various parts. * 

In sinqily firm structure.s, which form the subject of this ciiapter, 
the length of any part may he altered without thereby [trodiicing 
forces in the other parts. Con- 
se(iuently, the elfects of unequal 
expansion are absent. A redundant 
structure may converted into a 
simply firm structure by dropping 
out one or mote of the redundant 
elements, or parts. Redundancy may 
be produced by stiff joints. For 
example, if ijie square in Fig. 103(11) made with one stiff joint 
(Fig. io4((()), the stuietiire will now be simply firm. 'Two stiff 
joints (Fig. io.((/b) will produce a redundant structuic having one 
redundant element; three and lour stiff joints in this example give 
structures of two and thiee elements of leduiidancy respeituely. 

Conditions of equilibrium. In solving problems coneerning any 
structure, wi‘ may sepaiate the lorees into two giou|)s, external and 
internal. The external foiees include all foiics applied as loads, 01 
leactions, to the structure. Obviously these forces, acting on the 
structure as a whole, must be in equilibrium independently of the shajie 
of the structure, 01 of the form or ariangement of its jiart.s. This con¬ 
sideration enables us to apply the princiiilesof the foregoing chapters to 
such problems as the deteimmation of the reactions of the supports. 

The internal forces include llie pushe s, or inilK, to which the xarious 
bars are subjected •when the external forces are applied to the 
structure Not only is the structure a.s a whole in ei|iiihbriiim, btit 
any bar, or any combination of selected bars in it, mint be in 
equilibrium under the action of any external loads aiqilied to the 
parts considered, together with the internal forces acting in the selected 
parts. Usually a joint is selected, when the |)rinciple just stated 
enables us to say that the forces acting M this joinf, inftuding external 
forces, if any, as well as the pushes or pulli^of the bars meeting at 
the joint, are in equilibrium. Hence, the foices in these bars may 
be found by an apjilication of the jiolygo^ of forces. 

It .should be remembered in aiqilying the*polygon of forces that* 
the solution depends on there bein(f not more than two unknowns ; 
these m.iy be cither the magnitudes or the directions of tnw forces, or 
one magnitude and one direction. In cases where the forces flo not 



(a) (b) 


l''iG. KlTccI of Mill joml'.. 




sr 


I 


,r:- -I'l.H STRITITKES . . -q 

-ibul.u slatoiiii iil ul - - - - -—- 

ill intcuih,-! mdicatcd (in p ''re are three c.mditioiis of etniilibruim to 
latwly,itjjer form of roof tn''‘l)e three tinkiKmiis 
^1 he ^ ean)|]ie ^'aiiiiin:; the ie,ii lions ha\e In en esplameil fulit in 
the prei ^ apteis. lienee in some oI the followiny eases (he I'on- 

struetioi ah nialioiis, foi fiiuiiiie die n ai lions lia\e been oiiiilled. 

Simple ^of truss. Joe 105(1/) sliows a simple mol tiiiss eonsist- 
ing oi t]\J h.irs. 1 here .ire ihiee to.ids .ipplied as shown, (ogether 



'I'm'.I Is OI' Idikri.s. 



loot 

Itl II. 

I'.ll.c 

in II. 

Name of part 

I’lisll. 

lj . . . "ft"" 

I'liii !| 

Pllvll 

i'nil 1 

Re.u tioii AH 

1(XX> 

ii AH 
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1350 

Reaction ICA 

looo 

'i (;a 



CF 

1550 
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575 

D<; 

1550 

• 



with tmo vertieal le.ieti/iiis. lo enable llii* lorees to be named, 
letters are placed as shown lor the ai)|)hcation .if How's notation. 
lhus,^thc Icit-hand reaction may lie de.scrilied as .\1! or H.\, and the 
force in the'vertical centre bar may be described as hti or CF, 
depending on the sense of r itation selected 

As all thej external forces are vertical, the polygon of forces for the 
equilibrium/(if the truss as a whole will be a straight line. In dr.avviiig 
it, we may mroceed rourjil the truss either clockwise or anti-clockwise ; 
Imt, once/ having settled on the direction, it should be preserved 
through! Jit the whole work of solution, (lyoosing a clockwise direc¬ 
tion, the/.-.traight line ABCItFA (Fig. ios(/>}) will be the polygon 
for the external forces. 
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Selectin^f the joint at thfi left-liand sup^ causes unequal^e>p:es, tvvt 
of which aie completely known, and introduces forces -ect.-ons 
klone are known, viz. the forces CF and FA. . ygon'ol 

forces can be drawn. In Fig. 105(<^)), proceeding' of this c- round 
the joint, AB and BC have been already drawn ; diiwvby priralleFto 
the rafter and AF parallel to the tie-bar; these lines intersar*^ i^iid 
give the closed polygon of fon es ABO’A. 'I'he forcie in the-rafter may 
be scaled'from CFand that in the tie bar from FA. 'lakfiBg these 
lines in ordia in lelatmn to the joint under eonsideption, the^sense of 
the for^e ui the raftei in Fig. 105 (a) is CF in Fig. ]05(/'), and hgnce 
is a push ; that in the tie-bar ha‘> a sense FA, and hence is a jiull.'?. 

Proeei-'ding now to the top joint of the truss, we see that there u’e 
two unknowns, \iz. the magnitudes of the torees in CF and DC, 
hence tin, joint may be solved by diauing the polygon ot forces 
FCDCF (Fig" 105(A)) 

'Faking now the joint at the liglil-liaiul siippoit, and drawing the 
polygon oi foices CDICAC, we find that the (losing line AG has its 
position lived already on the diagiam. 'This Get piovides a cheek 
oil the aceuiaey ol llie wh<tle of the j)te<eding giajihieal work ; if on 
joining AC in log. 105(A), it is (mind that lliis line is not parallel 
to the light hand rafter, some erior has oeeuiied, and in oulei to 
eliminate it the woik must be icjicaled. 

Rule for push or pull. 'I'he method of delerminin^r \\hether a bar 
is under [)ush ot pull may be simjdilied somewhat by developing the 
following rule lioin the piineiple evpiained aliove. 

Select any bar such .is FC , choose the jtanl at one end of it, say 
the lower; eros.s the bai in the same sense ot rotation in relation to 
this joint as was choieii in drawing the foiee diagianis - in this < ase 
clockwise ; name the s[)act‘s m this okIit, viz. I'C. hC in h'ig. 105 (A) 
gives the sense of the force ai ting at the lower joint. As thc,foice is 
u[)wards, the bar is pulling. 

It makes no diffeience in the application of the rule w'hich end of 
the bar is selected. For example, choosing the top joint of the same 
bar and crossing it again clockwise as*regauls the i^i^per end, the 
order is OF. OF in Fig. 105(A) is downw^uds, hence the barns* 
pulling at the loj) joint. 

It is desirable to indicate on the drawin^of the truss which bars 
are under push and which under pull. Probably the best way of* 
doing this is to thicken the lines of tlx? bars under push. If ihe whole 
line is thickened, the direction of the bar will be lost, henoe-, as sfiown 
in Fig. 105 (a), a short piece at each end is left thin. 



iPLr: STKrcTi’uri i 

A tabular statcnu iu cjI the tuiccs in the Ixir.s sliouKl Ik* made in 
the yuinnei indicated on p yp. * 

^Another form of roof truss. Fi^. io6((r) bhows a (■(annion t\pe nf 
roof tiiiss carryinj^ syninielncal leads. I'licre will be no didiculty in 
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following the diagnim of forros (fig. ro6 (/')). T'lie onler in which 
the joints hiive been lUken is indicated by the number placed against 
the joint. T'he sense of rotation cni|)loyed is clockwise, and I’.e 
closing check line is N.\. 

The effect of wind iiressure on the right-hand side of this truss is 
determined in Tig. 107 (a) and (//). It is assumed t'nat the wind load 

500 /() 




produces forces of 500 lb. at the top and bottom ends of the'rafter, 
and of 1000 lb. at the middle, all three being perpendicular to the 
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ral'lcr. As an exainplc of ihc use ol the luik poKeon, ihe ti'acPons 
of tbe .sii[)[)()its have })een ilrierniiiucl hy this nV-tluni. 'I'lie left-hand 
i^ac'tion lias been assumed to be \ettual when that of the right-liand 
support will be iiK'lined. Wind piessuie onl\ h.is beiii taken aiaoiint 
olj in the workinpe It will be note»i th.il there aie three unknown 
elements in the reaetiijis, \i/ the magnitude of tlie lelt hand reaetion 
and both the mai5*tmiKle and diiedion of the ni;ht iiand le^etion. In 
fact, alUh.it Is known of the l.Uti i nsu tion is that it acts ihiough the 
point <i N(»w, in Jrawin^ the link p()l\^on, one link must tall lielwi'en 
this reaction and the fon e l'(). As the line of the ksu lion ]% unknown, 
it will be impossible to diaw tins link unless the aitihee is adojited 
of starliiiLt the diawin.e of the link pol\i;on at the jioint a. 'The elfect 
of this will be that the link m question will ha\i‘ zero li'iii^th. 

I'list draw as miieh ol the e\leinal Iona* i)ol)j;on as j^ossible; lliis 
is shown bv P)i''d'(i in the tone diai^iam. A will he in the \eilical 
thiou^h H as the u-.ietion AP is ceita.il. 'raking a (oiuenient [)ole 
() and joining OP, ()!% OF and ()(i, we stait diawiiii^ the link poly¬ 
gon by making <f/> (log 107(0)), whi(h falls between F(i and KF, 
parallel to OF. A falls between lO*'and PF, and is made parallel to 
OlA 0/ falls betw(‘en PF and AP, and is made parallel to OP. 
'File link patallel to OO is omitted, as it is of zero length, (oinciding 
W’ilh <1. lienee the < losing line is An ; diawing OA paiallel to nA to 
inleibcet the vertaal thiougli P in A gives the left hand reaction as 
AP and the right hand leai lion as OA. 

'The remainder of the di.tgiam going the internal forces is worked 
out in the u.sual manner, NA iieing the dosing line. 

An application of the method of graphical moments. 'The effect 
of wiml [)ressure on the left-hand side of this Irtiss is deleimined in 
Fig, 108. 'The student will have noted, in applying the link polygon 
to the [)ryblein of finding the reactions, that the lines of the polygon 
have a tendeniT to obscure the chawing of the truss. In the case 
now before ns, the method of gra[)hical moments (p. 46) is employed 
and involves the drawing of very few lines on llie truss, d'he* lesultant 
of the three wind l< 5 ads has Ifcen taken as a single force of 2000 lb. 
applied at r. Join a/', <'i^id with centre and radius />i describe an arc 
cutting (j/> in d Make ae ciiual to 2000 llx to scale; join />e and 
draw d/ perjjendicular and cutting /v ip/ Draw /g [larallcl to 
< 5 /’, when will be thcvertu al conitionent of the right hand reaction. 
TIffi hori/^jntal component of thiTreaction wijl be e<|ual and opposite 
to the horizontal component of the force of 2000 lb. acting at c. 
Draw Jhc triangle of forces r/zz;, and make /la equal to me; the 
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for the three «ind loads and the two reactions, and is sliown by 
ABCDEA. 'I'ho intein.d foiie diagram is completed as before. 
Notice that when the wind blows on the riglit hand side, no force 
induced thereby in UK, and when acting on the lelt hand side there 
is no force in AIN. 'I'his arises from the fact that there is no external 
load at the joint in the two cases respectively. ^ J'wo forces acting in 
the same straight line, ;is is the rase in the two pi,its of die ralter, 
balance, and it is impossible to apply a single inclined force at the 
point of action without disltirbing the e(|tiilibi iiim. 

'I'he total force in any bar of the fiaine due to the de.id load.s, 
/.('. the weighls of the parts of the liiiss, and to the wind piessme 
jointly may now be determined by adding the results for the dead 
load (Fig. io6) and either those ol Fig. 107 01 ol Fig. 1 o.S depending 
on whether ll)e wind is blowing on tlu' light- or lelt li.mil side. 

Combined dead load and wind pressure. .\s a fiirihei example of 
another method of oblainmg the ri'actions, a di.igiaiii has been drawn 
in Fig. 109 for the combined dead loads and wind load on the right- 
hand side. 'File two forces acting at e.u h joint of the right hand 
rafter have been combined by the |),iiallelogiain ol loiees, and the 
resultant used as a single forre at e.ieh joint (Fig. 109 (n)) 

'I'o find the re.actions of the supports, we in.iy lake adrantage of 
the |)rmciple that the extern,il forces balance iiulependeiilly of the 
ariangemenl of the parts of the truss. Hence, any other coinenient 
arrangement may be substituted lor th.it given without disturl.iing the 
values of the reactions. The substituted fiame 1 hosen is sketched 
in F'ig I09(/'). It will be seen that it is p'ossible to determine all the 
forces in its jiarts without lirst determining the iiiu tioiis. Thus, 
starting at the lop ji.int i, where tlieie are two unknowns only, we 
obtain DF/r in the force di.igi.im (Fig. 109 (.j). I’roeeeding to 
joint 2, we obtain EF 7 /r, at joint y, (.'D/r/w is obtained, and at joint 
4 we obtain litlw.V, thus determining the point ,4 on the force 
polygon, and hence the reactitins AH and (LA. 

The internal force diagrams for the given arrangement of bars may 
now be proceeded with, the closing line being NA. It will be 
okserved that the greater jiart of the lines dravyn in the force diagram 
for the substituted frame are required for the actual frame, hence 
there has been but little w.asted work. 

Another form of structure In F'ig. iio(nj is shown a structure' 
intended to carry a load, at its upper end. Since there is, but ohe 
vertical load, the reactions of the foundation must reduce to one 
vertical upward force equal to the load ajiplied. Hence, the polj'gon 
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'or tlio external forces is completed rty dmiviiin All ilowinMiids and 
1 !A ji|)war?ls. It uill be noted in this e\ample*hal it is not necessary 
‘♦determine the actual leactions of the loiindations bcloie lindiiiLf 
he forces in the paits. A stait can be made at the joint i, as theie 
irj; only two unknowns there. 'I'lie older ol solution ol the other 
oints IS indicatefl by tke numcials. In diawiii" tlie \arious polygons 
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(Fig. 110 (/')), anti clockui.se sense of rotation has been c hosen. The 
'student will observe tliat there is no force m UK, 11 and K coinciding 
in the force diagram. Jt is easy to see that this must be the case 
•from consideration of the fact that the bars’ BlI and AK are \crtical, 
aird therefore the \erlical forccs»in them are cajiable of balancing the 
extcfnal load ap|)lied without any aid from the diagonal IIK. In 
fact, the diagonal UK merely serses to steady the frame under the 
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given loading. There would, of course, be a force in this bar if an 
inclined load were applied to the frame, or if there were a*side (tffort 
taused by wind pressure. * 

A larger roof truss. In Fig. 111 is .shown a roof truss of a larger 
type and having a different airangement of parts from those de^lt 



with previously. This rase presents no diffirullie.s, and is mrluded 
as an e\’ample which the student ran work out for hini.self. 

The roof truss shown m Fig. 11 2 (a) iiresrnts a dilifirulty whi( h 
arises freipiently. The external force pol)gon is drawn easily, but 




Fic. 112.~ A more difficult example o( truss. 


in drawing the force polygon for the interna' forces it will be found 
that it is inipo.ssiblc to proceed with the drawing after solving point i.' 
All other points such as 2 and 3 have more than two upknowlis, 
hence the solution cannot be obtained by apiilication of the ordinary 
methods. We may proceed by either of two methods. 


EXEKCISES ON CHAPTI-Ji V. •♦89 

(a) It will make no difference whatev{T ifi the forces in the leinainiii}; 
part.of th(? truss if wc imagine the left-hand poftiim {shown shaded in 
^11 Big. 112 (/’)) to be solid. Sejiaiaiing this portion as sh(nvn, wc* may 
calculate T, the force in the bar AI\ by taking moments about point 6. 
T^nis, taking the loads as sliown, let the half-span be 15 feet and let 
the perpendiculat fron#[)omt 6 to the line of'I' be 7 5 feet, then 
(TX7-5) f*(4oox 5) + (4oox ro )4 (:oox 15)^- 1200X 15. 

I 8,(xki - 2000 ” 4(xxs - 3000 

'7-5 

9000 

~ 1200 lb. 

Having found '\\ the number of unknowns at the jmint 3 
(Fig. ii2(c7)), will now be found (r) be two only, hene<' this point 
may be sohed. 'IT.e solution for points 2, 5, 4, 6 •nay now be 
obtained in the usual manner. 

(//) It w'ill make no differem'e whatevcain the foiee in the bar AP 
if, instead of imagining the tiiangular poition abo\e <onsidered to be 
solid, we imagine it to have a diffeienl interior ariangmx-nt ol bars. 
Thus, in Fig. 112(c) is shown this portion with a new arrangenuait 
of bars substituted for that given. 'The force diagnim for this 
.substituted frame may be drawn as in Fig. 112 (//), and stopped 
directly the force in AP is found. 'I’Ik* original arrangement of bais 
is now restored and tlie force diagram <ompleted in the usual 
manner. The result tor tlie force in AP is found giaj)hi<ally in 
Fig. 112 ((/) to be 1200 lb. 

'Hiis method must be applied with caution. ( aie must be taken 
to ensure Uiat the substituted arrangement of bars does nothing 
whatever to alter the force in the bar considered, vi/,. AP in 
Fig. 112(4 

* EXERCISES ON CHARTER V. 

In each of these exercises the forces should be lal)ukite(l, distinguishing 
carefully push and pull nicmbcr.s. 



1 . Find the forces in all the bars of the roof truss shown in Fig. 113 
The b^irs AF, F(i, GH and IIA are equal. 
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2 . Find the forces in all Phe bars of the truss given in Fig. 114. The 
loads are in lb. units, t • 

• 3 . Find the forces in the roof truss shown in Fig. 106 ; apply tljp 

same loads, with the e\<:cpti(ni of (hat .it the centre of the right-hand 
r.after, w'huh in this rase is 2000 llx Span 24 feet, use 6 feet, rise of tie- 
bar I foot. Each rafter is bisected perj^endicularly by the inclined stri^. 



4 . FiikI the foKos in .ill (he niembeis c)f the truss shown m Fig. 115. 
I hc lo.ids .lie in 11). units. 


5 . T.ike .■tg.iin tlic loof liuss gi\en in Question i. Rcmi>\c all the 
lo.ids and apply wind Io.kIs of 400 11) .it c.i< h end of the 1 iglit-li.ind i.ifiei, 
arting at light angles to the i.ifter. Find the forces in .ill the pails due 
to wind only, 'i'he left h.ind leai non is \eitic,d 

6. Answer Quesiion 5, supposing 1)1.it the wind loads ;iic applied to 
the Icft-h.ind 1 after only. The Icft-liand reaction is vertical 

7 . From the results obtained m answeiing Questions i, 5 and 6, con¬ 
struct a t.iblc showing the ni.isimuni .ind minimum foices in each bai due 
to dead load and w ind pressuie combined. 

8. Find the forces m all the bais of the loof truss guen m Fig. 116. 
The loads aie in lb. units, 

600 



9 . A roof truss similar to Fig. 111 has a span of 30 feet ; the rise is 
8 feet and the licight of the central horiijontal 'part of the tic bar abo\e 
the siip|X)rts is 18 inches. If tlie truss carries a sj mmctncally distributed 
load of 4 tons, llnd the force m .AO by calciilalipn. 

10 . In the roof truss given in Question 8, in addition to the stated 
loads, there are wind loads of 400, 8to, 800 and 400 lb. applied at khe 
joints of the light-hand rafter and perpendicular to the rafter. 'Ihf left- 
hand reaction is vertical. Find the leaclions of the supports, using the 
link polygon. 




HXEKCISFS ON ClIAPn-.K V 


11 . Answer Que'-lioii lo l)y .i|)plica*tion* cjf llie miIimhiUccI fr.uiic 

—ellxxi. • , 

12 . Answer Question lo hy c.ilrnl.itiDn. 

13 . Ill Question lo Jind the foicos m all the p.ii is due to Loinlunctl dead 
load <uul wind jucssuie 

14 . A loaded Wtii len j^iidfi is slioun in I'l^. 117. I- iiul the foucs in 
all llie nienibcis. '1 he Imids .tic in lb. units. 


(000 1000 1000 lOOO 



15 . A fi.inic soiuied to ,i \cni'al u.ill has dimen'.ions as -dioun in 
l'i>^ 118. 'I'ho bais AD, Al', .Ml .ind .\D .oe <a()i s ui length. 
I ind the fori-cs in all the pails pnniin cd \)y the Ic.id u) 1 ton. 


t fon 



16 . Ansucr Question 15 if the load is nio\cd hoii/ontally so .is to 1 )C 
vcitRally o\cr the middle joint of the lop member of the fi.imc. 

17 . r.iri of a pin-jointed fiame, shown in I'ik'. 119, is loaded with a 
\ertical dead load of 10,000 pounds and .1 norm.d wind picssurc of 15,000 
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pounds, both bcitiK" taken :fs uniformly distributed along Alb The sup* 
porling Ibices 1 ^ Q an^l R are shown by dotted lines. FindMiese forces 
and the foices in the bars which meet at C, indicating the struts 
*and ties. (L.C.) 



18 . A fraihe is loade<l willi 2 tons and supported as shown in Fig. 120. 
l''ind the iea< (ions at A and I) and the foices in the mcinl)cis, indn aling 
winch arc stiuls and winch arc tics. (I.C.E.) 



SIMPIJ-: SIKKhM'.S AM) M'KMNS 


Stress. If any scciion in a Inaclrd IidiK' Ih- !ak<-n. it will lx* found 
in gcncial that tho |)ail of llu' hody which li< s on onc^Mdc ol tlic 
section is connminu aling Ion rs a< ins'! the s( < lion to lln' t^lhct p.nt, 
and i.s itself cxpciiciK in^^ (‘(|iial opposite Ion cs. 'I'hc name stress is 
given to these nnitii.il a<'Iions. I he stnss is (hsenhed as tensile or 
pull if tile effect is to pull the jioilions of the hod) .ipait, compressive 
or pUBli if they are heitig [lUshed logdfa r, an<l shearing: oi tangential if 
tlie tendency is to cause one poition ol the bcaty to slulo tui the 
other portion. 

'I'he stress is said to be disliiliuted iinilotmly in eases wlure all 
small C({ual areas e.xpeiienee cHiiial loads. Siiess is measnreii by 
staling the force per unit aiea, the lesull iieing deserihed as unital 
stress, or stress intensity, or often simply as the stress In the ease of 
a uniform distribution of stress, llie stiess mlensiiy will he loiind by 
dividing the total foire by the area o\er which it is disiiibuled. 
Should the stress vary from jKiinl to point, its hitensity at any point 
may be stated by considering that the forces acting on a vciy small 
area emiyacing that point will show a vctv sinaii \ariali(;n and may 
be taken as uniformly distributed. 'I'hu'', il a he a \eiy small [loition 
of the area and p the load on it, the stress intensity on a will he p\a. 

Units of stress employed in practice are pounds or tons per scpiare 
inch or per sqtftire fool, or ii»the metric system, grams or kilograms 
per square centimetre. ^One atmosphere is sometimes used as a unit, 
Being a stress of 14-7 lb. per square inch ; it is useful to remember 
that a stress of one kilo^jram per square centimetre is roughly ecjual 
fb one atmosphere.* 


» 

kilogram per scpiare ccniiinetie- 


- 14 19 II). per square inch. 
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Example i. A bar of (Sicular noss section 2 inches in dianictev Is 
pulled with a force of tons at eacli end. Eind the tensile ^ress. , ' 

Area of cross-section---^^- =-3 1416 sq. inches. 

, . . load 

I ensile stress intensity - — 
area 


31416 

3-82 tons per squaVc inch. 


Example 2. Suppose the same bar to l)c in two poitions connected 
by means of a knuckle joint having a pin li inches in diainetci (Fig. I2t), 
and calculate llic intensity of siieanng stress on the |)in. * 



It will be observed llnit the pin would have to sheai at two sections 
for the joint to fracture by failure of the pin, heme . 

Aiea under shear stressF^^^-x 2 
4 

=^’^xfl-i)‘=X2 

4 ' 

= 3-53 square inches, 

01 ■ load 

Shear stress intensity =- 

area 

_ 12 

~ 3-53 

= 3-30 tons per squaic inch. 

Stresses in shells. A shell is a ves.sel constructed of plates the 
thickness of which is small compared the ovr^iall^dimensions of 
the vessel, for example, a boiler of the cylindrical type. Such 
vessels have generally to withstand internal fluid pressure, and the 
plates are put under tensile stress thereby. ^ Owing to the thinness 
of the plates, the stress on any section ma/ be considered to hif- 
distributed uniformly. ^ 

'Faking a cylindrical shell (Fig. 122) in which there are no stays 
passing from end to end. 




STKF.SSKS I\ SHFIJ.S 




Let d ^ diameter of slicll, imiu 

* /'=^dliiid pu.sMiie. pomuN [n i s(nt*ie im h. 
t-- liuiKuc^r. of platr, inches, 

P —total pressure on each end of tlien 



ij-’. - >ticss<'s 111 .1 shi II. 


Owing lo the ferees I’, I’, ,iny seition sii< h as All uill he under 
tensile stressi' 

Seclinn.d aiea al All cireimilercain' of sIh;II x / 
vdt. t " 

'I'cnsile stress intensity on All - ' 


IT d! 


N 

■\l 


III. per s(|uare ineh. 


s7 


The stress on a longitudinal set non may he loiind in the lollowing 
manner, Consider a nng i ut lioin the shell b\ tun eioss seelions 
one inch apart (Fig. la.j) It may he assumed 
that all other sueli rings uill he under similar 
conditions, provided they are not Itiken too 
near to t|ic ends of the shells whcie* the staying 
action of the end.s would interfere. The fluid 
pressure on the ting is shown hy anows in 
Fig. 123, ever) where diireted |ierpendieular to 
the curved siifraceVf the rin^', i.e. radial. Com¬ 
ponents of these being taken, |iarallel and te.. I j \ — A rintj f itt from 
perpendicular to a diameter AH, it will he seen -ojii'iJnoiisStil. 

’ that tho.se paiallel to e(|Uilihrate independently of the others. 
•’Fhe upward and dowTiward components perpendicular to AB will 
haVe^rssyjItants R, and R, re.sitictively, wljjeh will have the effect 
of producing tensile stress on the seelions at A and H. (dearly Rj 
and Hi "tli he C(|ual, lo obtain their magnitudes ]iroeeed thus: 
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T here will be no dirfereliceV'xpericnctMl in the c(juiiibMuin rT the 
rinji jf we imagine it’to l)e filled iij) lo the level of All #[ih cement 
‘(f'lg. 124). T'he pressure (jh the surhre of die eenieiu will 4^^ 
perpendicular lo AR, and the lesuU.anL force due to this will I>e 


/ X area oj' surface ol A R 

=- /» X // X 1. * 



R and Rt now picseue the e(piihl)iium of the ling, and must 
theteloie he e<iiial, lienee \i . 

Imagine the materia! at A and R to he ('Ut, and considci (he eijui- 
lihrium of the lop half ol th<; ring (log 1 >5). Inirccs T\ T' at A and 
R will l)e ii'ijuiied, and are piodueed ni the iini'iit shell hy tensile 
stress at A and R. Eor eqiiilihnum, we 

Iw'e R-=2'1’, 

• I- .J< 

Also, 

Stress intensity at A or R x / x i - T'; 
stress intensity on longitudinal section 

lb. per siiuave inch. 

( omparison of these results will show that 
the stress on a longiiudina! section is double 
that on a eircunifeiential section, a fact w hi< h 
explains why tliv longitudinal flints in boilers 
are made much stronger than the circum¬ 
ferential joints. 

A spherical shell ^nay he worked out in a 
similar manner. Let the shell be filled up to fhc level of a horizontal* 
diameter AR with cement (Fig. 126^, then 

g -R-y^x 
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The complete cross-scclion at A if is 'a riiij; of (.liameter d and 
thiclyiess and is under tensile stress of intensity given by 
Tensile stress iiUensily x area of eross-seelion • R, 

R 


Tensile stress intensity * 


T (il 


/X 


vd- 


TT di 


II). j)ct s«]ilau; inch. 


before, fluid p^(‘^sure in lb. prr s(juair inch, 
d diameter of sphcio in iiu'hcs, 
t thickness ol plate in inches. 


It will be noted that the stiesi inti nsiiy in a spheiiial shell is the 
.sjinu* as that on the eiK iimlerenti.d se< lions ol a l yhndiiial shell of 
the same diamelei and ihiekncNs, and siibjei led to the sani(‘ Hind 
pressure. Il uill also be observed that a spheiieal shell is sell staying 
on account ol the f.iet that its sliape does not tend to alter when 
^ It is I'xposed to the internal fluid [uessiire 'I'he same is line for 
the cylindrical poition of an oidinaiy boilei slufll, but the flat end 
[)lates are liable to bif bul^'cd oulwaids unless suppoited oi stayed 
in some effectual manner. 

Riveted joints. I’lates may be eonneeled permanently by means 
of riveted joints. In lap joints the i(lj.;es ol tlie plates oveilap 
(Kigs. 131 and 132) and are (oniieeted by one 01 lv\o lows of 
rivets; in butt Joints the plates are bioiii^ht t('i;etlur eilj^e to ed^^e 
(bigs. 133 and 134) and eo\ei plates ptiss alon^^ the seam on both 
sides or on one side only. As the strength of the joint depends 
to a considerable extent on the workshop methods emjiloyed, it is 
necessary to make brief reference to these miahods. 

Excepting in the ease of very thin plates and small rivets, the rivets 
are heated bei*ore being inserted in the holes and are closed by the 
use of hand or pneumatic hammers, or by a hydraulic riteting machine. 
Owing to the great pressure everted in the latter method, the rivets 
^ generally fill the hole boater when finished and the plates are held 
• together more firmly. *In either method, the cooling of the rivet and 
conseqyejU longitudinal contractfon assist largely in binding the plale.s 
together, while at the same lime the rivet is j)ul under jiiill stri'ss of 
an unpertain amount. 


n.M. 
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Rivet holes nifly be punched or drilled. Punching injures the 
metal by overstraining the material round the hole, a defect tyhich 
■may be remedied by annealing, or by punching the hole about ,'j intn." 
smaller than the proper diameter, and then enlarging it to the si/e 
required with a reamer, thus getting rid of the 

J p overstrained material. The plates are punched 

separately, hence there is difficulty in ensuring 
that the holes shall come ex.actly opposite one 
^ ^f • another when the plates are brought together; 

drilling is effected with the plates together In 
position, anil this method is to be preferred as 
Fw- “ fiiving fair holes, as well as producing no injury 

to the plates. Punched holecs may be biought 
fair by bolting the plates together before reamering. 

There is a lower limit to the diameter of hole which may be 
punched in a plate ol given thickne.ss, depending on the value of the 
stress under winch the punch will crush. 

Let i/ = (liamctcr of hole, inches (Fig. 127), 

/.-thicliness of plate, inches, 

1/--shearing stress of material of plate, in tons per square inch. 

/ -- crushing stress of m.iterial of punch, m tons pei .square inch. 
Area under shcai stress /. 

Force 1 ' required to shear the material ijit dt. 

Push stress on |)unch - 

4 

^l/wdt x - 

wd- 

liquating this to p will give the limiting value of d, thus 




p for the material of the punch, tool steel, !s about four times the 
value of (j for mild steel, hence, the condition that the punch is on 
the point of crushing is 

showing that the minimum diamete.' of hole which may be,punched 
is equal to the thickness of the plate. If d is less than t, p must 
have a value greater than for punching to be possible. 



RIVRTED JOINTS • 00 

Riveted j:)int:j should not he designed so as t<i load the rivets by 
tension, as the heads are not reliable tinder |)ull. The loading should^ 
of the nature of pull or push along the diieetion of the jilates, thus 
putting the rivets under shear stress. lai|i joints (I'lg. i jS) and btitt 

jonjls having a single cover plate (Kig. i-’y) are jnit under a bending 

• • 



I h n-. i?(j. 


action Ijy reason of tlie totccs hcin^f in juuallcl Inks. Huti ji)ints 
ha\ing double cover plates i and i^}) are Irei- Iroin tins 

ol)jt‘elion In l.ip joints, the iivets will bustviin c(|iial sluaiiUf; forces 
whether the plates be under pull oi pu^h , in butt joints #)ndei push, 
the foiccs will be eoiuniunicated fiom plate* to plate along the edges 
in eontact without putting the ri\ fl^ undei ^lu ar stn ss at all, pio\ uled 
the fitting is perfe( t. The eo\er plates and iivris in this l ase serve 
only to prevent the plati s getting out ol tlie same plane, l-'ot these 
leasons, both eompres^iun and tcn.sKai members aie best tilled with 
bull joints having double (over plates. 

Methods of failure of riveted joints, 't hese may be dcsenbed I»y 
refeienee to Fig. showing a single riveted lap joint 
(a) If tlic hole is situated loo neai 
the edge of the plate, the material may 
open out as at A dining piiia lung, oi by 
reason of (he buisting [iiessurc exeieiscd 
hy the hot, soft rivet while being ( losed. 

'To [irevent Ibis happening, llu* distam e 
from the centre of ilu^ hole to the edge of 
the plate should not be h ss than i -5 limes 
the diameter of the rivet. 

(/') 'bhe material of the platc^ may crusli 
at owing to ^hc rjvet being too large 
■ in diameter. When the joint i.? loaded tlie 
rivet bears on one half •f tlie cylindriial 
surface of the hole, jiroducing a bearing 
stress which is calculate^#))’ dividing the 
Toad on the rivet by the “ projocteai area ” 
of the the latter being calculated by taWng the product of the 
diameter of the hole and the thickness of the plate. In girder work, 
the design of the riveted joints has to be based sometimes on the 



>, MeiliwK of failure of 
riveted joiiili. 
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safe bearing stress; this stress ranges from 75 to 10 tons^per square 
inch in practice. ' 

(c) One of the plates may give way by tearing along the line Cl^ 

{d) The rivets may shear at MF. 

The most economical joint would be equally ready to fail by all 
four ways simultaneously. It is impossible tb calculate (a) from first 
principles, but exitressions giving the relations of the various quantities 
may be found by equalising the resistances of the joint to crushing, 
tearing and .shearing. It is ciistomaiy in this country to neglect the 
increase in strength owing to the frictional resistance to the plates 
sliding on one another. The precise conditions for any riveted joint 
cannot be .st.ated definitely, lienee cinpiiical rules, or rules which are 
partly empirical, are often ein|)loyed ni practice. 

Lap joinia. I,ap joints may be single or double nveted ; it is larely 
the case that there are more th.an two lows of rivets. The pitch is 
the distance from centre to centre of the rivets measuied along the 
row. The strength of the joint iiuiy be coiisidiied by taking a strip 
equal in bre.adth to the pitch, as the conclusions arrived at foi tins 
piece may be assumed to be true for the entire joint. 

I.et / pitch of the rivets, inches; 
d diameter of the I nets, inches ; 

-♦j r - thickness of the [ilates, inches; 

ft - the ultimate tensile strength of 
the |)lates, tons per .S(|uare inch; 
/, the ultimate shearing strength of 
the rivet, tons per stpiare inch; 
/(.^tlie bearing sticss, tons per 
square inch of [irojected area, 
Fk;. 131.—Strength of a Mnnlc'iivewd when the jtlillt is Oil the point 

of failing by crushing. 

We have, for a single riveted laji joint (Fig. 131): 

Least area of plate section under pull = (/ - o')/. 


Resistance of joint to te.aring =-/((/ -</)/ tons. . 

.(0 

Area of rivet section under shear = , 

4 


Resistance of joint to shearing -tons. 

' 4 

. {i) 

Projected area - d/, 


Resistance of joint to crushing ^ tons. 

.(3) 








in VEXED JOINTS 
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Equating (i), {2) and (3) gives : 


Taking 


-fodt. 

4 

y r y 

/• , '-fhdt, 

■ 

”■ /« 


- 107/ 


(-1) 


The diameter of the rivet may he found from this rel.ilion, and the 
pilch liny then be calculated from 

■Kit- 


fAp--d)l-f. 


p-d^- 


/. ir,/^ 

/-' 4/’ 




■■ (5) 


In double ii\elcd Up joints there will lie two ri\et sections ])cr 



Fio. 13?. -Strcn^lli of a tJoublc riv<?ii:<l lap joint. 


pitch under sh^ar 132); there will also be two bearing areas 
per pitch. Hence 

/({/- d)!--- 2/."'- = 2/jr//; 

4 

d-^■2^A .. ■. (0 

• J s 

/ = (f57.^ •>-)+-/■.(7) 
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Butt joints. 'I'lio stretigth’ of bull joints may be calculated in a 
similar manner; it \''ill be observed (Fig. 133) that, witfr two cover 



plates, the rivets arc under double .shear, i.c\, each rivet vViild have to 
.shear at twi.i sections A and 1 ! for the joint to fatl by .she .ring. Faih 

rivet will thus have a shearing area of . 

For a single riveted butt joint (Fig. 133), 


4 

r/ -o- 63 S/-^''.(8) 



Fk.. 134.—Stieiigtli of a tloublc-riveted butt joint. 

In the case of a double riveted butt joint (Fig. 134), we havo 
4 


r/ = o.635/|. 

.(lov 


.(>>) 

/)+''■ . 
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RIVETED JOINTS 

Data from experiments. 'I'Ik- iiflini.tte tensile strength of iron 
plates niaf tary from 21 to 26 tons per sq\i»re inch, and lor .steel 
iJates may vary from 27 to 32 tons per .s(|nare ineh. hon and steiJ 
rivets have an ultimate shearing strength ofahoiit 23 tons pi r sipiare 
inch. Owing to the dirticidty of stating pieeisely wh.it the aetiial 
eonditions are ifi a fmislied riveted Joint, these sliesses should be 
used with catltini. ftvpeiimenis on acliial joints with iion plates 
and iron rivets show that the ratio JjJu is neatly i foi diriled holes, 
and from 1-2 lo 1-3 lor piim lied hoh s which h.ive been neither 
anne.ded noi reaiiiered. I'oi steel pi.lies .iiid sti'el rivets the values 
of the ratio .ippe.ii to be about 0-75 for drilled holes and aboiil o (7 for 
pimehfd holes neither annealed nor reainerid. for either reameied 
or annealed punched holes the- values ale .iboiil the same as lor 
dulled holes, lire.ilolown in experunenl.il joinls by c luslung appears 
lo l.ike ])lai e for ratios ol /j,'A of about 17 lor rivets iif single shear 
and aboul 2 35 for rivets in double shear I’lovision against crush¬ 
ing IS olien m.icle by emplovmcnt of an eiiipirieal rule for the 
diaineler of the livel. A good practical rule is 
d I-2s'/ 10 I .(sV. 

When this rule is used, the di.rineter of the rivet is calculated 
first, and the |)itc h is then determined by eciualmg the resislance.s 
to tearing and shi.airing. Afterwards, the beaiing stiess should be 
calculated in order to asc ertain lhat Us value is not eve essivo. 

In liveted joints designed under the Hoard of Trade lules, rivets 
under double shear are allowed rivet sections per rivet only: this 
is owing tc) the probability of the rivets not all bearing ec|ually. This 
rule IS often disregarded in othe r joints.* 

Efficiency of riveted joints. The eflic ieney of a riveted joint is 
the mtic) of Its actual slrenglh to that of the solid jilate. To calculate 
the efficyency, the ratios of the stieiigth of the joint against tearing, 
shearing and r'lushiug to the stiength ot the solid [ilate should be 
caleulijted separately, and the lowest value taken as the elhciency 
if the joint. It will be evident that all three ratios will be ec|ual if 
he joint has \ieen* designetf for eciuahty of ru|)ture by eac h of the 
hrec ways of failure, iind the efficiency ni.ay be obtained then by 
,-onsideration of the tearing resistance only. 

Resistance of joint tp*teariug (/ -»d)lfi. 

Resistance of solid plate to tcjiriiig -//yi. 

• « 

•Etir.i full cliscii.ssicin f.f riiclccl jciiiits, see Majiinc Desv^n, I'.irt I., by I’rof. 
W, C. Unwin (Longmiin.s, 1909). 
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Efficiency 

rut 

J-d 

P 

Example i. A double riveted butt joint with doul^Ie cover platcs'is 
used to ronnc(i steel plates of 0-5 inch thickness; the holes are to be 
dulled. Find the diameter of the rivets from tlic empirical rule (p. 103), 
and also the pitch of the ri\ets, taking /Jf-o-js. 

d ^ I 2\V 

--1 inch, nearly. 

7 L d\ 

~f)-^d (p 102) 

-(3-i43X075 x(')-x2)+7 

--4.1 inches, nearly. 

Exam PI. 10 2. Calculate the efficiency of the above joint. 

T 7 fr 

Etficicney- ^ - 

^4 5 - 0-^75 
4-5 
-- 0-805 

— 805 per cent. 

Or the effiriciuy may be cakul.ited by considciing tlic lesist.ince to 
shearing. 'I’lius; 

Aiea per pitch under shear strcss"4^‘^^ . 

Strength against sheaimg-;r//-/„ 

Efficiency against slieaimg -T^d-f^-rp/f 
izd‘ fx 

^ P^ ' f\ 

_ 3142 X 49 x075 
4-5 X 0-5x64 
-o 802 

- 80 2 per cent. 

Example 3. Calculate the bearing stress in the above joint when 
carrying a load which produces a stress of 4 tons per square inch in the 
solid plate. 

Area of solid plate per pitch--// , 

= 4 - 5 xo .5 
= 2*25 s(j. inches. 

Load per pitch = 4 x 2 25 
-9 tons. 
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*105 

This load is earned on llic bc.uin^ surface of iwo mets ; lienee . 
Pfojected bearing surface per ri\et--e//. 

Bearing stress - 

lilt 

9 

J X 0 1^75 X o 5 

10 3 tons [HM s([ ith h, 

?!x\Mri.h 4 Tuo plates fortning a lic-hai ha\e to lie (ounce ted end 
to end by a butt’joint having double cover sliaps (Kig. 135J. haiJi plate 
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is 10 in(hes\vidc and / me li llnek, tlic ii\cts ai<' / null in di.nnetcr. 
I'he stresses allowed aie 6 toii'^ pel scjuarc nu.li pull, 4 tons pci s<piaie 
null shearing, and to tons pei sipi.iic null beaiing. I'lnd the ntiniher 
of rivets ic<iuircd 

Se<,lional area of ea( h jilate lox 'j 75 ''((uaic nulu's. 

Area abstracted by one rivet hole at tbeseiiion AB- /x |' 056 ^l| in. 

Net sectional area of plate at A B ■ 7 5 - o 56 

-op; s(|iiaie nu li<"'. 

'I'otal safe pull on tiic ))Iate -694x6--41 64 tons. 


•Sectional are.i of one iivet 


TTti- 21 9 

4 7x4 16 


o 142 s(| in 


Allowing i| rivet sections foi incts uiuU i double she.11, we li.ue 
*Shcai ing rcsislaiu e of one rivet -0-442 x 1 75 x 4 
--- 3 CKj tons 

Projected aica of one iivct'-|x^ 056 s(|uate inch 
Beargig resistance of one 11 vet --o 56 x 10-- 5 6 tons 
As the shearing resistance's lower than the l)oanng resistance, the 
shearing resislanca^ musj be t.ikcn in rahul.iiing the number of rivets 
required. I.et N be the number of n\c(s on each side of the joint ; then 
Total safe pull on ih(%j)l.atc- total shearing resistance of the n\cts, 

41 64 - N X 3 cx;, 

N “ ft; I nets 


To obtain a good arrangement of iivcts, 15 iivcts have been placed on 
each side of the joint in Fig. 135 
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At the section AH, the safe loaS which can be applied is that calculated 
above as 41-64 tons. ,At CD, the tearing strength of the jSlate is less 
fthan at AB, but to this must be added the resistance of the rivet on 
left-hand side of CD, as this rivet would have to shear simultaneously 
with the plate tearing at CD for the joint to fail in this way. 

Sectional area of plate at CD = 7-5-(2XO-56J = 6-3^S square inchesf 
Resistance to tearing at €0=6-38x6=38-^8 tons. 

Adding ihe shearing resistance of one rivet to this, we have 
.Safe load with reference to the section CD----38-28‘-l-309 ' 

= 4i'37tons. 

Considering the section EF, the three rivets on the left-hand side of 
EF would have to slie.ir sitmiltancously with the plate tearing. » 

Resistance to tearing at EF = {7-5 -(3 xo-56)}6 = 34-92 tons. 

Shcanng resistance of thice rivets = 3 x 3 09= 9-27 tons. 

SiF^c load with refcicncc to the section EF=44-I9 tons. 

It is evident that the safe load with reference to any other section on 
the riglu-hand side of EF will have a greater value than that for the 
section EF. The minimum safe load is that calculated for the section 
CD, vi/. 4[-37 tons, which accordingly is the safe load which the joint 
will carry. 

Strain. Strain refers to the alterations of form or dimensions 
whii'h oc< ur when a body is loaded or subjected to stress, d'hus a ^ 
pulled or pushed bar is found to have become longer or sliorter after 
the load is apjdied, and is said to have longitudinal strain, d'his kind 
of strain is measured by taking the ratio of the change in length to 
the original length. 

Let L = original length of bar, 

€-alteration in lengtli, both in the .same units. 

Longitudinal strain = • 

Volumetric strain occurs when a body is subjected to uniform fluid 
pressure over the whole of its exposed surfaces. 'Hie volume w’ill ho 
changed somewhat under these conditions, and the volumetric strain 
is measured by taking tlie ratio of the change' in ^volume to the 
original volume. 

Let V = original volume of bod*/, 

?/ = change in volume, both in the same units. , 

, V 

Volumetric strain = 

Shearing strain occurs when a body is subjected to shear stress. 
Such a stress is distinguished from the other two just mentioned in 
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that it produces a change in tlie sliaj^ o^thc body, while pull, iiush, 
and JiydnRtatic stress produce no such changii W'e may ohlani an 
idea of what ha|)pcns by holding one cover oi a thick hook lirmljt 
on the table and apply mg a shearing force to the to|) rover (Fig. 136). 
The change in shaiie is evidenced by the Mpiare originally iiencilled 
’ • . 



hit. 1(6.-Shf iiinc sli.iin llltisd lUil I'.. - M«-'MiHMiiciit of 

li) a slic.timi; sii.tiii. 


on the end of the hook beiomiiig a iliomliiis. A solid body 
would behave in the same manner imdei similar londilioiis of load¬ 
ing, only, of course, m a minor degiee (Fig. 137) The shearing 
strain is measured by slating the angle in ladians through whit'll the 
vertical edge has rotated on apiilicalioii of the sheaiing stress. 

Slieaiiiig stiain--tf radians (Fig. 1,(7). 

For metals 0 is always scry small, anil it is olleii .sufficiently 
accurate to write, refeiring to fig. 1,57: 

.Shearing strain - 0 , 

111 ',' 

' ik:'. 

Transverse strain. W hen a bar is pulled or [luslicd, not only is 
its lenglji altered, but also its Iransterse dimensions. 'I Inis a jiulled 
bar becomes thinner, while a jnished bar becomes thicker. Stith 
allcratjons are referred to as transverse strains and are measured in 
the same manner as longitudinal strains, vi/. by taking the ratio of 
the alteration* in *traiisversi dimension to the original transverse 
dimension. , 

Ixt H . . a transverse dimension of the bar, 

/i = tjit rhangc in H wheji the bar is loaded. 
h 

Transvefte strain = 

For any given material, such as a metal, experiment .shows that 
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1(^3* 

there j.s a definite ratio oMon^itudina) to transverse strain, ranging 
from 3 to 4 for conim4)n metals. ^ 

* Let rT" longitudinal strain, 

/’-transverse strain, 
a 

in - . 

b * • 

'rhe value of m dcjiends on iIk' kind of materKd ; its reci{)rocal 

* is called Poisson’s ratio. Values of this ratio for common materials 
m 

arc lahulatixl on [). 6S3 

Elasticity. Elasticity is that i)ro[)erty of matter by virtue of which 
a body endeavours to return to its original fonn and dinie'nsions 
wlien strained, the reeo\ery taking place when llie distinbing forces 
arc removed. Strain takes place while the loads are being a[)plied 
to a body, Iftaice mechanical work (see p 325) is expended in pro¬ 
ducing strain, and is stoied up, partly at any tale, in the body. 
'The elasticity of any material is regarded as being potfoct, provided 
the recovety of the original form and dimensions is perfect on 
removal of the loads, and provided also that tlie cneig) given out 
(luring ie<'<jvcry eipials that expended while the body was being 
strained. 

'I'lie elasticity of a laige number of materials is practically perhs t 
jrrovided they are not stressed bevond a ('ert.iin limit, which depends 
on the kind of materi.d and also on the nature ol the stress applied. 
If loaded beyond tins elastic limit of stiess, the recovery of original 
foim and dimensions is incom[)letc and the Ixjdy is .said to have 
ac(juired permanent set 

Further, experiment .shows that the strains are proportional to the 
stresses producing them piovided that the elastic limit is not exceeded. 

'bins law was fust discovered by Ifooke, and bears his name. 
Most materials show shglit diveigencies Irom Hooke's law, but it is 
adheied to .so closely in the r ase of common metals as to justify the 
assumption of its tiuth for nearly all practical purposes. * 
Modulus of elasticity. Assuming I[o()ke’,s law t(# be true, and 
.selecting any elastic material to which loads may be applied. 

Let /--the Stress, * 

^-the strain produced by /. 

Then p vaiies as s up to the clastic limit, hence the r|uantity ” will 

» • * ^ ^ 
be constant for that material uj) to the elastic limit. The tcim 

modulus of elasticity is given to this quantity, d'he value of tlic 
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miodulus Qf elasticity (IcjkmuIs litsiiy on ilic nature of llie nmloial, 
and tn the second |)lace on ilu' naliiie of the ^tn.ss For any ^iven 
'^rfflaterial there aie three moduli of I'la.sticit) winch should he under-* 
stood. In each case the meastmuienl j.s m.uie l)\ taking 

J p 

• M»)dulus of elaslicilv • 

• 

'I'lAe units of this'esprc'ssion will lx* go\crned hy the unU of stress 
enbployo^l, as st'.un is siinjdv a latio. 

foungr’s modulu8«lor a pushed or pulled bar is obtained by dividing 
tlu: push or pull sltcss lnlen^it\ on a (toss section at i) 0 ° to the axis 
of [he ^ar by the loiigtludinal stiain. 

.et b loK e of j)ush or pull applu-d to the bat, 

A aie.i ol the cross sec lion, 
b oitginal length ol the bar, 

< chang(; ol length ol the bar, 
hoik the latter beitig in the sami units, 

'i'lieti, wilting hi lor \’oung’s niodiilus, 
j, stress 
sti.un 

V . c |*b 
A ■ b At* 

'I’he bulk modulus belongs to tlie case of a body subjected to hydro¬ 
static stnss, whuf) pioduces voliinu tiic sliain. 
bet p the hydrostalK stress intensit), 

y the uriuiniil volume of the body, 

V the ( h.ingc in volume, 
both the latter being m the same units. 

'i’hen, writing K lor tlu; bulk modulus, 

K p-\. I'-r 

Th(i* rigidity modulus refers to the case of a body under shearing 
stress, and cor'setpKaitly changing its shajie by shearing strain. 

J.et ^/"the shearing stress intensity, 

• the*shearing strain, in radians. 

Then, writing C for the rigidity modulus, 

The most convenient units to emidoy for the elastic moduli are 
tons or lb. per square inch m the British system, and kilograms per 
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square centimetre in tlie metric system, A table of values will be 
found on p. 683. ‘ 

Strains in a cylindrical boiler shell. It has been seen (p, 9C)" 
that the stresses in a cylindrical boiler shell 011 longitudinal seams 
and on circumferential seams are in the ratio of two to one, Supps'se 
that in consequence of the,se stresses the circumference becomes 
greater by a small amount e. Let d be the originM diameter of the 
shell, then the original length of the circumference ;.vill be. irr/, apd 
the circumferential strain will be : 


Lircumfereiuial strain = 


Tvd 


Also, now length of the ciiciimfcrence = irr/+ c ; 

irr/ + e 


,', new length of the dianu tei 
Hence, change in the diameter 


ird +1 



■=d\- -d 


Strain in the direction of a diameter 


Comparison of (i) and (2) shows that the diametral and circum¬ 
ferential strains are equal. 



Fig. 138.—.Strains in a boiler shell. 


To obtain the circumferential strain, let p and \p be the stresses 
on the longitudinal and, circumferential sAims respectively. If / 
were to act alone (Fig, 138(1;)), the circumferential strain would be' 
a (extension) and the xransverse strain would be b (coivtraction). 
If \p were to act alone (Fig, 138 (;!)), the longitudinal strain would 
be \a (extension) and the circumferential strain would be 
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(contraction). Hence, when both sti^'sscs act together, tin 
produced ifill be : • 

, , Circumferential strain <r ~ V’. 

Longitudinal .strain ■ .In - A 


Qr, since 


m (p. lo.S), 


strains 

. (,!)• 
.. ..( 4 ) 


And 


C.ircumlcrential strain a 


I.ongitudinal stiain u 


Siippo.se ;/i be taken equal to q, ihen 

t'ircunifeicntial stiaiii '(i(i I) 
III. 

I.oiigiuidinal stiain 'ill - J) 


Refeience to Fig 138(11) shows that 


Hence : 


F, 

II 

Circumferential strain 
Longitudinal strain 




A 

IC 

7 A 

8 L' 

' P 

•I 


■■(5) 

,. (f.) 

(7) 

.. ( 8 ) 

(9) 

(10) 

('■) 


EXAMPf-K. A boiler sl)cll 7 feet in dianictCM And 30 feel Icing is les*cd 
by hydraulic pressure (cold watci) up to a stress of 6 tons per square inch 
on the K>ngiludinal seams. Take E== 13,500 tons per scpiaie inth and 
w = 4, and find feow nui< h water will escape when a test cock on the top 
of the boiler is opened. Neglect any bulging of the ends. 

['i'o answer this questitvi, cah ulatc llie iik reasc in volume of the shell 
while the piessure is being applied.] 

Circumfcreftia! strain = | x 
• The diametral stiain is equal to this; hence : 

• Change in diameter—(7 x 

=00327 inch. 

Final diameter of shell = 84 0327 inches. 
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Let U and dhc: the final and hriginal diameters; then 
Increase in cross-sectional area of the water = 

4 

= ?'(l)-rf)(D + </) 

4 

= ^xou327X 2x84 nearly 
j 4 

= 4 32 square inches. 

increase in volume due to increase in sectional .ucvi-4-32 x 

” 1555 cub. in. 

Again, bongiludinal strain - J x m-Ion -riloo 

■. change in length of the shell -30X i2x.j.J{„,j 
004 inch ‘ 

.Sectional aiea of the ualei - ^ x 84- (nearly) 
^5542 sq inihes. 

increase in volunic due to inciease in length- 004 x 5';42 

: 222 cubic iiK hcs. 
'I’otal inciease in volume1550 + 222 

jTTL'-ubic inches. 


T'he change in volume whicli occuis wlu n cliarging cylinders for 
holding conqiicssed gases is sometimes taken as a test of the 
soundness of tlie material of which the eylmder is I'onsiructed. 
'I'he test is made by having tlie cylinder immeised in water contained 
in a closed vessel fitted with an external glass tiiln' eonnei'ted to the 
water .spaces In charging, the expansion of the cylinder will displace 
some of llu‘ w’at(.‘i, which will ihcretore lise in tlic glass tube. An 
increase in volume of more llian a prescnbtal limit, as indicated by the 
tube reading, affor(ls,e\idcnce of dclc< ts in the malciial of the cylinder. 

Stresses in thick cylinders In Fig. 139 (^0 is .show n a cylinder of 
considerable thickness under external and internal fluid pressure.s. 
Let push slre.s.scs be denoted positive, and let the external pressure 
be greater than the internal pressure. Consider a ring of unit length, 
having an imu'r radius rand outer radius (r + ^r) (hig. i39('^'>)- Let 
the radial .stre.ss on its inner surface be p, and let tU it on the outer 
surface be (/ + <V). I’lie resultants of these stresses on the half ring 
(Fig. 139 (c)) will be 

I’j -p X 2r (see ]). 96), 
i’.y - (A + ^/*) X 2 {/■ + 

'I'he resultant P of P, and P^ is ^ 

v^- p, -V, 

- (/ f-<V) X 2(r + (V) - / X 2 r 
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• STKENGTU OF THICK CYI.INDIIKS' 

_ ^ _ 

lx.'t /he the tangential, or hoo]) ^t^ess on the ling; the aiea over 
which this*stress i^ deitiihiiteil i'- 'Vx i, ami tlrere are two horizontal 
SfCtions, one at A and one at 11 (Fig. i.;y(i)); hence, • 

r = 2/. &r, 

, 2 /. ,h- ^ (/. + ,!/) X 3 (/- + ih ) .. 2 /r, 

or f.ir-/'r-i-r,(tp+f>. Rr + 1 /, &r ■ pr 

- e. 0/<V, .'.(l) 

by neglecting the jiroduct of ilu' ^mall ([nantities and hr. 



Another e(]uati<)n may be fonix'd by ('onsideration of the strains 
in the axial diieelton prodih-ed b) /> and J all over llie <'yhiKlrr. It 
niiiv be assumed th.it cross sections o( the cylinder remain plane 
when the fluid stress is a[)plied, i c. all I'lbies parallel to the axis of 
the cylinder lying between two (ross sec lions < hange their lengths to 
the same extent, lienee the assumption that the axial .slr.iins are 
e(|ual all over the cylinder. 


Axial strain produced 

” ” ” ^ mV. 


As both p ami/are push .stresses, both of these strains are exten¬ 
sions, and the total axial strain will be 

V / 

,,- 1 - a constant, 
mV mV 

•' • , * 

••or It p 4/-- a constant. 

'l^*^ iii^2a for the value of the constant, tlib gives 


li,)‘ 

n.M. 


/+/ 


....(2) 
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From (2), 

„ (i), {20 -p')^r=^r .^pp 

2a.^r - p. hr~r .hp -\-p . h\ 

2a. Sr=r. tip-\. 2p. h\ 

Multiply each side of this e<juation by giving " 

mr. h' --- . ^p + 2pr. Sr, 

or in the limit, when Sr iK'Oomes very small, 

. 4 p 

2(ir -r- + 2/r. 

dr 

'The right hand si<le is the dil’A'renlial coenieient of (/r-), ix. 

d, ^ . 4 p / , 

^^{pr) r-^^^+2/^ (see p. 12). 

Hence, d{pr-) -zar.dr. 

Integrate, giving /r'-’ -rtr-’ + r. 


p - a \ . 

/ 2" ■/ 


'I'he solution of any particular problem maybe obtained from (,;) 
and (4) by first determining a and c from the given conditions. 
Take the ordinary case of a cylinder having an internal fluid pressure 


the external j)ressure being regarded 

as zero (Fig. 140). 

W'e have 

p --p, when r-= R,; 

A + . . 

■ ■ (5) 

p '-o wlien r-:Ro; 

■■ '' + RA. 

. (6) 


Hence, 

Substitution of these values in (4) gives 

, ^ R,-’ ^ R, R„2 I 

''^'R„2-R,2 ^'R„=-R.-'>2 


^‘R,2-'R,2 
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This equation gives the hoop tension at any lailius r ; the inaxiinirin 
hooj) tension will oeeiir where r has its .smallest saliie, /'.<•. at the 
inner skin, wliere r~ R,. lienee, 


Maximum /= • ' ]> '(^t + ]>'» 


R,;- 


- - A 


r,;- + r;-\ 
R,.-' R,v " 


.( 8 ) 


It will he noticed froni c(|u;itii)n (S) ih.u ilu; nuiviimini hoop 
tension IS always gnatci ih.tn the iiucin.vl lluul 
Stress y>,, indeix'iKlcntly of the ihickiu'ss of the 
( ylinder . lu iux'. it is impossihK' to desii^n a 
solul cvlindcr to withstand a fluid [)iessure 
greater than a certain \alue for a gi\en inatenal. 

'The ditlieully may be oveoiniu' by shnnking 
(jiie cylinder on the top ot another, or by 
winding wile utuhr strong ttiision o\er the 
outside of the cyhndei. 'I’he effect is to p\il 
the inner [>aits under initial [uish hoo|) stress, and gives a ilistiibiition 
of stress more nearly unifoim wiien the Ihiid pressure is applied. 

Stresses produced by change in temperature. If a metal bar be 
healed, its length will increase by an amount proportional to the 
increase in temperature, and to a coerticient, the value of which 
depends on the kind of material; this is on the asstmipiion that the 
bar is permitted to expand freely. 

Let L' the original length, in inches; 

/ - the rise in lemj)eraluje ; 

€ - the coefficient of expansion, ? c. the change in length 
per uiul length produced by a rise in temperature 
of one degree. 

Thep, change in length \Jc ; 

nyw length of the bar^-I.A 

-L(t+A).(0 

Suppose that the bat is now’ cooled to its original temperature, and 
that forces are applied its ends so as to jirevent it fnjm returning 
to its original length.* ICvidenlly these lorces will have the same 
value ^ those wliieh would Ac re(|uired»to produce an elastic 
extension iM in the bar had its original temperature been kept 
unalltired. 
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Let P = the total force required in tons. 

A = the cross sectional area in square inches. 

p 

/ = ^ = the stress pnrduced Ity P in tons per square inch. 


It = Young’s moduIu.s in tons per sijuare inch. 
Then Ixrngitudinal strain = ~ A. 


Also, 


A ' Au ' 

P = EA/e tons,.(2) 

/>- ECt tons per S(|uare inch.*. ...(3) 


ExamI'I.E. If the bar be of steel for winch K — 13,500 Itins per squaie 
inch, and if the rise in tcmpciatuie be 100^ P., tind the stress in the 
material under the conditions ex|)tessed above. 'I'ake 
e — o-oooooj, 
p — 'Ek 

= 13,500 X 100 X 0-000007 
- 9 45 tons per square inch. 

Suppose now that the bar be heated and at the .same time held 
rigidly between abutments which prevent entirely any change in the 
length. These conditions may be imagined as follows : first allow tl'.e 
bar to exirand freely on heating; then a|)[)ly forces to the ends and 
let these be sufficient to compress the bar back to its original length. 

Length of the bar before applying the forces = L{ 1 + A). 

Lliange in length produced by P=^I,A. 

Elastic strain iirodiiced by P=- , — 

‘ 1,(1+/e) 

k 

I +/V 

Now K ^ ^ 

strain 



The denominator will be nearly unity, as A is usually very small 
hence, (4) will have the same value nearly as (3). • * 

Effects produced by unetiual heating. Fig. 141 illustrates three 
bars A, B and C attached to rigid cross pieces I) and E; E is fixed 
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i'7 


and 1 ) nl:iy rise or ** ''entrally situated iiotwcen A and 

(' • A anid'c line"''' sectional areas and Ti may have a different^ 
sSctionali area. ' '"•'’'‘'''ii'l 

If all tWee bars'''''' '^’''d's-'a- - 

tiife at lirsi, and 0 U L L 

the same rant;e 'sMiiiierature, all ^^dl 1 - 4 -^- ^ -pL 4 

attemin to expann.!"'"'')'a- a ' n 
of leiiKtJi, and.nor'-'’ ' i- 

in any of them. .s^l«'se, honever, that 1! 

is raised to a ,.ert.^“^^'"l’''^''‘'"^' 

A aiK^ C are hoi ® ^ 

h.Khcr temperature'''"'" " "‘'"'"I''" 

cxiiand to a smallef''""' ‘ ’ l.L 

The cross pieces if"' ''' "''I """I"-' "" E fo |>p 

three to come to TT^-o-ztso /—rr^rrrrrrrAr 

n will he under puh""' *' 

under push This ,'•>'< •"> >1 m the figtir.’ 

by the forces I' and ( ''' reiimred horn the 

outside in or,let to •‘'''‘‘'"hunicnt under the altered 

conditions of temperat'"’ '' 

1' -’(). (.) 

bet the eiitial sect!,!"' 
the sectional area of It 


141 - Slt«-ssfS tlllf «0 lllUtlll.ll 


Stress in A - 


h* /i". 


Hence, from (1), ’/'i"i’ 

/■ _ (2) 

• f, 2„; 

■I'his re,sult indicates tha' 

area, then the stress ,n 1 ’ "'''"■’P"""''” 

of the actual vaittes of the' '""'P""'""-"- , ^ „ 

To find the numeruatt v''"''" ^ 

Ut T.theongy,,.'"""h'‘''"f"""l''>"- 

/,=cr?ange-in'"'"P""'“"'" of ^ and C. 

A = change in'*• 

r = the coeffiet""' "f "'Pansion. 

r. .. m value of Young’s modulus. 

ii = ine comme ^ 
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I''irst assume that all throe bars ex[)aiid freely ; then 
Extension of A —extension of C = 

Extension of B - IJ.M- 
New length of A or C [,(i + /j*) 

where ^,-i+/,«.' 

New length of H r,(’ +^2')' 

' AJ., 

where A, 1 ^ ■ A'- 

Let the bars now be rom|iellecl to come t( Hhe same final'length 
I,,, by a|i|)lication of the fortes P ami (,). 

Shortening of A or C |iro<hicerl by (,) /'|L - L,. 

Extension of I! piodnced by I’ - la. -'''jL. 

/> I - ’I ■ 

Strain of A or ' 



Strain of H - ' 


Hence, for A or (', 

. 

- (d) 

2\nd for 1!, 

. 

.(4) 


LI, ,A,L 

L, 



//,L-LA 

//■/1,1 'op-LI,; ■■ 

(5) 


As the ratio of and /, is known Iron > (2), this result may l)e 
used for calculating 1 ,,, tiic final distance I 'elween the cross [lieces; 
substitution in (3) and (4) will then give th c values of/j and/o- 


Examplk. Take (he following data for the arrangement sliown m 
Fig. 141 and calculate the final distance b{;iVe;cn tlic cross pieces, also the 
stress in each mild steel bar. 


ai= I square inch. 
^2=3 square inches. 
/, = loo“ F. 

4=50* F. 


lof) inches. 

E-30. 0)0,000 lb. per sq. inch. 
€ = o-c^^oooo;. 


-om (2), 






RKlxrORCED CQ^'UKTK tOl.lMNS 


I**) 


Also, /'i - I + /,€ ^ 1 +1100X0o<xxx)7; I oix);. 

, Aj - I 4 -//- I+\«;oX oooooo")-I CHX)35, 

, /'i {. ■- i-ocx-iy X loi) ^ joo-07 


^’rom {3' 
uhciK c 


■ f ax>35 X icxdV- 100035. 

3oo2r 10007-I-r \ , 

2 #007 •!.! - 100035’ \ 

Lf -•itx)04899. / 

(Note, as ihc t bailees of U-n^lli aic /tli iilal^d l>y lakinj^ tlir ditTercixes 
in the Icwgilis of the l>ars, it ib neressaA^ in c\arni>Ios of tins kind to use a 
Iai)4er number of s^j^niliianl brines iban vJiat employed usually ) 

, UK) On 

3 o,ooo,fX)o--/ 


I'rom (3), 
uliciTcc 
From (4), 
whence 


0007 - looo4AVy’ 

/, lie jier sijuaio im h 

, 100 ot; 

30 ,cKxe(xx 3 ^ , 

' 10004899 - 100035 

P*’’ s(]uaic null. 

These stresses h.i\c the (ahulalcd lalio of 1-5. 

'I’his prohlcni may be varied by ii.sing bars of 
different materials and raisinj; the imnperatures 
of all to the same extent. 'I’lie differem es m 
the elastic moduli will produce a similar effect 
to that caused by tineipial heating, and the 
caleuiaiion is effected in a similar manner, 
making use of the [Hojier values (>f tlie ro- 
efticients of expansion and of the clastic moduli. 

Reinforced concrete column. In Fig 142 is 
shovvn a concrete (olumn reinforced by steel 
bars arranged as slioun in the plan. Ajipli- 
cation of an axial hiad to the column will cans'll 
both steel and concrete to shorten to the same 
extent; as the lengths of both arc eipial, il 
follows tliat the strains are also e(iual. Using 
the sudixes ^ and s tfi denote the concrete and 
sled respcctiiely, let 




47 Heiiiforied con¬ 
crete coliiniii. 


Then 


the strains m the dircrlion of the 
’ length of the column. 

/.•and/ = the stresses in lb. per sijuare ineh. 

K, and Iv = Young's moduli in lb. [)ers(|uare mch. 
A, Af = the sectional areas in sijiiare inches. 

E, = A.,.(1) 

H 

/r 




(^) 
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Dividing (i) by (2), we have I 
IV- /■ '■ 

-fc , i 

The ratio of to fv varies J: omcwliat; the a\ot;age value of 15 is 
usually laken. With tills value, • iMiuation (3) shows that the stress in 
the steel will always be 15 times fhat in tlie concrete irrespective of the 
relation of the sectional are-^.s of li e concrete ancrsteel. If 500 lb. 
per square inch be t.lkerd as a safe ircss for the concrete, then the 
stress in the stey’ , will be 7500 Ib. per s(iuare inch. 

Suppose ' 1,^ llj ;ipp]ied to the column; then 

W:./A+/A, 

-■~-75ooA,+ 5ooA,,.(4) 


a result which enables the safe load to be calculated if the sectional 
areas of the steel and concrete are given. 

'I’he sliesses produced tii olhi-r eomiiosiie bais under jiiish or [tull 
arc calcidatcd in a similar manner, making use of tlu; prop<'r values 
of Voung’s modulus. Such bais may take the form of a steel rod 
cased in some alloy such as gun metal, or the arrangement may be 
as illustrated in Eig. 141, with A and (' of one material and 11 of a 
different material. A eeniral load applied to the top (loss piece 1 > 
will produce equal strains m all the l).us, and die stresses will thus be 
proportional to the values of \'oiing’s modulus Idi the mateiials of 
the bars. 

Classiflcation of stresses. Sirc'sses may be eitlier normal or tan¬ 
gential; oblique stress is compounded of normal and tangential stresses. 
Stress is purely normal when its lines of diieetion are perpeii.iieular 
to the surface over which it is distributed. Normal stresse.s may be 
either tensile or compressive. Stress is tangential or shearing when 



Fig. 143.—Strt-'.s 


a tie b.ir ' 


its lines of direction coincide with the siyface over which it is 
distributed. Oblique stress may have its lines of direction inclined 
at any angle between o,° and 90° 10 the surface over which it is 
distributed. Normal tensile stress occurs in any section AB of a tie- 
bar subjected to axial pulls (Fig. 143), tlie section being perpendicular 
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f.f 


|w 


to the axi'^of the liar. The stress m lliis ease wrll he riiiifoimly 
distributed esceirt for seelioiis near the einls'of the bar, and its 
inft.‘nsity will he given hy 

p- . '> 

. area i>l section ,\ I! 

Normal eompressire,stress will he found on any 
hori/ontal sertion’AI! of a \ertii al eoliiiiin (f'lg. i^ i) 
rarr)lng« weight W. If tin- line of \\ eonuides with 
the axis of the enliiinn, the stress will he iinifoiml) 
distributed and of intensity guen hy 

’ P " 


TTTfnrfTThri 




iirea ol se< tioii All i 

Relation of oblique stress with normal and 
tangential components. Let AllCD (lAg igs) represi iB the elexa- 
tion of .1 enhe of unit edge, the lo|i face being snhjei ted to normal 
stress /„ and also to t.ingential stress />,. On lli(‘ sn]i|iosilion that 
these stresses ale imiloimh disli ilnited, 
we may subsiitiite resultant forces 1\ 
and I',, lu ting at the i entie () ol the 
top f.iee, in a plane p.iiallel lo lliat 
ol the paper, the tallies of l\ and 1’, 
being A,, and p, as the l.n e is ol unit 
area. I'he lesull.int of l\. and T, 
will be 

Is s'i’s-fl',-, 

and will act .it an angle 0 to the 
normal, the l.ingtiU ol whic li is 

I'l 
l\' 



Ian 0 


Now R may he laken lo be the resultant of an infmile number of 
forces Jiaving the same direction as R, 
and unilorniltj distributed over the top 
face of the eube (f'hg. i (6),'these lorces 
constituting an ohli(|iie,slress r, the taliie 
of which will be 

' R 



area ol top face 

^n^IR'+TV 

= s^/i" +Ai'". 


(>) 
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Other useful relations deduced easily from the figure arf : 


/„ = >•■ cos(9, .^ 2 ) 

.(3) 


The an|;le 9 is defined as the angle of obliquity osthe stress. 

Some examples of oblique stress. A useful method of ilelcrniining 
the stresses on any section of a loaded body ronsisjs in first imagining 
that the body has been actually cut at the given section. One portion 
only of the body is then taken, and the resultant forces are determined 
which must be ap|)lie(l to the .section in order to produce e(|uilibrnim 
in this portion. The stresses and their distribution nuiy then be found. 

Oonsitler a column carrying a load 1’, the line of which coincides 
with the axlk of the column (Fig. 147 (it)). Let the column be cut at 
a section All and consider the upper portion (Fig. 147 (/<]). F'or 
eiiuilibrium, a resultant fence l’' = 1’ must be applied in the same line 
as 1 ’. This will give rise to a stress which will be seen afterwards 
to be uniformly distributed over AH. Let the area of the section 

All be S ; then p 

Stress intensity on AIU.(1) 



I'l'. 147 —Norninl blicar stresset iii a cohiinii 

Suppo.sing the column to be cut along CD (F'ig. 147 (a)), the angle 
between AB and Cl) being 8 . Considering the,eiiur'ibritim of the 
top portion (F'ig. 147 (c)), we see that a resultant force P'= P must be 
applied in the same line as P. P' will give rise to an oblique stress 
uniformly distributed over the section CD ; let ON be drawn normal 
t(' the .section, when it wid be evident that ftv) angle between P’ and 
ON, which is the angle of obliquity, is equal to 8 . To find the 
stress intensitv, sve hare' ** 

' . . . P' 

btress mtensity = A.=-—r— i-rv 

“ area ol section CD ' 













Now 


• STHESSF.S IN COl.l'MNS AND TIES ’ 

_ _ _ ^ _ • 

« " • ■ ... ■ 

area of stTtioii Ali 


. li/ 


anal ol’ st rlKin CD 
area nf sictHiii CD 


cos 0 ; 

S 

cos 0 ’ 


•’* Ac • 


• , / 1 OS (I. . (;) 

The intensily of llic olilicinc slu ss on CD is ihcrcfoie (’(Hial to llie 
stress infensity on Al! imilliiilicd hy the losinc of llie angle helween 
the two sections. 

It is of interest to ilcteriiiine the com|ioneiils of iioriiial and 
tangential to (d > (h'lgs. i.); (<) and (i/)), I'loiii eiiiiatioiis .ind (,i), 


A. AiCosO.(,,) 

A AciiA'.f-l) 


liy siibstitiiling the laliie ol /<„ fioiii ecitialion ( 2 ) above, we oblaiii 


Al /'■eos-'d,. . ( 5 ) 

A /'.sindiosy. {(>) 





It will be easily seen, from equation (5I, that A. 'C maximum 
value when 0 is zero, the laliie being then p and the section Ali 
in Fig. i47(«). 'I'he value of /„ diminishes as 9 is increased, being 
zero when ^ = 90°. Equation (6) may be wntten as 

„ A = J/i.sin20, .(7) 

an equation which shows that tt has zero value when 0 is zero, and 
that the value is again zero when 9 is 90°. 'I'he maximum value will 
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; ; -;-^-^--—■ 

occur when id is 90°, the vuluc of the sine being then tyiity; d will 

then be 45“, and the value of /, will be • 

Maximum value of/, = .^8) 

T'he fact that the section at 45° to the axis of the column has 

maxmium intensity of shearing stress explaius tho reason why sbine 

« 

Pt 

0 5 
04 
0 2 
0 2 
0 • 

0 30 60 90 

0 decrees 

I- It,. i^i;.“Van.ilnjn •>( slicar stress in a column. 

X 

materials, such as ])ri<'k, stone or cement under compression, fra<'lure 
aionj; planes at 4^ instead of simply crushin^e Such materials arc 
coinp.iralively weak under shearm<,e 
'The curves in Figs [48 and 149 ha\e 
i)cen plotted from cfjuations (5) and 
(6), liiking the maximum value of /,» 
as I ton perstpiare ineh, and illustrate * 
the way in which />,i and /'t vary, 
depending on the angle at which the 
set Lion is taken. 

'i’he ease of a rod under axial pulls 
may he worked out in a similar 
manner and the results will be iden 
lic.il, with (he suhstilution of noriUid 
pull stress for tlie normal push .stress 
which occurs in the column., Fig. 150 
illustrates tins tasts and as it is 
lettered to correspond with ihe^olumn 
diagrams there will be,no dilfuiiity in 
tracing ftie connection. 

Stresses w«Hich are not uniformly 
distributed. A varying stress may be 
realised by iconsidering a hori/ontal * 
Flu i5a-NVm..UmU .surfacc ABc’(Fig. 151), having a'' 

V mind)er of slender vertical Iw&vy rods 

of varying heights standing on it. Stane of these rods arc shown 
in the figure. The eflect on the surface AHC, which is supposed to 


D e 



C 

n 
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be covered entirel) by tlie rods, will he to*produce Stiess of \ar\ing 
inteiisiiy. Tliere is, howe\er, no difliciilty in seeifij; that the resultant 
forue on AliC will !)(' the total weight of 
the rods, and that the line of the resultant 
force must [)ass through tin* centre ofgra\ily 
of the whole (jf*tI1e roPls taken togethei. 

We may detluce fr«m tfiis lliat, if a Htress 
fl^e be ^drawn* for a given section by 
erecting ordinates ^at all points of the * 
section, of length to seale to repiesenl 

the intensity of normal stress at eath j)oint, i,,.. 151 . .. ..r .* 

the resutiant force will pass ihiough the ^ irjji.K micss 

centre of volume of the suess figuie The magnitude of the lesultaiU 
force may be found thus • 

I-et / stress intensity at a given point, 
cVr-^a small area suirounding this p<»mt. 

1 'hcn Resultant lorce ■ .(1) 

the summation lieing taken .ill ovei the s< « non. 

E(|uation {1) mav be inteipreitd as meaning tin* volume of the 
^ stress rigur<-. stress intensities b.ang iisi d lor oidmates and sijuare 
inches or othei convenient units foi units ol aiea. 



FAAMl'ia A icctangul.ir suif.icc AIK. I) is suh|e< ted to nonnal 
stress, uhieh vanes unifoiinly fioin /’uo .iloiig Al) t(» 4 tons pci s(|ii.ire 
iiu.li along IK (Fig 152) AH is 4" 
and IK' is 3" l-ind the lesultant fone, 
and show' wlicio it a<.ts. 

'Fhe stiess tlgure will be diaw'n in this 
rase liy eieMing oidmates HE and CF, 
eai h til sr.de, rcpiesenling 4 tons pci 
sipMie mill. Join EF, AE and DK, 
thus giving a stress figure of wedge 
sh.ipc. 'I o find the m.ignitude of the 
icsuhaiU foi<c, rah ul.lie the volume of 
‘he wedge by niiillipl) ing the area of 
the base by the ordinate of average height, vi/ 2 tons per square inch. 
^ Resultant forces K —4 x 3 x 2 



Fi( 


-A uniforni'v var>iiii: sirtss 


- 24 tons. 

The centre of volume of the wetjge will he vertically over a point O, 
found by Vhe mtericclion of two lines <TI and KL, (1 and >1 bisecting 
respectively AI) and HC, and KH and LC being onc-lhird of AH and Cl.) 
respectively. R wll! then pass ihiough O as shown. 
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It will be clear that, in the case of a uiiiforni normal stress, the 
, centre of volume of the stress figure lies in the normal drawn fi/im the 
. centre of area of the section. It therefore follows that, if a resultant 
normal force acts through the centre of area of a given section, a 
stre.ss which will be distributed uniformly over the section will result. 

In drawing stress figures, a useful convention is to draw the stress 
figure .stjtnding on one side of the section, for thosi; parts ol the section 
which are subjected to push stress, while pull stresses are rjepresented 
by a .stress figure standing on the other sale of the section. 

Shearing stress. In Fig. i53(<r) is shown a rectangular plate 
AHCl) having shearing stress />f distributed over its toji eijge. I.et 



i 5].--A jtlatc iiiitler slieaiiiiK stress. 


the thickness of the plate from front to l>a':k be unity, then the total 
force along Al! will be P -/>, x AH (i) 

Sul)stituting P as shown in Kig. i 53 (/'), the plate may he 
eijuilihrated horizontally l)y the application along ('1) of an c^jual 
opposite fort'e P; as P, P lorm a couple, ctiuiiihnum is completed hy 
the apj)lication of eipial opjrosiie forces (J, Q along the edges Al) and 


H(' respecii\ely, these forming a couple of moment e(|ual and oppo¬ 
site to that of the first couple. For e([uilil)rium wo have 

Px A!)-(^x AH. {2) 

Let all these forces l)e produced from sheaiing stresses applied to 
the edges of the plate (Fig. 153 (z)), and let he the shearing stress 
which gives rise to Q, so that 

Al'.•'.(3) 

Substituting in (2), we have , • • 

/, X All X Al) -- 1 // X . 41 ) X All, 

or A^'/r *.(4) 


For the general equilibrium of the plate is therefore necessary that* 
equal shearing stresses be applied to all four edges. 

Take any section l^F of the pllite as now stressed (h'l^ 'SdW). 
and consider the e(|uihbrium of the portiiin ABFE (Fig. 154). From 
what has been saiti it will be seen by inspection of I'ig. 154 that a 
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.slieiiriiij' stress pt must act along I'l'l* Again, take anotliei seetion 
OH (Fig. 1^3 ( 1')), and consider the ei]nildirnnn •f the |«irtion .At II 11 ) 
(Fjg. 155). Inspection shows that a shearing stress pt must act along 




P, 

’ J'K- IS-* 


B 

3 ,'' 


A G 

K P, 

0 V/ ^ 

I It.. »S5. 


GH. Wc c’oiulucU; tiuil il .my ic'*'t.mL;ul.n hlot k \)c suhjc* t< *l to 
shearing*slrt'sst-s, such slusscs must he * qiial i>n all Icmi cilgi-s, aiul 
there will he an c(|ual shc-.urng stress oir an\ s* * iron wlrn h is [»arallel 
to arty e*!ge <>I liw- block. 


Cube under shear stress, loa sim|>!i* iiy, consi<l* r a « ul>e ol miit 
edge, the elevation of which rs AlU'lt (log. 150). Let shcanng 
Stresses />( he aj»|)lr<‘(l as sliowrr to tho''e 
faces of the cuhe wltivlr are perpe«t*lr* n!ar 
to the paper'. I'o lirul the stress on the 
diagonal section A(\ «nl tire * irlie and 
(•(rnsider the portion AIK' (Lrg. 157). 

'I'he stresses along Ali and ('U produ*c 
forces />f, pi, acting at h , these will ha\<- 
a resultant r, acting at 45 to AH, and 
hciK'c perpendicular to A(’. 'The mag¬ 
nitude of r will l>e 

r-^pt.j2. 



I- in. is^ - ( uit'lfi Nlic.ir 


If r he [)rodu('ed it will evidently < ut the diagonal A( at its middle 
|)oint (), and may he Italanced hy an e(]iial opposite l<*rce / applied 
at O as shown. Now r may he considererl to he the rcsuUaiil ol a 
normal stress/„ uniformly dislrihiited over the diagonal sectitm Af.., 

tvt intensity of this stress being 
’’ r 

' area of Ai 'J 


P(-J 2 

AH.Vz’ 


. -A- 

d'his result shows that the diagonal Af’ is ^sul/jected to a normal 
pull stress of intensity enual to the given shearing stress. In the 
same way, by consideiuig the portion AHI) (I'lg. 15H), we may show 
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that i 1 k‘ diagonal HI) is siihjcrtud to a noiinal push stiess of inten¬ 
sity also e<jual to tho given shearing stress. * 

• Supi)osing we have a rectangular plate AH('I) (Fig. 159) havjng 
shearing stresses applied to its edges, (aaisider any sipiare [)orli(ai 




having Us edges [>ar.dlel to the sidrs ot the rectangle. W e liave 
already seen that these edges liave eipi.d sheaimg stresses />/ acting 

on them Hence the diagonal 
si-ctions ()l die s'piaie hav<‘ mjiinal 
pull stuss on (f< and normal j>ush 
siiess <}n A/, the intensity ol e.i< h of 
these Ixing/,. U’e ilk lefore inh;r 
that ail) section ol the plat(‘ at 15" 
to an i-dge w ill have noim.d stiess of 
push or pull acting on it of iiUensilv 
e(|ual to the given shearing stress. 

Two sections of a body intersecting at 90', and having purely 
normal stresses acting on tlu.*m, are called principal axes of stress; the 
Stresses aic called pnncipal stresses. 

[For lahoiatoiy e\peiimenls on stress and stiain, see Clia[)ter XIM, 

I'XICKCISI'S ox (\I.\ITKI'! \ I* 

1. A lound rod has to (any a pull of 15 t'ais. i iiul the diameter if 
the safe sticss is 6 tons pei stpiatc iik h. 

2 . A shoil hollow c<tst-iion column is 6 inc^ics m cxlei nal and gi inches 
in iiUeinal diameter. Oaltulate the safe hxul if the stress allowed is 
7 tons per square inch. 

3 . I'lates 05 inch thick aie to be connected by a double^vcted lap 
joint. Find the pr me ipal dimensions of the joint. Take d— i-2\T • ft~ 6 , 

10, m tons pci square inch. Find the cflie icnc> of the joint. 
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4 . An^^^cr Qucsdon 3 fui butt I'nni uilh Iu«i(o\(m- 

stiaps. l-'lif. plalcs aic I null lliuk Allow 175 n\<‘l '*cilu>n'> pci met 
iiiulci shrai 

* 5 . Two platen, cai ii 16 in. Ik s bv o ; in< b (lii. k, .u<- to lx- ( oiiiicf («'(1 
by a butt jonU lia\in.: (wo ro\ci sdaps I lie |oml is lo br uiuln pull 
Take siioss<‘s as yi\en in <,)nes;ion 3, ami (uul (be H'<juin'(l nimiln i of 
ri\i*ls ; UK b in Hiawicn-i^ \\ hat be t!u‘ sab* load l.a (lie joint ^ 

6. A < \ limit K ;ij bnitci slu'il Is ;; }<» t in diaineiei . ilie wdikiUj; 

presi,tiic IS I s<> lb p< I s.|iiaie im b. Il tlie ellK lem \ ol (lie bTiij^iludiiial 
mel< <1 i-ynt is ; , pel < fill . lin<I llie llii< kiu-ss <.( ibr plate l.ti a sal<- siies.s 
ol 5 l(nis p( ( s<|iiaie null. What will br (In siirss on a lonyiliidiiial 
se. (inn o( I be plale al sonn- dr'iam r liom (be [oiiU '' 1 11 id also (be slu'ss 

on a < IK uiiih'iemial se. lion <'l llie plair 

7 . s])l)( 1 n al \ ( s''( 1 , l> 1 < I ( III diaiiH i< I, is sitb|( ( ted to an mieiiial 

_t;aseoiis pie«.siiie ol 1 :o lb pri sijnair in. Ii I tnd the dm kiies-^ o( plate 
K‘(|uiied loi a joini ( til. n m \ of <* p. 1 . riil and a sale sto ss of 1 ’,o<hi lb 
pel stpiaie in< b 

8. A siei I bai, b nil lu s w tdr, i> s null t Im k and y) Iri t Io«n, « at 1 U's a 

jxill of jS lolls I I ltd die < \(t iision 111 b'11)^111 and di«' < out 1 a. lions m 
w iddi .iiui diu kiU'ss w ben iIh.’ load is appbc'd lake b. t si'o tons pel 
btpiaie ;n< b and ;// ] s 

9 . .\ \ < I (n .il sepia I e plal<' of s(< el, b fee I edp(“ and o yt; int It dm k, lias 
slxMliny toK es of .’00 tons ai (iiip aloii;; « .u b c-dpe Suppose lln- lowri 
edx*“ (<> be boii/ont.il and lo b<‘ (i\i<l imidb, wbal \mI 1 be di<' Iioii/oni.il 
nuu einenl of die (oj) rdpe w lu n die load IS a|)plK (1 '' lake* 5 bins 
j)ei sejnaic im b 

10 . A < \ Iitubn foi slot I lip I ompt<-ss» d o\\ pen umb'i a piessiiu- of i '*0 

almospbues IS f( el lonp and ^ imlns diaimun , die dmkness of die 

sleel pkiK of wlmli it is (onsli'sied is im li f ind die aileialions in 
di.iimnei ami lenpdi w In n ibe < } lindei is be nip < b,itp« d, and hem v find 
the ( banp«- in < iilm < apai H_\' of die < \ biidet 1 ake- b. 133)00 ions pen 
bepi.tte iikIi and /// .p 

11 . A loel of biass 3 fe-( I tollp ailel () 5 im li eliallX'lei is t oeeleal fjetin 
\^o’ (•' lo I'" b inel w ii.il foi i c s ai e 1 e epiiKnl in oieh 1 lei pi 1 \ e ni .iny 
( b.tnpe in llu' lenpdi 'lake b. 57'>) tons pei-sepiaic im h ami the 
coefl'n tent of evpaiisieni ■ e^ex>x)i 

12 . A bteel lioiler tube is 15 bn t bmp, 3 im lies inlet nal diaineier and is 

ni.ide of ipetal o ^ im h tim k Siipposinp that bail its natUMi espaiisiem 
fiiii‘ to a i.inpe e)f leiiipt lalnie of 240'' b . is jim' veil led, wbal Ion es will (be 
til lie exeri in die d nee lion e)f ils bmptli '' \\ bat will be tli<- stiess in die 

tulx- ■' •! ,ike IC - 13,500 tons j»e r septate im b and t ejooexxi; 

13 . A tube oW itppvi I 5 im li bene ami 4 feel lonp, of nielal o i im It tlm k, 
lias an internal siecl lod 05 nifli dianielei, liavinp swelled ends (e> ulmli 
the lube IS bia/e<l Suppose diete lo be no self stiessinp al fit s(, w lial w ill be 

he stresses in die < eipper^and in die sleel if liodi ate laiscd in (enipeialni e 
o an extent of lexiM-' ^ lake ]•', 13,500 and K<- 620(Monsp<T sepiaic 

noli : ( ocri'ieieiU ofexp-insfin of slot! -oexjoooy and ofe oppei ooxxxx/j. 

14. A reinforeeti (emrule column lias a square scMion of >5 inrlics 
edpe, and has four reinfoii mnent b«is of steel ! ^ im lies diaiuetei Find 
the safe Toad if die stress in tlie ( oncrete is 5aj lb per sipiaro iix li. How 
much of this load is (ained by (he stceP 'I .ike the lalio of Vounp’s 
moduliib for (be sleel .iml foi the comiete lo be 15. 
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15 . A tie bar )ias a lecian^iilar section 4 inches by r 5 inches, and 
caines a pull of 30 tons l-nul the normal and tanj^cnli.i! .s’res^es on 
'jeciions niabin^ ,inj.;les of o', 30", 45^, 60' and 90" with the axis of the 
bar. I'lot <ur\es showing^ the rel.Uum of the stiesses and anodes 

16 . Draw the stress hj'iire for a rectangular set lion 30 feet by i ftxit ; 
theie IS a noimal pusli stress of 4 tons per square foot at one short edge, 
and the stress varies unifoiinly to a normal pu.>h st.ess of 0-5 ton jier 
squaic foot at the opposite ctlge. What is tlic result.mt force on the 
sec non Show whcie it .lets. 

17 . A ferro-concrelc column is 14 indies scju.irc in cross section ; the 

mam reinforcement consists of four longitudinal 2-m< h diameter round 
steel rods, one rod being placed close to each angle of the cios.s section 
'fhe value of K {Young’s moilulus) for the steel is 29,000,000 lb. per squaie 
in< h .ind for the com rele 3,<X)0,ooo lb. per srpiaie im li. [f a gioss com- 
jiressivc load of 60 tons is supported by this column, u hat is the gross load 
and the compressive stress per square imh in {(i) tlic concrete, (//) the 
reinforcing bais? (It.K) 

18 - A cc'umn which carries a load of 300,000 lb. rests on a foundation 
wliMsc are.i is 10 square feet ; find llie normal .ind t.ingcntial c'omponeiits 
of the stress on a pi.me in tlic foundation, whose inclination to the 
honzonl.al is 15'. Kind also the inclination of the pi.me on winch the 
t.ingcntial stress is a m.ixmmm, .ind calculate this in.ixiimim v.diie. (L.U ) 

19 , The London lUulding Act, I90<;, .allows stiesscs in steel of 5^ tons 

per stjuaie im h in shear and 11 tons per square inch of beat mg area, but 
limils the shearing strength of a rivet in double shear to 175 times that of 
a like iivct m single .shear. Krep.ire a table of rivet strengths, with these 
stiesses, for i-mch iivcts m single and double shear with plates of i inch, 
I inch, S mdi, j mdi and I mcli m thicknes.s. (l.C.E.) 

20 . A cylinder, 8 inches extiMn.iland 4 UKhes internal di.ime'er, has an 
internal lluid picsMiie of 2000 lb. per squ.irc inch. Kind the maximum 
.and minimum hoop tensions. 



CIIAITKR Vn. 
srRK\(;in ok l^KA^^s. 

Some definitions. Beams .ue [)arO ot a sliuclurt-, usually supjKjrled 
hori/(»nlall\, let llic j)uii)')s(.- ofcanMiif^ loads applied iMu-svnsely lo 
tlu ir Icii^'ths riu- l( iin beam or Joist is uiuk isiood ^^iiiei^lly lo ruler 
lo a slriK iiiu- ot nioiifr.itc si/o and <'onsiiuct(‘(l ol one jiiucc of 
material, surh .is the timlier heains or joists used loi supporting 
floois, or rolletl steel heanis also olleii used lor lloias. Reams ol 
larger si/e and consiru<‘led ol seveial [laits secured log<-tlu‘i ate 
(ailed girders. 

Anv beam will bend when loaded, owing to the strains vsliich take 
j)lace in the material. If straight imlially. it vsiil take the shape of 
some Cline; li turved imtiali), it will alter Us ciir\ature. 'I'he theory 
of the strength and sliffiu'ss of beams may be devi-loped Irom the 
lundamental prm< ipk s that (a) the beam as'a whole is m eijuihbrium 
umk-r the aetioii of the- external forces, ulmh term embraces the 
a[>plied loads and the rnu lions of iTic supports , {/') any jiorlion of 
the beam lying hetwceii two sections is in 
e<jmhl)rium under the .u lion of'any external 
forces applied to dial poilion, logethia with 
the slies^es comimiiiKated acioss the sec lions 
from the otiu r parts of the beam. 

Pure, bending oaurs wlicn the following 
conditions ar^* complKu! with, (a) 'I'here 
must l)e no resultant push (fr pull along the 
beam due to the ar lioib<^f the external kjrces , 
tills condition will he realised in the case 
of a horizontal beam (xfrrymg vcrm al loa^ls 
and so supported dial tlie reactions arc 
vertieaW (/») 'I'he external force? must fie aR 
applied in the plane in winch the beam bends. 

, . I I « I • ■ i6o. — Unsymmetrual .sn 

In c(uineclion with the latter condition, it S.) intiiclrii .il 4 in;le '■r* liolis. 


c_ 


(a) 
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may be explained here that it docs not follow necessarily that a 
beam carrying vertical loads will bend m ti \eiliial plane. .Side or 
hori/onlal bending as well as sertieal bending V.1II occui if the beam 
section be not symmetrical about a vertical line passing through the 


¥ K 


[6 '6 'i '•}> 

Kh, 161 -Kx iiii|)li'x of syiitmolnc i1 nmi tins) niuiciiu tI ^f•^ Imtis 

frnlrc of at(“;i of the soclion. l-'or cvuiiph', the section shown 
in log. iho(^/) IS not syninicliieal alxxil ihc vcrtic.il ai\ an<i lunee 
piiic heiuling <.inn<jl occur with viitnal lo.uls. If the angle be 
sitiiatt'd as in h'lg. iho(/'), syminetiy about ni' is seuned, .md pure 
bending will occni, ;.c. the beam when load(‘d v(“rtically will bend in 
j (he \ejlica! plane, of which a/' 

A _B tiace logs. i6i {a), {!') 

^. j. and (c) show oilier e\ani[)i{‘S oi 

Q _Q syminetrual se( lions. An iin- 

'p (a) qI symmetrical bulb angle and Z 

liar are shown in Figs. i6i (</) 

^ Iw B ihone 

—-—1- \p will l)e considered. 

—f' Nature of the stresses in a 

beam. In piactice, the piobtem 
which has to lie soKed first is 
^ generally that of finding the re- 

A . W B actions of the supports for given 

j-1 T77S loading In simple case.s of pure 

' *_ ^-^0 hending, in which the beam rests 

fP ~(c) on two snp[)orls, l^ut is not fixed, 

Fi<.. i6j —i,oii'.:iiii'ititii i<iiMoit uiiticolll|)re^^ioll tlic .soliitKJi) iiiay 1)0 obtained by 
Ilia loatitd duam mcth' (Is givcii ill Cliaps. III. 

and IV. We now jiroceed to examine the stiesscs in the mateiial of 
a loaded l)eam. 'Fhe nature of these may be vinderstood by considera¬ 
tion of the beam shown in Fig. 162 (a), which carries a single load W, 
and is supported at it.s ends. Supposing a number of saw ci..s to be 
made in the lower [)ortion of the beam (Fig. 162 (/')), it is evident tliat 
these will tend to open out on the beam being loaded. Had the saw 
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cuts been ^uatk* in tiie upper portion 162 (0), it is < Icai that these 
wouhl tend to J(»se on lo.idini; th<‘ beam. \\(^are tlKiefore jiistilied 
iiY ('(UK liidini; th.it lon^ilndin.il fibres situated in the lower poition’ 
of tins bt'ain are under pull, while 
t!iV'’^“ binii iii^the ii|yHi portion ari' 
under push. , 

A^Min. It w ill T>r' e\ 1<1» lit ih.il it a 
\ertii .d ( [H>n\\ I'* i)e (.ik( n (!■ il; i (> ^), 
then' IS .1 len(ki*« \ toi the k H-hand 
poilion to slide ujiwaids and tni the 

ii^ht h^nd pniiKui to slide dowiiw.lids, 

indi( alni^ th.it llieie imist be slic.u siiesses ai line on (lie sei lion. 

Bending moment and shearing force. I.d the iKain sliown in 
I'li^ lO-t (<r) be (lit al any se* lion A If and < oiisuki llu'juoblein of 
n.'sloMlion to (.'(juilibimill ol die lett hand poition (log 16 t (/'))• Ji' 
general, tlu' external torees will not be in (<|uilibnum unaided, hence 
stresses will Ix' reipiiKsl at die se( lion All. \\h.ite\ei may be tlic 
magnitudes and diKs lions ot these stresses, ilu y in.iy lie lesobed into 
eoinponciUs along .ind pi'ija'iida iil.ir to All, and their lesullant 
tones X, .111(1 S substituted foi the 
a( nial sirtsscs. 'I'he pioblem may 
now be sol\ed by a|)pli(alion of the 
e'lu.ilions (p 6 j). denoting hoti/ontal 
and \eili(al Ion es by the sultixes x 
and r n spet ii\( ly 

^1’.-- O, . . . , (l) 

i'lV'O. .(-0 

+ .(, 5 ) 

Since there are no forces other than 
X .ind V .'Kting along the b(am, U 
follows from e(|ualion (i) that these are 
e(|ii,d, .111(1 hence they form a couple. 

Kquation (2) shows lliat the algebrau sum of the forces parallel to 
AH must ])e zero, and Uik e S must be e(|ual to the algebraic sum of 
the external Tones applied l(j the portion of the lieam under con¬ 
sideration. S IS called file shearing force, ^and will produce shear 
Stress distributed m some ni.inner over tlie see lion AH. 

'I'he ^'leaning of e(]uati((n (^) may lie •ascertained by taking 
moments about any axis 111 the sia.tioii AH. tlu* axis being perpendi¬ 
cular to the plane of bending and indu ated byOm Fig. i64(/>). The 
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second term clearly refers to the resultant motiu'nt of the external 
forees applied to ihe"portion of the beam considered (notu'c b has 
no moment about this axis); the first term refers to the moment fif 
the couple j>ro(Iu(:e<l by the e<|ual forces X and V. 'fhe ecjuation 
shows that these moments must beeipial. 'I'he resuUatU moment of 
the external forces is termed the bending: moment, and the moment of 
the couj)l» is termcal the moment of resistance. 

lajuation {3) may tints he read : , 

Rending moment at AH moment nl resisiance at AH. 

It will be evident, sitice the forces X, V and S are communicated 
as stn^sses from the ri^ht-hand portion to the lelt hand portiop of the 
beam, and heiu'c are mutual intera<’tions, that tlieir values would be 
unaltered had the calculation been jxTformed by (onsulering the 
righl-haiub.[)orli()n of the beam instead of the left-hand jiortion. 
Hence the hendm^f moment and shearing force at any sedion may 
he calculated from the loads and reactions applied to either portion of 
the beam. If the calculations be made for both portions the results 
should agree, thus affording a check on the accuracy (;f the work. 

Rules for bending moment and shearing force. 'I he Ixaulmg 
moment at any section of a beam means the tendency to rotate either 
portion of the beam about that section, and is calculated hy taking 


U—r--J 

t (b) 

Kit.. 16s -Positive .tnd neg.ihvc bending. 
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1—' 
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(a) 1 


F=^ 

^ lb) ^ 

Km. 166 --Posiine and iiegitne ilie.ar. 


the algebraic sum of the moments about the section of all the foiccs 
acting either on one or other poition of the beam, . 

'I'hc shearing force at any section of a beam means the tendency 
of one ]x>rtiim of the beam to slide bn the other portion, and is 
calculated by taking the algebraic sum a'i all the forces acting 
either on one or other portion of the beam, 

It is usual to call beniling moments posiniye when tbe tendency is 
to cause the beam to become convex downwards, as in Fig. 165 (a). 
Fig. 165 O shows a c.’lse of negafive bending moment, diihearing 
forces are denoted as positive if the tendency to slide is that shown 
in Fig. i66(rt), and negative if that in Fig. i66(/'). 
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Bending-moment and shearingiforce diagrams. Sn. l, dDennis 

•irc „ U;j, re.|Uir,.d (hr of ,„„1 j.,,,!,', |,rohlr,„s m„l 

ami shranng foirrs at a sarta-irm luimi.rr ol sr< laa.s ol ,hr ..ivrn 
l>oa,n, A hon/oatal <lat„„, line is rhos,,, ol lr„all, lo vah' lo 
MHcscnt (la; lviglh.of ihr I,gain ; (he ral, ulatal \alugs aig dim sgl 


I f(>n pfr toot length 




off as ordinates, above or b« 4 ou- ihe datum line according as 1IU7 arc- 
positive or ne[;ative. ^'I’he ends of tlie ordinates being joined l)y 
straight lines, ora curve depending on the cin umstanres, the result 
gives complete represenvaiions of the bending moments and shearing 
forces throughout the Ream. 

Exampi.K. a beam of 20*feet s*pan is supposed at its ends and carries 
a uniformly distributed load of i ton per foot Icngtli (Fig. 167 in}). iJraw 
Ixjndiijg-moment and shcarmg-force diagrams. 
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To do this, first calculate the IjenEng moments and shearing forces at 
sections 2 feet apart throughout the length of the beam. The reaction of 
each support will be lo tons. Sample calculations arc given below for lb? 
section 6 feet from the left-hand sup|>oit, together with a complete table 
of the results from which the diagrams in i'lg. 167 (/) and (r/) liave been 
plotted. As the loading is rontinuoiis, it is evident tliat both the bending 
moment and sheaimg force vary continuously; Ikucc .jc/tlier diagrarr. 
shows any Ineak or Midden ihangc m diiedion. 

Eor section 6 (Kig. iby (/>)), 

Hcmling moment --(lox 6)-(6 x j) 

. - f)0 - nS 

• -42 ton feet, positive. 

SluMiing foM e -- 10 -6 

4 Ions, positive 



I )jagMins ()l bending inonK'iU and slu'.iiing fon c lor foiii iinpoitaiU 
cases aic given in Fig. 168. 'I'liese c.ises aie of constant odurrence 
in pr.ictice, and should he worked out independently by l!ie student. 

Shearing force at a concentrated load. Any diilK ulty uIik h may 
0('(iir in dealing witli die sheaiing force at a eoneentraleil load will 
disappear if it is remembered that iheie is never any lase of 
a load being eoncenlr.iti'd on a geometneal point, or line. Thi.s 
arises irorn llic fact that such would pioduce an infinitciy great stress, 
the area being zero. All loads ate distributed really over a small 
portion of the lengtii ot tfio beam. In Fig 169 (<7), a load W is 
shown resting on a beam, and it may b^ coiuenient for some pur¬ 
poses, sucii as the caliailation of the n'ai turns, to speak of it as 
concentrated at its centre of gravity C ; actually it is distiihuted over 
a shoit length Dlv of the beam. ’I'he sheading force at any section 
lying between A and D vmH be poMtivc and e»iua! to 1 *; for any 
section between B and Jv the shear.ng force will be negati.^p and 
equal to (^). For sections lying between D and Iv, the shearing force 
will be +V at 1 >, and uill gradually dimmish to zero, then will 
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We infer Irom this result, that’the section of /cero shear divides the 
^VV load into segments \thjch are 

or^’^E B Ifoportional to the 

' * --1 segments into wliich the centre 

- - _i-|_L- of gravity of the load divides 

■ P : I ' the beam- 'The •shearing-force 

i I • diagram for this case is shown 

Shearing Forets V * in Kig. 169 {/’))■ 

——-- —; '~| In solving problems of this 

\ ! character, it is usually suificient 

\ t to stale the sheaiing forces on 

V each side of the load gr/en 

Fi(. ifV;. —Shearing torcft at a loa<t. ,,, «,-lUrated. 

Lx.\MlM,i;^.,,,Pr;i^y the bciuling-momcnt and slicaring-force diagrams 
Idranc beam shown Fig. 170(a). 

2 torn 1 S tons i 

_I 1-5 (ons per foot j 


Fi(. —Shearing force at a loa<t. 


T 9-1SS tons 
20 i Ton-ft 


Q*23 67fi>nj 


\ Bending Moments 

\ 

“6 8 \ lb 12 i^ryte 


Shearing Forces 




BI'.NIMNC MOMICNIS AND SMBAKII^r, i;S i,)0 

Sections 2'fcct intcr\a}s luue been (lioscn, ami the < alcuiations liave 
l>cen made*in each case by consiilciinj’ the lefi-h.nifi poition. Cloc kwise 
inomenls ha\c been considered as posiluc and ami ( !»m k\Mse as negative, • 
lluis K''‘r'K piof»ci si^n for tlie leMih.s of the bendiiiK'inonient <aku- 
ialions. hon es at lin^ upn.uds )ia\e Ix'cn taken as posiiixe .uid (hnsn- 
waifl forces as Hej^atnet tlie piopei M^n foi the sluannj; fouc 

results. Theaahai^itions aie ^tven in the table, and the diaj^iaiiis ha\e 
been plotted lioin tlx' icMills as shoun in !• i7o(/') and ^). Two 

results arc j^oen foi the sheaiiu}.! ftate at the 6 leel and the 12 feet 
sections; the firsttis that iimm'diandy to the left of the section, tlte 
second is that jUsl to the ri;.;ht of the set turn. The sheaiin*|.; loite at 
16 feet fioin I’ is iliat inunedi.iti'l) to the led of the 5-ion load. 


HicNniNc. Momknts \ni> Sjiiarinc. 1o>k<i-s iok a LomU'U IIi nm. 
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GrapUical methods of obtaining the bending-moment diagram In 

Fig. 171 (a) IS shown a bcain carrying two loads W, and \V„, 'I’he 
reactions of the suppoiis 1* and () have been deti-rinineil by means 
of the hycu polygon shown ni Fig. 171 (/d, and the link pol)'gon, 
Fig. 171 (c), as has been explained on p. 70. It will happen usually 
that llw* closing link (i/‘ of the link polyg<m is not horizontal, and it is 
convenient for^our present purpose that it should be so. do obtain 
this result, tfie pole O of thc^force pohgon in Mg. 171 (A) Im.s been 
moved vertically to O' i«t the horizontal line tlirough A. A new link 
polygon {Fig. 171 fz/)) is then drawn, having its side's parallel to the 
dotted lines radiating fronK)' in Fig. 171 (/'); q'/>' will now be horizontal. 

d’hc triangles a'ed’ and O'AU are similar; hence 

* 

de ‘ O'A 

z/VxO'A-ABxTc.(i) 


or 
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Now Ali n'prescnls the reaction P , hence A]l x a'e renresents the 
moment of P al)oui the section at \Vj, i.e. re])r('scnts the bciuhng 
moment at W,. 'I hcrefore the ordinate ^/Vof the link polygon, wiien 
multiplied by the hon/.onlal polar distance O’A, gives the bending 
moment at \Vj 

In the same way. from the similar triangles c'/h' and l')A()' we may 
show th;U c'f x O'A repo'seiits tin- bending momenPat 'I'la refore, 
tiu! link polygon a'd'i'h' is the bending-moment diagiam lor the 
whole beam. 

'To obtain the scale of the diagram, it will be noted that lugh d'e 
and AP in (1) abova* should be measiin-d to the si ale of lone used 
m drawing the ioice diagram, I'lg. 171 (/d- also, both itV and O'A 



should be measuied to the scab' of length used in <lraw ing the beam 
in Fig. 171 (a). Let these scales bo / ton.s [)er ineh height ol DH in 
Fig 171 {/') and / loot per iiu h length in Fig. 171 (a). 'I'hen, il any 
ordinate v of I'lg. 171 (V) be measured in inches, and if O'A be 
nus'isuied also in iiK'he.s, the bending moment at the scelion ot the 
beam \eitualiy alx)\e_v will be given by 

O'A ./-/ton feet. ^ .(2) 

Another useful giaphieal method of obtaining the bending moment 
diagr.im is illustrated m Figs. 172 (tz) and A base line OA is 

selected of length eipial to that of the beam. Choosing a con\enient 
scale of moments, Ai> is set off eijual to IX.. and is di\ided at \i by 
setting off lilO eipial to ^Vgz,. 'I'he remaiialer IC\ of JLV will 
evidently be eijual to A /z,, as is sftown by the eijuation of fiomenls 
about the right hand su[iport, vi/.: 

PL--\\Vb + \\>j 


...(I) 




IiI-:N4)IN(; MOMFNTS AND SlllCAKING I'oHCl-S 


Join OB cnttiiif,' the vcrliral Ihroiiuli WJ in ( ', join Cl'i riiinng U , 
prodiw'cMn I'', join I’'A. 'I'licn OCFA is iiii- l«nilinf; iiionient 
diagram lor llio coiniilotL’ luaiii 



lia'c A|> 

OA 1,’ 

All 

oa ''" 

Now A li - I'X I. and () \ I., In me 

.''i i''p 

lluit is, r, represents tlie moment of I* about the section of t!ie l)eani 
vertically <>\er Vj : lum e ()(d) is the bendini; moment diaf^ram lor 
the porty)!! of the b(-ani 1 )iii.l," fjetween V and W, In die same way, 
it may be sho\yi liiat r, represents the moment of W, about tiu* 
section vertieally over i ; r„ represents the moment of P about llu.- 
same section, and has tin*opposite si|;n to (hat of \\\ , hence -- r,) 
is the bendiiyi; moment for this se<‘tion. Sinrilarly (y^ - - r,,) is the 

•bendin^^ nuimeiit for the section vertically (jver i., 

In applying either ol* these ^raphiiai metliods to the case of 
clistiibut(^l loads, these loads ma\^ be cut iip*mto portions of short 
len^nh and the weight of eac h (on< enlralc'd at its (cntre of gravity, 
rhe result will give a nearly equivalent S)stem of concentrated loads. 
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M4TKRIALS AND STRUnURKS 

Bending of a beam. Suppose wc lia\c a beam coiisisilng of a 
numl)er of |)laiiks of ec|ual lengths laid one on the other, and sup- 
[torted at the ends. A load W, applied at the eentre of the span,-will 
cause all the planks to bend in a similar fashion, and, as their lengths 
will remain etiual, the [ilanks will overlap at the ends as shown 
(Fig. 173 {<>)). Strapping the planks firmly together will prevent this 




Flc;. —Plank beam. Fk;. i 7 i(/'). —Strapped plank bvim. 

occurring, and t!ie l)cam will now bend as a \\liole, ihe ends of the 
jtlanks remaining in one plane (Fig. 173 (/•))• The upper planks have 
become shorter and the lower planks longer; hence, one intermediate 
plank will be unaltered in length. Assuming the middle plank lo 
remain the same length as at first, it is c le.ir that all planks above 
the middle must have become shortiT, and all below ihv. middle, 
longer than at first. It will also be evident that the change of 
length, and eonsc(juently the longitudinal strain, of any plank will 
depend on its distance above or below the middle, being greater as 
the distance is increased. 

For ordinal y practical beams, it is assumed that no section is 

warped when loads are a[)phed ; thus tiansverse sections which were 

plane in the unloaded beam remain plane when the loads are applied. 

\\’hilc this assumjHion is justified on appeal to expeiiment, it must be 

noted that it is no longer true if the 

beam h.is been loaded excessnely 

so that the elastic limit of the 
A 

material has been exceeded. 

Some important definitions. In 
Fig. 174 i.s shown a portion of an 
unloaded beam. W'e have seen already that thi,'re will be one 
longitudinal section which will not siUfer change of length when the 
beam is loaded; let NL represent this section, which is called the 
neutral lamina. Any plane transverse section, .such as Al! or CD, 
will intersect the neutral lamina in a straight Imc, which is shown by ‘ 

NA in the cross .section; this line is called the neutral axis of the » . 
section. '• ' „ 

Longitudinal strains. In I'ig. 175 (u) is shown a portion of a bent 
beam. Two adjacent and oiiginally parallel sections AB end CD 







STRAINS ANH SI'KICSSPS IN BFA\I^' ' 

have lieen altered in position liy the Irendin}^ to A H' and C'l)'. nb 
is an>»lon 5 itudinal libre parallel to the neutral ♦ainina Nl„and has 
I>e0ii changed in Icngih from ab to a'b\ the ( hange being one of • 
shortening if ah lies on the ('oneave suU; (>f NLand ol extension if 
ab l^es on the convex side. The a<'tual ( hange ol length is made iij) 
of the two |)i<‘ces aa' and bb\ It is clear horn the geometry of the 



Fit;. 175 - -.tiains .m<l str<-SM< m Iw.uii. 


figure that the combined length of these pieces will be proportional 

to the distanre of nb lioiii Nl.; thus 

■ (AA' ICC) Ivr: MA. 

The strain of iib will be gneii by 

. , (in' + bb’ 

Strain ol nb , ■ 

db 


Also, 


Strain of At' 


AA' + CC 
AC 


Now all fibres lying between AH and Cl) were originidly of eipiid 
lengths, vi/,. ICF, benee their stniiiis are proiiorlional .simply lo their 
changes in length, and heme to the dist.inees of the fibres from Nb. 
We may therefore write, taking v and m to be the distances respec¬ 
tively of ab and AC from Nl,: 

Strain of ab . strain of At Cl" )«, 


or 


strain of any fibre 
distance of libre from Nl, 


- a constant. 


Longitudinal stresses. Changes of length of any fibre must have 
been brought about by longitsdinal stresses of push or pull, depend¬ 
ing upon whether shortcjiing or extension has been produced. Thus 
(17/ in Fig. I75(«) must be under longitudinal |)ush . any fibre lying 
on the convex side of Nl,will be under longitudinal pull. Assuming 
the elastic limit not to be exceeded, these stresses will be proportional 
to the 5Jrains. Hence, from what has been said above regarding 
the .strains, tire longitudinal s'm.ss on any fibre will be pro|)ortional 
to its 4 istance from NL. 
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MATERfAtS AND STRUCTURES 


Let /=-longitudinal stress on A'('.' (Fig. 175, 

/ ,, «'//. 

Then ‘ 

/ P 

or - --a constant. 

m y 

The student will observe that fibres under longitudinal push stress 
not only'shorten, but also expand lateially, while th.»se under pull 
stress contract latiTally. 'I’lie ordinary theory of beams assuines tliat 
such latejal (.h.uiges take plaia* freely, the jiistiiicalion being that 
calculations based on the or<linary theory agree 
very closely with expeiimental lesulls 'I’l'e effect 
ol the lateral changes on tin; sedion of a beam bent 
convex downwaids will be undeistood by lelenaicc 
to Fig. 176, in which the lateral contnu tions of the 
lower fibies and the laleial expansions of those 
Fi<;. 176-Anhdasde above tlu! fieutral lamina have the effei t sliown of 

111 

causing the cross section a[)[)aicnlly to be bent 
conviix u[)wai(ls, /.c. in the opposite sense to that of the length of the 
beam. 'The transverse curvature is called anUclastic, and may be 
obsiuved very well if a rublxT beam be ex[)erimented U[)on. 'I’he 
interference of anticlastie bending with the ordinary llu'ory of beams 
will be most marked with a very broad beam of little (le[»th, a strip of 
clock S[)ring, for (‘xample. 

Moment of resistance. Knowing the nature of the distiibuiion of 
the stresses over the cross section, we may now pn^ceed to find an 



A ./ 



(a) B 





(b) 


Fig. 177.-M»mcn( of ^eM^t.^nce of a beam. ( 


expression for tlie moim;nt of resislancc. Rofcrrlng to Fig. 177, 
sliowing a part side elevation and seetion o'f a loarled lieani under 
pure bending, let a be the cross-sectional area of any fibre. 

Stress on n = p. 


Now 


p :f - -y ; m ; 

■■■ P--J- ■■ 


e) 







MOMFCNTS OF RFSISTANCF 


Kou'o oiifi - A; ■ fa 
‘ m' 


'I'ht; force on any oihcr rii)u woulil he ohuiincil in a sijnilar 
manner, ami, as these forcis will he hoih push and pul! wluai taken 
o\(*r the whole* sieiion, wi' m ly obtain the ri-suitant foiee l)y 
summing al .'ebuAcallv 1 luis ■ • 

• Resultant Iniee im section - ^ r/r 


'i'h<^ laciur I'f/r simply imans the moment o| area o| the whol(‘ 
sistion about N.\, and. as in puu- b< nding tin le is no resultant 
foKC along iIk' lengih ol tlie b. am, we may equate t quahon 

to/eio. Now ^ will nol be/eio , hence 
m 

'^ay o.(0 

'I'iiis laltd result < .in only be true j)ro\ide<l N.'., the a\is about 
which moments ol .uea .in- to be taken, p.isses thiongh the (cnlre 
of area ol the section and is peipendi< ular to the pi.me ol bending. 
Hence, we h.ne a sir pie lule lor llu; position ol lee neutial axis of 
any section. 'I'he uu thods ol finding the centres (4 g.'\.'y ‘'thin 
sheets, disdis'-ed in ('haptei III., ma\ be applied. 

Again, l.ikmg moments about N.\, and using equation (2) lor the 
foice on a, we h.ue 

Monienl of the fotec on a ay x )' 


A similar expression would gi\<‘ llu* nionx nt ol the foicc on any 
other fibre, and it will he noticed that all such moments will liave the 
same sign indejiendent ol that of r, as the i' h.is been squaied in each 
case. 1'lie total momi nt may be obi.lined by summation, thus : 

* ' • f ' > 

'I’otal moment of n'sislanci- ' -Vm ".(t>) 

In this ri'sult, wn- may be lenix'd tlie second moment of area ol the 
section, thus dislingmshiutf it fnuii the first moment, whic h would be 
-Vrr. d'h(“ name moment*of inertia is a[)plic-d more commonly to -</i -. 
arising on account of its smiilarjty Ic) the e^piession used in cal¬ 
culating tiu; moment of inertia ol a thin plate. 


D.M. 
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’I'lie monieiils of inertia of niaiiv simple sections may l)c calculated 
easily by application of the methods of the integral calculus. Rolled 
sections are dealt with more easily by a graphical jtrocess, wi.icb will 
be evplainetl later. Writing for the moment of inertia of the 
section with leference to the neutral axis, and making use of what has 
been said on |>. i i), we hate 

I 

Hciuling monu'iit - moment of resistance, 

'''■ . 

'I’his expn.’ssion may l)e applied hy first calculatini; tlie liendmg 
moment at the i;iven set lion of the beam. It is use ful to choose m 
ts the greatest ordinate of the section, using NA as a daturji line, 
when/ which is the stress on the fibre at a distame m from NA, will 
he the maximum value of the stress on the section. An e\am[ile will 
render the metliod clear. 

K\.\Mri,K. A beam of 12-fcei span (.lines <i uiiifoiinly disiiibutcd 
load of o 5 ton per fool iiin, logethei 
with a lo.id of 2 Ions at 3 feet fioin 
one end iFig 178). (h\cn that the 
moineiu of mcilia of the ici.ian^iulai 
section IS 180 in inch uniis, lind the 
gicatest stress on tlie sc( lam at the 
V/ ,73. middle of the sp.m, winch is 10 inches 

(hep. 

'Fo find the leactions, t.ike moments about 11 i I'lg 178): 

'I'otal dislMljute(.l load =6 Ions. 

P X 12 - (6 X 6) -f-i'2 X 9)- 54, 

1 '- J'! 4-5 tuns. 

As a clieck, take moments alioiit A . 

X 12 ^(6 X (".) + (: X 3W42, 

12'^'^ 

I*hQ'-- 4-5 + 3-5 

- 8 tons - total lo.ad- 

Now find the bending moment at C, lli^is 

iMf '--(P X 6} - (2 X 3') - (3 X 3) 

^27-6-9 

12 ton-feet 
^ 144 ton-inches. 

Mc'-tQ X 6) -{3x3) 

= 21 -9 

--12 ton-feet, as before. 



Or 




MODri.I (H- HKAM SigTlONS 


Again, taking w = 5 in* hc^, uc lia\c 


144 - , • 180, 


, > X 144 

I So 

4 ions pei squaie inch. 


In solving bctni j)rol)lctns it is advisable to lake all dnnensions for 
bending moments and resisimg moinenis m in< lies. 

Modulus of a beam sectiou. I'he modulus ol a beam section 
mav t>e dotined as tlu' <|uaiuit) b\ whiih the sitess intensity at unit 
disi.im e iVoin the nenltal axis niusl be iiuiltipliid in older to give 
the moment of lesistam e ol the st i tion. Taking the ei|ualion, 

A * 

Monu nl ol lesislanee ^ ‘ 


lei 1’ be uiiitN, and let /j be die stirss 1 oricspondmg to this value of i*. 
1 Monu nl of lesisUnu'e /jU a 

/./■P 

wheie /| IS a modulus of the sia lion. 

Anothei modulus may be obtained hy making use of the maximum 
Stress foiiii of the equ.ilion lot the strength of .1 beam, \i/. 

Moment of resistance 


. 

wlu.ie 7 , is the modulus of the section, and is loiind from 

y Isa 
m 

'The litter Is th(‘ iiiort; iiselul foim of modulus in piadiee; its 
value^difh IS luimeii'ally Iroui that ol It will be noted that only 
sections v\hi#h an; symmelinal al)(»ve and below llut neutral axis 
will have e([ual values of m and / lor tension and compression. 
Such sections have oifv? value.* only lor the modulus, all others having 
two values, one c orrc'sjionding to tlie maximum tensile stress, the 
other to the maximum,?*ompression stress.. 

Let ft - maximum tensile stress, 

Wf - distanc e t»f ft from the neutral axis, 
/.-maximum compressive stress, 

distanc e of / from iht neutral axis. 
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Then, since ihe bending moment M at any section etitials the 
moment of resistance at that section, we may write ' 

where Zf-I.-x/t'd d the tension modulus. 


Also, 


In 

nic 


where is the compression modulus. 

These lesulls may he written 

// 

/ 

Z ’ 


from which it may be inferred that the given safe stresses in tension 
and compression respectively must not be exceeded by the tallies 
obtaiiieil by dividing the bending moment at any section by the 
tension or coniiiression modulus of the section. 

Graphical method of finding the neutral axis and moment of 
inertia of a section. Advantage is taken of the faet that the neutral 

axis jiasses Ihrougli the 
centre of area of the sec¬ 
tion. To illustrate the 
method, refereiK e is made 
to Fig. iji), 111 which is 
gi\eii an IIregular figure, 
and It is rc<iuiied to diaw 
a line through the centre 
ol area paiallel to 0.\, 
and also to fiiul the 
1 moment ol inertia of the 
X figure about OX. 

Fig. 179—titaehicai ineihoUoftiiijing iiie iicuit.ii .i\n anil 1 )raw' ally Convenient 

iiiomciit uf iiufTtia. . >• i, » 

ji.'is ()^ jKrpcndH'ular to 
' ox, and take any nanow slnp tf/' parallel to OX. Let the breadth 
1 ')f (i/> be and let v be the dustance.of from O.X. I he area of 
lie strii) will be (dA. Sr) and its moment of area about OX will be 

Moment of area of strip -u/'. 2 )-. r. (i) 







ixisniox OK TIIK M;rTJ(AI, axis 


M<l 


Draw (■(/ paralU'l l<i OX the on tlu' fipirc ; 

^draw iw and hf |iar.dl>'l ui ()\' and join and i/O, cnttin); a/’in e 
• and/ropi'i tivoly. Then, from simdar tnanjjles, wo have 


,d 

•J 

„/> 

ft 

ah 

Substiluliiyy in (I) ijives 

Moment of are.i ol sinp 


y 

U 




n 

1' 


</ nr V 


.(^) 


'/• O'. II.(,j) 

# 

Now ((■/ 8v) is the area ol llu- slri|) (/. hrn< r, if ilu“ wliole section 
Were cut into slrijis sui h .is <r/', ami the (onstimtion tc|)eatcil for 
each stii|i, the total mona nt of ana would he j^ueii liy the .sum of 
the areas ot the redm ed stiijis sm h as </ imiltiplicil hy the constant 
fa< lot 11. In piaciK e, a lew breadths only are taken; tin- reduced 
breadth foi each is found b\ application of the ,d)o\e <onsirmtion, 
and a lair <ur\e is draun thiouj^h the ends 1 he an-a im losed by 
this cur\e when multiplied by II will gi\»; the moment ol are.i about 
OX of the ^iven fij^iire No\s the moment of area may also be 
found by lakini^ tlie prodm t of the are.i ol tin- f;i\en li};ure .ind the 
distance of its centre of are.i fiom OX. 

bet .\, - the area of the ^i\en figure, in siju.in' im la s 

■ the .area of the redu< ed iiKHtc, in s<|iiaie in< lies, 
v -die disiame of the I'entn* of an-a from OX, in inc hes. 

H • the height of the ligure, in mehes. 


Then A,.r-A,,H, 

.. (4) 

Fig. I Ho •,h()W ‘^ the appli¬ 
cation of this method to a T 
section. 'The area .V, of the 
section and the shaded area 
A, of the reducc'd figijn: were 
found 1))' use ol a pl.inimeter. 
'I'he neutral axis NA is drawn* 
parallel to O.X and at a dis¬ 
tance )■ from It. 


Y 



V K. 10.x - Nculr.il axii of a T section. 
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Referring again to Fig. 179, drawV:,’ and fh parallel to OV, and join 
jfO and /;(), entting ir/o in m and n respectively, 'riien," fioin 
siniWar triangle.s: ^r/, ] j 

mn y ’ 
ef \\ 

or . - , ' . 

mn V 

' • /- ” ■ / \ 

■ • '/ .(5) 

Now, front die dennition, 

Ii,\ of strip nh aic.i of slii|)xy- 


ah . rtr . r- 



rtv . r- 


(fioiii (r), p 


> 49 ) 


^-ll.c/. 4 r.y 

11 > , > 

li . mn . ^ . ')r )■ (limn (5) aiMUf) 

- mn or 11" (6) 


Again, (/////. or) is ihn aioa of t!u“ .strip /////, hence the total inomrnt 
of inertia may lx* obtained hy multiplying the sum <if tiu' ;ueas of .dl 

such sirips hy the eon'a.nU 
factor 11- ( hoose a mimher 

of Stops and rej)eal the lon- 
simetion on (M< h, thus fiiulmg 
a mimher of points sm'li as 
m and n. I traw a fair cur\c 
tlirougli them, when its area 
Ap imiltii)lied l)y I 1 -, willguo 
the total moment of inertia. 

'I'hc moment of inertia of 
the same T section is worked 
out m I'lg. 181. Greater 
accuracy is secured hy using the ncutial axis instead of OX in 
Fig. 180, thus producing two reduced figures, one fo» the original 
area above NA and another for that bel<h\ NA. 

Let 

A3'-shaded area of reduced figuie alxne NA, in scpiare inches. 
A3" shaded area of re(luced figure helow NA, in s()uare irndies. 

Hj ^height above NA, in iiu hes. 

H.j = height below NA. in inches *' 

'rhen, 

Total moment of inertia about NA A^'H-j + Aj"!!-,. ...^...(7) 



FIG. 181.— MoniPiit of iiiei tia .aboiil N.\ of a T section 
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Radius of gyration. The radius of gyration of a section may he 
defined thu.s : I,et k he such a (juantity tliat the [troduct of the area A 
of the .section and k- is eiitial to the moment of inertia of the section 
with reference to a given axis ; thus : 

I = A/-'. 


Then k is called the radius of gyration of the section with refe ence 
to the stated axis. T'he s(|iiare of its value may Ix' found m any given 
ca.se by first ascertaining the moment of inertia and then dividing hy 
the area of the section. There are many cases uhcre the use of k in 
preference to I is ad\antageoiis in the working of problems. 

Some commonly occuriing sections and their properties are giren 
in the Table, p 151. No fillets or tapers have been taken into aci ount 
in the tabulated results, which will therefore be of service in obtaining 
approximate solutions only in the case of ordin.iry practical sections. 

A rule, by use of which may be calculated the moment ol inertia 
about an axis OX parallel to another axis (..\ [tassing through the 
centre of area, is expressed in the ecjuation 

I,>,-.I« + Ac/^, 


where A is the .trea of the section and d is the distance between the 
parallel axes. 

Proportional laws for the strength of beams. .Sup|)ose we h.txe 
two beams of rectangular sections, both supported at the ends and 
car'-ying central loads, but of differing dimensions, the following 
ecluations will hold for the sections ;it the nncUlle of the spttn : 

= ^ I ...A.. 

4 /«, ' .'c/| 1C 6 ’ 


M,. 


w ?/M- 

‘ r 1 


In the same way. 


I lenco 


\V,= 

iv,' 


3 

2 fA JJ 

'3 ’^7" 

If the beams are made of the same materi..!, the safe stress/j will 
be equal toand we may write 

W, T., 

\V ]" Ac/,t 7 

Measuring the strengths of the bc'ams by the central loads which they 
can carry safely, wc may state this result as follows ; The strengths of 



BEAMS OE I Si:CTK)N 


'St 

V'anis of roctaiigular sections and of the same material ate pioiVir- 
* tional to their breadtlis, to the siniaies of their dipths, and are 
inverse!)' [>io[)ortional to their lengths 
• I’roixirtional laws for beams of other sei lions may be obtained in 
a similar manner. 'I'htis the strengths ol solid iiieiflar sections 
are proiiortidnal to the cubes ol tiu' diameters, and aie noiisely 
proiKirlional to the lengths. 

Approximate calculation for beams of I section. 'I'he follonmn 
simple method is often used and has sufficient acciiMcy (or many 


pracliT'al [mrposes. hif) i.S.‘ 
shows the section and part 
side elcralion of a lolled 
beam of I section. 'the 
approMinate moment of re¬ 
sist,mex' is olitamed b\ ion 
sidenny' the nia\innim stress 
intensity / due to bendiny' 
to be distiibiited unilormly 
ove-r the (l.niees only, the 



web beiny neglected (.'xceptiny lor its usislance to she .irin|.t I he 


width of eac h fltinye bemp h and the tlilclsiiess /, the tot.il stiess I' 


on eac h tlanye will be obt.cined by taking the piodin t ol / and the 


llange area. 

'I'luis: V- f/'t. 


Assuming eac h force 1 ' to at t as though c ontx ntrati d at the c eiilie 
of aiea of the llange (I'ig. iKr (/')), and dial the distant e lx tween the 
centres is ,/, the moment of the couple formed by I’, l>, will gne the 
moment of resistance. Thus ■ 

Moment of resistance I’t/ 

- //'/"'• 

This method'may be used with fair results lor rolled sections, and is 
u.sed more extensively for built up girders. To obl.iin the area of 
flange required at any'Tction in sm h girders, the bending moment 
at the section is first calculated. Let this be M , then 
M = fl'ld 

= //x area of flange ; 

M 

.'. area of flange - 

In orfler to secure the most economical results in built-up girders, 
f shouU' be constant throughout the girder. I his result may be 
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obfciiiicd hy ciihur of two methods; {<i) d may be made proporliono’ 
to M, in whuh (ase the area of the flange will be tinifurm tliroiighout 
the length ; (/') d may be constant and also the breadth b of the 
flanges; in this case the thickness of the flariges is increased by 
tising two or more plates rneled together and expending along a 
portion of the length of the girder, more ])lates being ir.M where the 
bending moment is greatest. 

It may be shown that, in beams of I secTion, the disiribtilion of 
shear stress is j)ra<tn'ally iimfonn o\er the web. hence, if S is the 
sh(‘aring foiC(“ in tons and A,„ is the aiea of the web in sijuare riches, 
(hen g 

Sheaimg stress . tons per square im h. 

.\i/i 

Beams of uniform strength. A Ix-am k said to lia\e iinilorm 
strength when the maxminm stiess int<‘n^Uy is the same lor all 
cross seelions Considering the eqiialMMi 


or / M 

m and 1 depend on llie dinu'nsiuns and shapi' of the section, and if 
these aie const,uU tlironghotil th(“ hcam, the only <omlitu>n tinder 
which nmform maximum stress intensity/will <Hcin is th.il M must 
be constant. I'nifoim bending moment maybe piodiued in a por¬ 
tion of a beam In the applaxuion of <ouples lor ex.impie, il 1 ‘ 
and W he etjual in the carn.ige axU* shown on p. iK<), then the 
bending moiiK'nt throughout CD will be e(|ual to the moment of 
the couple \V x BI>, .ind hence will he <'onsiant. 

More usually M is not constant, in which (as(“ unifonn /may lie 

obtained by \arying the section in such a manner that ]Vl is 
constant. e 

Kxampi.k I. In log. 183, let .Ab be .1 cantilc\ei carrying a load W at 
H Supposing that the cantilecer h.is .1 reciangul.u section of uniform 
depth dy what must he the piotilc in the plan in order that uniform 
strength may be ol)t.lined? 

Hcic . 



_ 6 

I 
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. ,__ ^ • 

Again, tiie ])cnding momcni at any staion disi.mt i Ihhu \'> li 
M =\Vi. • 




»Kor uniform sticngtli, 


I on^tant ; 


/v/- 


(onstani, 


r , a (oii'^tanl ; 

h 

/' 1 X a t 

The lecjuiied profile in the plan will thciefoie lu- tiiangnlai 0 ‘K I'm)> 



I’A\MI’I 1', 2 Supposing 1,1 j-;x,ii,)p|c I that the IniMdlh had been 
uniloim, am! that it i-' oapniial to lind the pmiilc m the (■h\.i(U)n tor 
uniform siteiiglli. As Ik I'ok', we have 1 1 ig i S j i 

W V. , a < oust. ml . 

Oil- 


or 


,, .1 (onsi.mf, 
d- 

>{'■ 1 X a c onstaiil.* 

d- s' i X a ( onsi.int 


llcin e the profile is pai.iboli-' (I'lg 1S4) 


W per unit length 


I'.XSMI'I E 3. Su|)pose in lAample i that the load is iinifornily dis- 
ininilctl an<l thal the bicadili is uniform 
Find the pioHlc in the clcsaiton for uniform 

-strength (l'i«. IS*) ' 

Mr - 

hence It.'i-- constant, 

I’d- 9 


.., = .1 constant; 
d- • 

,y= r X a constant. 



The pty^file in (he elevation is therefore triangular (!• ig. 185). 
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Ollier eases the student may work out easily for himself. It should 
be noted that, for practical reasons, the profile is often modified 



Ki(.. i?.(i -Stress f'lK'Jfe'. duo to bending 


rcspeclivclv ; also, let j\f.. be ^Tcater 
miiiieric;al value of tile Iteiuliii" mo 
f'teater by an amount etiuai to the 


somewhat from that given by 
calculation. 

Di3tTibut;ion of the shearing 
stress over a beam section. 
In Fig. i86, A'! and (il) ate 
ttto (TOSS sections of>a loaded 
uniform beam, separated by a 
small distance iv. bet the 
shearing force at A I! be S and 
let M| and M.. be the bend¬ 
ing moments at .\B and CD 
than M|. Whatever may be the 
iicnt at All, that at (11) will be 
nonient of .S about any point on 


Cl). Hence, 


M, - Ml S. <5.v. 


(') 


This result will not be affected by any load which the beam may be 
carrying on AC, as the distance St is supposed to be taken ol too 
small a value to permit either the magnitude of the lo.id, or its arm 
in taking inoments aliout any point on Cl), to attain an ap[)re(.iable 
value. 'I'he reader is here reminded again that all loads must be 
d'stributed over a delinite area , hence no coiuenirated load can be 
a[)plicd to .\( 

Owing to the bending moments hi, and M,, there will be push 
.stresses /| and /, at .\ and C respectnely. I,et MF be a |)oition of 
the neutral layer and let m be the distance b.\ or FC ; then 


M, 


./m 


■( 3 ) 


As I and ni ha\e the same value for both sections, and since is 
greater than Mj,/j ''ill be greater than/,. 'I'he stress figures \ull be 
Al^G and C 1 *'H for the portions of the sections A\i and CF respec¬ 
tively. It is clear tliPt there will be a resultant force acting on CF 
which will be greater than that acting on AIC; henie the net tendency 
will be to push the block Ah^FC towards the left. Thi> block is 
shown separately in Fig. nSy in order that the (juestion of restoring its 
cciuilibrium may be examined. 





DISTUmmON' OF SIIFA1{ STKFS<? il- 

_ _ ^ 

When the block forms a part of tl*e beam it is clear that the only 
pktee whAe hori/onlal slusses may be appliifl m onlci to balance 
the resultants F, tnul If, is the hoii/onlal seilion l-.F I.u (^> be 
the total force prorlucral by tlu'si' stiesscs. ilu ii, lor rsiuihbMuin, 



i8; - ? min 'if (Ilf Mih k Al' I' C I- n.. ('i.iss <•. n.m tJtc lil.n k. 

'I'o Inid ll>v' \.iliirs nl 1’', and 1'^, let <1 lx- a small ihuIkhi ol ilu: 
scUional aica ot AI: (Id^ iSS) sitiiatr<I al a dist.uu < j' Imm the 
ncailral a\is and let /» Ir' llic siicss itn a . lin i) 

/, 

;ji y 



where A is 

the an a ol 

the 

pOllHHI of lilt. 

r scflion 1) 

ahovr 

ilie 

neuttal axis 

, and 

V is 

ihf 

dist.iiK e of Its 

( entre ol 

ana Iron) 

the 

neutral a\is. 

A? 

w ill Th- th< 

• nKiment ol aica about the nciitial 

axis 

of that portion of 

the s. 

i-fjion l>in^' al>ov( 

the m ulral 

axis. In 

the 

same way : 




Id. 

- /fl 










(0 

I Icnce, 

’ • 




b> F, F, 

' 







Asf^ 

\W 

'0. 

mj 
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Ndw, from (2)and (3), 
and 

Sulrslitulion of these in (7) giv 


M. 

I 

M, 

f' 


(K-AV 

^ AY 

- I 


M, 

I 


(M, ^M,). 


Hence, from (1), 


Q - j 


...( 8 ) 

(9) 


I.et b lx; the l)reiullh of tlx; section at NA (I'ii^c i88); then the aiea 
of the hoti/ontal section over whic h is distributed is ('U x b)\ hence, 
front (9), 0 

Sliear stress on lU*' ^ '■ , 

'Xv. b 

SAV , , 

" 7d. ^ 

litis expirsssion gises tire intensity of shearing stress along the 
neutral layer, rlalsogrves the shearing stress at prrtrrts on the sertreal 
sections All attd (il) (log. 186) lying ‘rri the rreirttal a\rs. 'I'hrs may 
be understood by considering the thin rectangular block EFFIY 
(Fig. 187); if there is a shear stress q on its lower lace, there must 
be erpral shear stresses on all rts faces per|)en(hcul,ir *0 the 
[raper (p, 126). 

U\’ (log. r.Sr;) is anrrther hori/ontrrl .section of the block AFl't^. 
'I'lic shearing stress on this section arises from the fact that the stre.s.s 

ftgure Cll.W’ for CV has a 

^ Cj—A-C- ^ -H K-L greiiter vrrUtme Ihrrn the stress 

frguie ACIW'L’ lor .\U. The 
deternrination ot the inicnsrty 
of shear stress on thrs seetron, 
and hence O th<r points U 
and V on the \ertle.rl sections, 
IS proceeded with m the same manner as has been ilelailed above. 
AV in e(|uation (5) will now mean the moment ol area about the 
nrmtral axis of that nortion of the seenon whii'h lies abote UV, 
/' will be the breadth at U and V, and the final result will he 

' S.\Y r , , 

'/=/d’ . 

where I, as before, is the moment of inertia of the whole section. 




V . 


V 

X 


Ku.. iSij. —Sliear .klrcsbos at U ami V'. 



niSTRiniTIOX OF SHFAK STRFS.S i V) 

I he student will ()bM^r\e that if tliere iu> \tViiation in the bending 
nioinenl, /.t'. if M js constant, b(.t\\(“Tn two sections of a licani, theic 
c;m be n# shearing lon e add heiac no shear '^less on the sections. 

^Kxvmciv \ hiMin lus a nataugulai se. lion 4 iiuhes bioad and 
12 iikIics deej), and ha^ a slioaiing lone ol (kxx) lb (l ig n/)). Fnid the 



- I )l^It ilmi I'lii I'f nIk tr '-irtNi . 




shc.'uing stiC'^s at du' luutial axis and at iiitit\aU nf 4 in< lies fniin the 
neutial axi-' 


4 X I: X IX 12 
1 2 


S 7 d lut h units. 


At the neutral axis, 

A dx.j 24 squaie iiK la--,, 

N' ] in< lies, 

S.-W 
'/i M 

Oxxj x 24 X ^ 

4 '< 57''* 

i^^7'5 Ih }>ei squ.iie mkIi. 
At 2 UK lies fioin the ni utial axis, 

.\ 4 X 4 16 si|ua]e iiK lies, 

4 UK lies, 

OxK.» X 16x4 
4X576- 

I'*'* 7 Ih jK i -.quaie iiK h 
At 4 tiK^lics fioin the IK ulial .ixis, 

* A •’ 2 X 4 8*s([uaie UK lies, 

Y 5 UK hes, 

^>0oo X S x 5 
4 x57b 
•' 104 *- Ih. per s(juaie inch. 
At 6 inches fiuni the neutral axis, ^ 

• A o ; 

* . ^--o. 


Vi 
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'Ihcse values have been used in constructing the diagram RCD 
(Fig. 190), the horizontal breadths )f which show the shearing stress at 
any point of the section. The diagram is p.uabolic in outline. Fig. 191 
shows the diagram of shear stress distribution for an I section. The 



(juantitn’s MMiuiied foi di.iuing il may l»c < .il< l)\ the ^ame method. 

Tlie lesult 1 uln .'lU-', the jusliln ation ol igmn mg the ll.ing*'^ and assuming 
that the w<‘b supplies the whole of the sheaimg lesist.im e b\ iiie.uis of .1 
iiniloi m sluMi stiessfp. 151)- 


EXKKClSKS ()\ ( ll.AF! isK \ 11 . 

1 . .A beam 20-f(a-t sp.m, suppot ted at its ends, < ;u 1 les .1 lo.id of 4 tons 
at the I emte, .molliei of 0 tons .u 4 fem fiom on<' end, .ind a thud lo.id of 
’ tolls .It h feet ftom the oilier end C.dnil.ite the bending inoiiKiits .ind 
she.ii n'g foK es .it e.u h lo.id, .ind dt.iu the di.igi.inis of bending moment 
and she.i.Miig loo e 

2 . A be.im AH, 16 feet hmg, lests on a suppoit at .\ and on another 

sup|)ort at ” hich is fou» li-et lioin 1> 1 he beam (.ones .1 unifoiiiiK' 
distiilnited lo.id ' 0'5 ton jier foot inn, logetlua with .1 lo.id of 4 tons .at 
6 feet fiom A and anothei of two tons .it ( ( .di ulate tin' bending 

moinenisaiul she.'Mug fooes .u mt<'i\.ds of z fi'Ct, an<l di.iw di.iguims 
of bending moment a-'id she.iimg foi< e 

3 . A be.im AH, t(> feet sp.m, sup[)oitc<l .it Us (luls, laiiies .1 diilii- 
bute<l lo.id ulmdi \.uie'' imitoimK fiom kxi lb. |h i m< h urn at .\ to 
200 II) pel imhtun.it H !• iiul the bending moments and she.11 mg foi < (“s 
at mlen.ils of 2 feet, .ind diaw d’-igiams of bimding moment .md siie.iimg 
foice. 

4 . M.ikmg use of .1 giaphn.d meihod, diaw the landing-mpment 

diagi.im foi the be.im given m (Question i Sl.itigiiu <le.iil\. 

5 . Diaw the bending-moment di.igiam fot the be.im given m 
Question 2, using ,\ gi.iphii.d im thod (live t*'c sc.ile of \oui di.igi.im. 

6. 1 ' ind by c.ih ul.ition the neuti.il axis of .1 T sih tion gl nn lies bioail, 
5 inches deep, nuu.il i m< h ihn k. Niyglect .'uiy fillets 

7 . :\ (.isinon be.im has an I section, m ulmh the lop fl.mgc is 
3 inches bioad, the b<'ltom flange is 7 im lies bio.id .ind tin* deplii is 
10 inches o\ei .ill. dlie met.il has a nnifomi ilmkness of 075 im h. 
Neglect fillets and calcul.ile the position of the neutial axis. 



rxrKCisi s on ( H \i'i i- k vif 


III 

.iphu ai 


iliicOril m <,hnsti(>h S, 


nia\% the s0( lion ;^i\en in 6 a-^ n wouM he 

^)iacTi( t*. !• Mkl iIk- lU'Uti al avi-* ami nioniciu «»l iiu^ Ha, 

9 . Ans\\or ()m■^^U)n 7 in die inamu'j 
^lie ncuual a\i-> the nioiiienl of mei lia. 
c'. 1 ^. A (inilK-i heai#i)t fr< (aiij^ulai '-c* lion, im lies liioail h^' in< lu'^ 

I C(“|) by 1 j I« u span.^i an lr^ a iinilui inK «iKt t ihuHal |ua<l I iiul I lie load 

S I I lie s( r('^s to h( ml I nj4 is 1 1 in 1 (< d lo .J(k> Ih. | k 1 ■M|nau‘ im li • 

11 . A fl.U s(<t 1 I) n, I (ion j iin In s 1 )\ | im h, is jo p-i-l loti).:, ami is 
loi fd m a I ai k in \\)m li the (\\o sii|ijK)Ms am « a( h } lift lioin (in- uui ol 
llic hai. I iml !lu“ stt< ss thn (o lx ndiiii^ '-/> at (lie iimidK' ol die lenj^di of 
tilie hai, i 7 '' al die Mippoi t'. Suiipt ise the hai to l>e u-shiii.; on ils < dj^e, u hat 
uould 1 h- ihese slH xscb " lake tlieweijdu ot die inaleiial lo he o J.S Ih 
j)er i uhi( im h 

i 12 . A lieani of I section 10 im lies d«e|», H im In-s \\ ide, dm Isness of 
l^iiif^es im ]i, dm km ss o| wel) \ nn h, lias a span o( 15 ho and ies(s on 
d‘H“ siippoits If a load of 2 Ions is caiind al die (inti<-, lind the 
iiiaxnmnn stu'ss due to Ik mliu^ (./' h) an appioximate im iflod, i/'i hy 
tdsl C all u kill 11;; the nionieiU ol imi 1 la Assn in in;; the sheai ill;; foi i e In 

ix.^ i ai I led In the w eh and (o he dis(i ihitlrd ninloi ink, liml the sheai sticss 

I’ll the \M h j\c;;lei t the uei;;hl of the heani 

13 . A p)jK‘ 24 IIK lies into Ilal di.unetei is i oils! 1 m led of nnid steel jilate 
,1 null tlm k, and is full of w at* 1 , the < mis .n < i lose d hv hlank tl.m;;es 
If tin* I'lpe is sn|»poit(‘d al its ends, tind tin in.ixiinnin sp.m if the stiess 
due to hi-mlin;; is not to ex< e*’d ^ tons pei si|uaii' im li 'I .ike the \\< i;;hl 
of steel to he o 28 Ih pel i uhic nu h and of w.itei to Ik,- H.; 5 lb pel i uhu 
fool 

14 . A IiiiiIk'i beam of 1 ei tan;;nl.ii se< t ion, suppoi l<-d at its i nds, i allies 
a unifoinil) distiihuled load, and h.is h<-( n made to a 1 eit.iin diauiii;;. 
Anothei tiinhi-i beam has liecn m.ide to tin- sanu- dt.iuin;; by '•imply 
altei m;; the s< ale, so llial s|jan, hi eadlli and depth ai e (a* h limit i [died liy 
a (.oiistaiU fai lor fi Snj)pos<- both hiams to h<- able to i air)'the same 
maximum stiess dm* lo hi iidin;;, v\h.it will he the latio of the nmfoiml)' 
(.listrihiited loads ulm h m.iy he .i|)j)tK-d 

15 . A east-lion bar of leit.mmilai sei tion is im-d .is a be.im of 3 feet 
sp.in, sLijipoited at the ends, and i ai 1 les a < <-nllal lo.ul of lb 'I he 
Stress due to hendin;; is not to exi eed 1-5 Ions pei sipi.iie ini h. I he bar 
lb ti> ])a\e umfoim siren;;th i\ri Diau- tlie piolile in the ele\.ition if the 
breadth is umfoim .ind eipial to 1 5 iiKhes (/'i .Suppose the depth to be 
uniform tpul cqu.d to 3 in< lies, diaw the piolile in the plan. 

16 . lake the^l.iia of (,)uestion lo, .ind find the nmximum bheaiuig 
stiesb in the beam * • 

17 . A be.nil of I sen non, to imhes deep, 5 iiuln s 
wide, met.d ^ meh thirk,*lias .1 m.ixiimim slieai sti<ss 
at a certain section of 1 ton jier sipiaie im h Kind the 
shear stress at places I, 2, 4 and 47 nu lies fiom the 
neutt;aj axis. Idot a shear stress th.i;;r.im • 

IS.** How' IS the sec tion-modulus and radius of i.ilion 
of a scclifin of a bar obi.lined, .incl how is this .ipplied 
when asc eilaining the siien;;th of .1 be.im Cahulalo 
tlie seciion-inodulus and radius of ;;yration of the S4*i tion 
t:l^en 11? Fi;;. op about tlie axis’SA' (I< K) 


. 1 ., 




1 

V 

Fk.. 


.I 
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19 . A j'Jider AIJ, 25 feet long, cariies tl»ree loads of 6, 1 i„and 7 
respectively, placed ai distances of 7, id and 21 feet fiom the eiui A, 
Kind the reactions at eillier end and the bending nioinent at the centre. 

(l.C.E.) 

20 . Fig. 193 represents a station roof, the centre pillars being 25 feet 
apart. T'he dead load can be taken as evenly distr-buied over the r^K»f 



Fir, 1Q3 


and of magnitude 15 lb. pei scpiaie foot of piojccted pi.in area. The 
wind pressuic is to lie taken as sliown. Find the in.ignilude and ihrei tion 
of the tesullant foice on the loof, and give the bending inomem at the base 
of the pillar. (L.U.) 




CHAITKR Vlll. 

DKI-i.Kri lo\ OK iiKAMS. 

Curve assumed by a loaded beam. An) Ix ain wIku ln;i 
Ik'IkI , il i 1 k‘ iK'Ulr.tl lamina is siiaighi, as seen in Oi \alin?i in tlu' 
iiniiiuiiuii iitani, il \m 11 assuiiK' mhiu* Mn\r wIhii llic toads an- 
ujiph'-cl: ail) niiltal curvaluic c»l llic ncutml lainma \m 11 lx- alnud 



Ftfi. 19^.—Curve <»f .1 support^tl .a cikK and liudrtl .a 

lo a new nurvaturc on a{)|)lyin^ the loads. A useful way of stu(i)inf' 
the ('ur\es of a loa(lc<l Ijcain is lo ( mploy a ihin sleel knitlin^ 
needle ; ibis may be laid on a sheet (tf diauing paper and “loaded” 
by means of drawing jiins jmslied into the lioard. Kigs- 194 J'jb 
show some euT\es jirodiK ed m tins way. 

FAaminmg Jog. h/), whuh repusents tin- <mve of a taiUiUwer 
carrying a load at its iree end, and taking two points K aiul 1 ‘, l)ing 



Kig. 195. wf .1 liciin ov rli.iii)iii)g tlie Mi|nx>rls. 


dose tof'cthcr, two norm:(ts drawn from I’ and 1 ’, will intersect in 
O..^It IS evident tliat a short piece I’l', of the curve could be drawji 
as a circular are struck from O iif, centre witli*radius 01 ’. If 1 ’ and 
I’l are taken very close together, O is called the centre of curvature for 
the cur^ve at I’, and 01 ’ - R is called the radlue of curvature. It lan 
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l)u soen readily in Fig. 196 that the radii of curralure for poiiUs near 
A are smaller than' for others near 15. In fact, as we shall' see 



Fig. 196. -Curve of a cantilever liiatled nl the free end. 


presently, the radius of cnrv.ature at any place is inversely proportional 
to the bendnig moment at that |)lace. 

Curvature is a term used hy mathematician.s to express the rate of 
change of diieclion of a curve. Referring to I'lg. 19;, and taking 
points 1 ’ and I’, lying close together, O will he the centre ol c urvature 
r, and R=-()l'. Draw tangents Rl' and 


is along R'l’, and that at 1 ', is along 1 ’,'! 1 ; 
the change of direction between Rand Rj 
will be the angle a in the figure. It will 
be evident that the angle R,OR is etpial 
to a, and stating its value in radians. 

RRj 



The rate of change of direction m.ay be expressed by dniding the 
change in direction by the distance Ri’i along the curve in which the 
change is effected ; hence 

Curvature = rate of change of direction 

' 1 1 j 

RxRR, 


R' 



rruxAH Ki. of ufams 


('^r\.ilur® al a gi\cn point may ihiTt'lore Ik- slalid av hnng tiu* 

rocipnnal <*l tli<' radius oi iiinaiuir. 'Flu- imiis lor cuixalurc nmH 

he^'liaugc of (lirfrimn in Ia^i^a^ 1 ^ poi loot, or jkt mill, 1 . n^th ol the 

cur\(.‘ a< cordini; as K is in F t l i i im lu s. 

U will hu umK istwotl that, lor ordinaiy ix.uns whuli aru siiaiglit 

wlu n unltiatlftl. the jatlius ol < ur- 

xaiurc al an\ pl.i< c wlu n the i_x _ 

beam is loiTdftl will be \ei\ lai]<e ^ -B 

ami that llu' eur\alnn‘ will be p- 

\(*ry sin.ill ^ 

I’le- I ,*' shows a^ain the eurve ® 

1 !<.. i ;!' Hill il« flu Hull Ilf I t ,iiinlr\»*r. 

Ab ol a lo.KRsI (anlili’sir. 

’Faking .inv point 1* t)n the « him- and diawin;^ a tangent I’ F, ihi' 
angle / whith i’F makes with the (»ngm.d dneetion Alibis (allecl 
the slope .It 1'; i should l»c statetl in ladians. V is al a distance r 
below Al>, and r is tallt'd the deflection at V. Inir our juirposes it 
IS snilu lent to be al>le to state K, i .ind r lor anv point. 

Curvature of a beam F'lg i u'j shows a portion of a loaded beam. 
'Fwo t ross .sections (xeu[))mg oiiginally the positions AB and ('1> 
have been strained to AdF and ('!)'. 
*P Assuming ih.il they he (lose tog<-llu'r, llu' 

point ol mlerseetion () will he the (entie 
ol (uiv.iture for the portion MK of the 
■ 1* nenti.tl kimina. Bisecting I'd*' in M and 

1 ' i joining ()M cutting A(1 m K, we liave 

• 1 » similai IriangK s OM I’l and ICAA’. Hence, 

I • I using a similar ineliuxj to that on p. 1 . 43 , 

r4.4’!ici^ A A' 



/ 0 

Ij 'U 1 j \ 


/ m , 

Jut 

nS 

' 

f ■ 1 

/ 


1 M If \ 


B tf 0 

Fj<'> 199 —Curvature ‘>f .i Ktan 


Strain ol .\K 


f 

sli.un of Alv’ 


strain of AK 
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Substituting in (i), wc have 

■_/ > 
R E ■ m 


Again, . Isa ; 

. / 

m ’Isa’ 

I , 

SiibstiUiling in (->) giws k ' Ki . ^. (3) 

We see theriTorc that the eurvalure at any iilaee on the neutral 
lamina is pioportional to the bending moment and inversely |)ro- 
porlional to the moment of inertia of the section at that place. 

Mathematical ex|)ressions for the slope and curvature of a curve, 
such as that shown in h'ig. ipiS, are ; 



li'-y 

I i/x- 



(4) 


■ • (5) 


dv iiiuans the change in (leflcclion as we pass along the l)oam hy 
a small amount dx. For curves which are very flat, and hence for 
all beams, ecjualion {5) simplifies by the denominator becoming 
unity; thus j 

'^'^'dx~ . 

d~y __ Mai! 

Hence, from (3) and (6), ' jri. 


(6) 

(7) 


Sloiios and deflections may be calculated from (7) by first evaluat¬ 
ing the bending moment; integration of bodi sides will then give 
the slo|ie; further integration of both sides will gixe the deflection. 
'The method i.s rather comitlicatcd, e\ce[)ting in cases where the 
conditions of loading and supporting are,simple. 

The following examples of an easier method are given as leading 
to a graphical solutiqn which is simple in its apiilication. It will be 
assumed that the bending is ])ure and that the beam is of unifornt 
section unless the contrary be stated ; the latter assum|)tion is made 
in order that Ka may be constant throughout the length of the beam. 








DEFLIXTION OF CANTILEVERS 


*6; ^ 

Cantilever having a load at the fre* end. In Vi^. 200 (n) is sliown 
a ^ntilevftr of Icn^nh 1, and of uniform cross s^cction, so ihai is 
constant. We may considei for a monic’nt iliat the wliole of ihe 
material is perfectly ri.iiul, e\ceplm^' the ])orlion lymj^ between the two 
adjacent trans\erse parallel sections All and (TX Suppo.smg a l<*ad W 
lo*be applied to ih^ f!c<^ end 200 (/’)), dcflc< tinn of this end will 



take placi' by reason of the strains m tin- portion AllDC. AlC and 
(‘K' will remain straight as at fust, but (‘'h' will now be iiu lined at 
an an^le / to its original position. ( "h’, the n<‘w position of Cl), 
will !)e still perpendicular to (^1'”, so that the angle made by (''!)' 
with Its original position (!l) will also be e(|ual to / !,et tlw dellcc- 
litm of !■' under these <ondilions be and let NP be a poilion of 
the neutral l.umna. As both 0 and t will be exceedingly small in 
any [iraclical beam, wc may write 


t - 

X 


radian- 


. (') 

'rill' sliaiii of AC, |)ro<liir(’(l l)y a li iisilo stress,/iniliu i.d Iry llio 


bending moment M^, will he C(l' divided by Ad; heme we liave 

('(" 

AC 


IC-: 


-/• 


AC 

Cf"’ 


. (2) 


Again, from the general expression for the strength f)f a beam 
(p. 146) wc have, noting that f is the stress intensity at a distance 
CP from the neutral plane, ^ 
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Acu. 

Substitution in (2) gives 


\V.v AC- 
I ' CC' 
W.v , 


Hence, from (i), 


Cl' W.v 

\:c' 1' 

I \\' r . (S.v 

1 ’ 

. W.v. .Iv 
' " l-if ■ 

„ W , , 


Hud any other portion been taken similar in properties to AU(d), 
we should have obtained a similar expression for the deflection due 
to Its strains. Hence the total deflection A of K will be obtained by 
integrating (5) between the limits .v^o and .r -i- L. 

A f' ■. r 

A -- I X-. (lx 

I'-t Jo 


The slope at the end F may be obtained by integrating result 
(4), which gives the slope produced by the strains of the small [lortion 
ABDC of the cantilever. 


''. 


Cantilever having a distributed load. 'The rase of a uniform 
cantilever having a uniformly distributed load Jf |)er unit length 
may be worked out in a similai iiiann.er, the only iKiference being 
that (11 V- 

Inserting this value in place of W.v in (4),.and (5) gives 

; '="’Sr . 


7 (> „ , 

2Er" 


.(9) 
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♦ I^MJ 

Integrating (<;) to obtain A, we hate* 


^ 2 1^ 


Tf'I,' 

(10) 

The slope at the free end nut be obl.niied lioiii (S). 




-el,-' 

(ibr 

(n) 

Beam having a load at the middle 'Hu- n suli', 
enable the case of a unilorni Ihmmi smipK siipiHitU'd 

now 1 .bt.lined 
al Its ( lids to 


be solved easily by (onsidermg (he beam as a duiibli'* anlile\>T 
held fixed at the iniddh' nl the span and detlei led npwanis by tlu' 
reactions IW at each end {T'i}'. :oi). It is eMdenl that the dellei lion 



Fir. 201 - Dt-flchintii >if a smijil) ••■iipporlcd Itc.uii <.:irr)iii>; .»i < iilr.ii lo.id 


of C below AH will be eipial to the elevation ol A and I! above the 
hori/onlal line through (' when the beam is loaded Ilenie, using 
the result obtained in (6) al)o\e, we hate, by writing IW lor \V and 


JL for I, 


A- 


W. 

.;bi 


WId 

psKr 


(12) 


The slope at<he enjs may be obtained snnil.nly lioin t;). 

, *'AV.(U.)- 


» I 
i6i;i' 


^■a) 


Beam paving a uniformly distributed load. 'I'his lase (Kig. 202 («)) 
may be regarded also as a double eantileter fixed at the middle of 
the span. The loading will consist of a downward load Irrd, on 
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each half span together with & concentrated upward load of ^wh at 
each free end. 'i'h» solution may be derived from the re.?ults airtady 
obtained by ii.se of the a.xiom that the resultant deflection and slope 
of a beam under a combined .system of loads will be the algebraic 
sum of those produced by each load taken separately. 


IV per unit length g 


L. 


(a) 





y lo. 202. —I •cflcction of a simply-supporled beam carrying a uniformly disfributcH loatl. 


In Fig. 202 {/>) the effect of the distributed load may be examined. 
Let A| be the downward deflection of the ends, when we have, by 
substitution in (lo), ^ .,4 

A, = f - - 

‘ 8EI 


(m) 




_ rtd/ 

"128KI' 

Fig. 202 (c) shows the effect of the reactions considered alone in 
producing an upward deflection Aj. From (6) we have 
ItcL. 

" " 3VJ 

"48KI' 

The resultant upward deflection dfat the supports, and hence the 
downward deflection at the middle of the <pan under the proposed 
loading, will be A - A - A 

7 <d;' 

* 4llbl^ 


(>5) 


.1^ 

* 3^*4 


7 Cl,* 

KI 


t 

71 ’]* 

irSEI 

>y.. 


.(16) 
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'7« 


(iX) 

, al ll\c supports : 


(■9) 


^)ue to yie clistribtttod load there will be ii downward slope at the 
supports tbc value of which, may bo obtaincfl from (i r), 

"’(si.)’ 

hki 

3 

■•bSK.. . 

Tbc tii»ard reactions will produce an upward slope /j, obt.iined 

'.rcbC.I.b 
2KI 
jei;> 

' itiia' 

Combintng tbe.se results, we have for the slo|ie 
-o-b 

7fd^^ rrd,^ 

^ ifiKI ^4''^l'il 

r jcl,'^ 

-i-iii.' ' ' 

Graphical solution. The method of obtaining the slope and 

deflection at the free end of a uniform cantilever, employed on p. 167, 

may be evtended in such a manner as to enable the slope and 

deflection in more complicated cases to be found graphiially. 

Referring to Fig. 203(1:), the slope /’ caused by a poition AFDlt 

being clastic, while the remainder of the cantilever is supposed to 

be rigid, is equal to the angle t'l’t;', and will be given by 

CC CC , ’ , . 

; . , .1,=-^ radian. (1) 

( P m 

Now CC' divided by AC is the stiain of AC caused by the stress/; 
hence, , f 

• " Ct’’ 

AC 

or CC' - ^ 

^/. fxv 
E ' 

Substituting this value in (1 ('gives 
m . L 


AC 


(2) 


(3) 
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Again, from llic general e\|)r(;s.sion for the strength jif a 
we have * j 


M, 


.Is 


'« Isa' 


Inserhng this in (,;) gives 


i--y. ■ M„i,o.v. 

■ - * N A 


•(4) 

(5) 


Let the diagram IIKI/ (hg. 



20^ (/’)) he die bending moment 
diagram for die eantirever. It 
will bo clear dial the product 
is the area of liie shaded 
stri[) of the diagram. Hence 
wc may say that the change of 
slo|)e i produced by the elastic 
bending of the portion Ix'tu’een 
A!> and CD is given by the 
area of the .strip of the bending- 
moment diagram lying under 
BI) multiplied by the constant 



FlO 201 —Graphii.d nirtlioa of dcilucincj slope 
and 


yry- . Consider now the w-hole 

cantilever to lie elastic, then, 
the slope at E being zero, it 
follows that the slope at All will 
be the sum of the aieas of all 
strips between MI. and QR 

mulliiilicd by or 


.Slope at All /ah HCM^bx ... .... (6) 

In c.isi's wlirre tlu; hauling nidinail diiignini hiis a simple outline, 
it may he possililo to eahailale the iei|iiireil il'i'ea, otherwise it will be 
necessary to nse a |)lanimeter. If the area has been lound in srinare 
inchi's, the result should be corrected by multiplying by the scale in 
ineb-tons per inch used in setting out the ordinates such as QR, .and 
by further multiplying by the sade in inches per inch used in setting 
out the abscissae such as I IQ ; E should be taken in tons per stiuaro 
inch, and I..* in inch units. 







DHFLrCTlOX OK Jll-XMS 17^ 

_ . _ . 

IIK bciDL; (Ii\i(lc(l .u a cotnciiu nt numl)(.'i of ihr al 

point may Ixj lound l)y the- .il>(>\c mrilnHi .fiul a diayiain diawn 
shgwmg the slop(; at all pall^ of the «anlil(\< r 1 )V means ol plotlini; 
the results and diaum^ a tair ciuNe through tlu-m (I'le .'o; (,)) 
Again, rderiing to l*'ig. li't v hr ilu* delle* lum at a pi ■mi S, 

distant s from (', owing to llu' eiasiuily ol A('l)ll. Ilun 
V 

t -' 


Now', / is gi\cn by the an a of the sh.ided stii[i in the bending 

moment diagram multiplird Ity ' ; In m e, 

J 'v I \ \ 

r * X area ol sliadi d sti ip x 
e•'I^A 

'I'hat is to say, the im ieiiienl r of the total de|]((iion at S <aused 
by the claslK ily of A('l)b is given by liu- inomeiU about S ol the 

shaded stiip of iht' bending moment diagiam miilllplu d by -- 

I ' • N'A 

'To obtain tiu; lolal detle< lion d at S, we must tin n loie i v.diiate ihi‘ 
moment of aiea of Il'lA L about T (Kig 20g(/')) -md mnliiply lla- 

result by * 'i'*’ scales in tlu- matinei alieady 

n(;ted. Rejieating the same opeiation in ordi-r to olilam liie dellee* 
lion at several sections, dat.t will be oblamed fiom whiih the 
defleetion curve (Kig. 2og(//)) ma) be drawn. 

Some applications of the graphical method. 'Taking again tiu; 
case ol a uniform cantilever carrying a load V\' at*ils lice eml (p- if> 7 )» 
and referring to Fig. 204, wa- have 
M, Wx, 

slope at V- /,. area('l‘T;i) X j j 

V,(\VF + \Vx)(I,-.v)j'j 

-.^(0-0. (.) 

The slope* will he at 11 , and nia).hi.: ohiaiiird hy writing 


. \vi;^ 

'*•' 2KI 
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To obtain the deflection at we have 

• /’ 

8p = moment about F of area CFGD x j, j 
“(moment of (d'HI) - moment of 

• < 

, = {\VL( 1 . - X) C' ; - (WT, -- Wx) i ([. - x) ■ ([, - a) j L 

-4wi 


W/ (L-Af (I, -.v)»( 

Kit'' ^ (>y 


■ (i) 


The maximum deflection will occur at 15 , and may be obtained by 
writing .V, o. 

A„ 


\vf, i;’ lx) 


Klf 

\VK' 

3l'il. 


OJ 


•(4) 


'I'he case of a uniform beam simply suppoited at Ixith ends and 
carrying a central load may be worked out m a similar manner, and 
is left as an exercise for the student. 


1 

4 -.— L .. •» 

A p (a) ■ 


1 

i 

( 

(-•-■(L-Jri--»j 

2_L_ 





I 

Wz 


WL 


a (h) 


.J 

H 


Fcti. 304.—Graphical melhod applieil to a 
cantilever loaded at the free end. 


IV per unit Length 



Fig 305 —Gr.aphical p'ethod applied to a 
Laiitil%vtr niiifoiinl) loaded 


A uniform cantilever carrying a uniformly distributed load w per unit 
length may be worked out easily so far as its maximum slope 
and deflection are concerned. The bending-moment diagram is 
[rarabolic (Fig 205), and it may be noted that its area is one-third of 
the area of the circumscribing rectangle, i.e. one-third of Gl) multi¬ 
plied by Cli, and that its centre of area G is distant hori/.ontally 
three-quarters of CE from E. 
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Hence, 


Also, 


urea CICD x j!j 
rr'F- I. I 

^ 'j'lil 

r('l.» 

' 6Kr ■ . 

A„ nioinciit alioiit F of area ('I'.ll x 
rcl.- I. ,1 I 

^ ,i ( HI 

re IA 
Sl'l 


(5) 


((') 


In the (Mse of a uniform beam aupported at both ends, and carrying: 
a uniformly distributed load (Fig. 206), the beiKliiig nuaiRiik rliagiain 



is also parabolic. Tlie niaxinuiin bending-nionient 
middle of the span, and is given by • 


h'K 



occurs at 


the 


The slopes at A and 11 will be diual, and may be found by apply¬ 
ing the rule to the area KFF, noting that the sloiie at the middle 
will be zero. • ^ 

if, = in = area K HC x 

2' ... I 

= - area of circumscribing rectangle x 

3 • 

2 rrd.^ f. I 

3 8 2* I'll ^ 

_ frd.^ 

“24KI' 


(7) 
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I7r, 


Noting that the centre of area 0 of Kl'Tt is at a horizontal distance 
JFE from E, we have, reekotiing the dellection of A or B upwards 
from the middli,', 

~ A,I ^ moment of area KEE about E x j.'j 

2 wM- I, 5 E I 
"3' 8 ■ 2 ' « 2 ■ El 

5 

. 

Encastr^ beams. Wo may now examine the <'ase of a uniform 
beam wliieh is fixed ri^ddly at both ends by beim,^ built into walls or by 
some other method (Fig. 207 (a)). In .such eases it may be assumed 

that the sections at A and I>, which 
are in tlie plane of the wall before 
loading, remain m the same plane 
after loading; hence the slopes at 
A and B will be zero. In older 
that this may be tiie case it is 
necessary that the means used 
for fixing the ends should a|)[)ly 
restraining bending moments at A 
and B. W’e may obtain a fair idea 
ol the conditions by examining 
the beam sliown in Fig. 207 (/-). 
Here the bending momenl.s at A 
and B, applied by the loads \Vj\V^ 
on the overhanging ends, have the 
effect of keeping vertical the .sections at A and B. Hence, in the 
beam shown in Fig. 207(^7), the w'alls must supjily the bending 
moments at A and B, which in Fig. 207 {/>) are gi\en by the loads 
The curve of the bent beam will resemble Fig. 207 (r), and will be 
convex downwards between two points K and N, and convex up¬ 
wards between 1 ) and K and also between K and N. 'I’his comes 
about from the fact that the resultant curvd i.s produced from two 
component curves, one (Fig. 208(a)) caused by the action of W 
tending to produce a curve wholly convex downwards, and the other 
(Fig. 2o8(/')), caused by the action of the bending momenus MAand Mb 
(which are obviously eijual and are tiansmitted uniformly llWoughout 
the length of the beam), lending to produce a curve which is wholly 
convex upwards. The resultant bending moment at any sectiem may 



I'll.. 207.—Kiu.Tslr<5 beam lo,Tiled .a 
iiiidcllc 


( 8 ) 
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^ . „ - ... - 

l)c<.>buiincj by taking the algebraic '>uin of tht^se nionunls lor that 
section 

i’lg gi''■> thr bending inoiiu nt di.igiain Tor a Umiii simply 

sup|K)itcd and »arr\ing a (cntial loatl W. Its oidmalcs gi\c the 



posiluc bending niomenls at any set lion of llu' beam nndia < on 
sulefalioii due to W alone h'lg 20i) {/') slu)Us the nnitonii n< gali\e 
))ending momeiUs due lo the lixing ot thi‘ ends 'I'liesc iliagranis 
may be combnie<l .is slioun in log 2io(f/), ulu n the shaded poitions, 
wlmh show the algehiaic sum (»t the (ompoiaiU di.igMuis, will give 
the result.ml Ix iiding monu nts loi the lx am 

'I'he m.iMmum bending nionienl due to W tilone is rcpiesenled by 


( 7 / in log 2io(u/, and is ot \aliie 

4 

To o})tam the x.iliies ot M an<l M,,, 
represi-nled in tiJ and A-, u<- ha\e tlie 
«■on^lderaIlon ih.it the sl()p< i) and Is 
(see Fig. 20-J {(-)) .in- /(lo. Ihnce the 

aieas of the bending moment diagi.im 
and////(h'ig. 210(e) imi''t be eijual, 
bec.iuse the slope at the cnln* is gi\en 
by th( ir algidiraic sum, and this must 
he zero lor /eio slope* I'^r .1 similar 
reason the .ue.isvwg an^d ly/’ .ue e'|ua 4 , 
hence it is i-asily seen liom the liguie 
that the triangular area '*</'must be eijual to the ledangular aiea 
m/t'A Tims, //m must he one half of //<•, giving 

M. M,, .' 

•! , 

' \V[, 

8 ' 



— kf.iill ml l>finlit)i' (iiotiKiil 
.luf.! .1. en..Au.'. lx.uli. 


.(■) 


It wilt also be obvious from Fig. 210b;) that the points/and ,g, 
I).\l. M, 
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where the resultant bending moments arc of zero value,, must h« at 
one-<luai ter siian. 

The dcilection uiiwards of Is above F (Fig. 207 (r)) may be obtained 
by taking the algebraic .sum of the moments about e of the areas 
r/wgand .gc/' (Fig. 210 (/')), and dividing the result by El. This will 
give the central dellection A of the beam. 

A = (moment of area rw.c - moment of area .i.ri'd 

' 


(2) 


(/\V 1 . 

1 1. siA 

zwr, 1 E i.v 


2 4 12/ 

Vs 2412/ 


1 \VI,» 

"192 El' 

An enoastr^ beam of uniform section carrying a uniformly distributed load 
(Fig. 2 11 (i;)) may he worked out in a similar manner. The parabolic 
curve (Fig 2ii(/d) re¬ 


presents the bending moment 


Ha 


(luigrani for a hcani simply sup , 

iioited at the isids and carrying I—-£-—- 


Wper unit length 0^ 


%- 

d 


(a) 


■i 




lb) 


■T" 

I 

i.i. 


h b 

An fncAMrc oeain unifoinily loaded. 


1 , _ . 

IV per unit length. The masi- 

nnim bending moment will 

occur at the middle of the span, 

1 ; 2(d,'-’ 

and IS representeil by . 

The rectangle aM represents 
the uniform bending moment 
due to the fixing in the walls. 

T'he shaded area gu es the resultant bending moment diagram. 

Here, as in the last I'ase, there is zero slope at .\, C and 1 !; hence 
the areas ailf./iiii, imt; and ,!,'(•/> are eiiual, conseiiucntly the parabolic- 
area It/i.i;/' mu.st be equal to the rectangular area m/r/', giiing 

1 .- M*E; 

3 

ad .2 

1 2 

The bending moment at C. will be gi\cn by 
rrd.'-’ 




(>) 






KNCVSIRH nrAMS 


J lnis, \\j‘ set' th;U llie heiiilim; rni>nu-iit al ihc u.ilK is tloiihle that 
• • 
at the mi(l«lk‘ <>i llu* s\K\n. 

'i'o ol)(ain ihc cklltHiion at (\ wc must luui (lu‘ alj^«-l)iaK' <;uni of 
the tnonuMUs about /i ol tlte arras oi, sin< r tin: result 

wiy be the same il*lhr nnuiirnt ol the area ;//AA lx* aiUitd to rin h, 
the calculation niav l>e Mmjiliricd b\ lakuiLt the al^ebiau s4in ol the 
inonu-nts <ll)oUl // ot tfu- aie.ls <///';' .Uul /////</’ lleiM'c, 

A, (moment »>| ao-a <///\--m(‘mi nl ol ai<a hmih) ' 


I lv‘ (li'st.un (• ol / ami the pomis of /rto brndmj^ moment, ftoin 
d and <■ irsjMM ii\< 1\ will be e<jual, .ind iii.n lie lound I)) obtaining’ an 
expo-ssM)!! lor llu‘ bi n<lm^' moment at .i distam i Imm the wall and 
then (.'jualini^ this to /no. d ims, 

Mj. Ih ndm,L( monu tit a( x lor a lieani 

simply suppoiled 
rcic /rrk rrx'\ 

-■ ) 

rtd,“ 7 fd,\ 7 r\“ 

1 2 2 

I’aiuatin^ this to zero j^ixes ^ 

.r- In i;- 

I- - o, 

2 2 t 2 

or X- Lr + .M," ■ o, 

l.t 




■0 ’f 11. <jr 0-7881/.(4) 

Hcncc the points of ?cro heiidinf' moment lie at 0 211 1 , from each 
Hall. , 
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Points of contrafiexure. 'Die two last cases considered j)ro\ide 
examples of beams m which the cur\ature is jiartl) coinex down¬ 
wards and elsewhere cr>n\e\ upnards. 'I'he (enlies of (iir\aiiire for 
a portion of tlic length of the beam he on the upper side, and for 
other poitions he on the lo\ser side. Points oi.i a beam where the 
curvature ( han^es from coiuex iijiwauK to eoinex downwards, /.(■. 
when' the cinlre of eiir\ature changes Irom one side ot the beam 
to the other, are <alled points of contraflexure. (!iir\atnic whah is 
convex downwards may be called positive, and that whu h is convex 
ii[)wards may be considered negative. 'I'he curv.ituie changes sign 
at jioints of contraflexure, and hen< e must have zero v.duc at such 
points. 

('onsideiing the e(|uation (p. ih6), 


(airvaliiie 


I M 
R ^ Kl’ 

it is evident that, for the cuivaliirc to he /cio, M nuisl be zero. A 
[loint of conliallexuie may luince be deliiu'd as a jioiiit ol zcio 
bending moment. Such points occur at (luaitcr span lor an ciuasiic 

beam cair)ing a single load 
at the middle of the span 
(p. 176) and at o-’ n L liom 
the walls in the ca^e of a 
unifoimly disUibutetl load 
(p. 17S) It should he noted 
that eiicaslre beams differ 
Irom i)‘ ains whu h aic simply 






w 

b. _;■ 

( 


_ " _ 


i _ 



^ W per unit Length 


6 




(b) 


_^vv L siippoi led at botli ends in that 
one or both suppoiis in the 
latter m.iy siiflei sinkage when 


the load is applusi, or by ieast)n ot some alt(.r.iluni in the foundation 
conditions, without iheichy aflccting the disiiihulion of bending 
moment along the beam. No such alteration in eilhei ol the walls 
fixing the ends ot an encastre beam,, can ocaxir vvillrout afteclmg the 
bending moments on the beam. Koi example, if the eiuaslie beam in 
Fig. 212 (/r) should for any reason liecomo loose in the holes m the wall, 
so that the fi.xing couples Ma and Mn dlsan])ear, the bending-monicnt 
diagram will change horn lliat sluiwn m Fig. 210(^1) to tliat for a simply 
supported beam,and the maximum bending moment,and consecjuently 
the maximum sires'^ due to bending, will be doubled. lii the case 
of a uniform load (Fig. 212 (A)) such an alteration m the wall fixings 
would produce a change in the maximum bending moment from 




I'KOI'I'I.D ('\\IU. 1 .\ 1 :K 5 


iHi 


+ , ih.il i\ ;i luiinrtu'al incrras^ of (;o {hi ccnl It 

1 2 S 

''luniM .iNo lie ili.it iIh m* aim.Uiuiis would In' .u < oMi|iann'd 

l)v \tT\ small .dtm.ilions m the slopr aiul di fli < tiou. Ilu' nihmum 
(hat .f small ahiiatioii m tin* sliapr oj position ol 

tile IKuil; aiiau^cMUiHs (Im- to sinkaj^r. oi nthciwisj',, will hr 
siiltii lent to prodm !• .i lari;i' ali< i.ition m the iH iiditiL; momrnls and 

str<‘sscs 


WiKomr, il dfsiHil, h\ noting that at 
Is /< i-i 1)( mlmg Jiiniiu nt, .ind ih.ti the 


'I'lu' didii idlv iiia\ In 
points of ('nntiall. Min- lh< \r 
liram m*i\ In- i iit .it tin s. points 
pro\ i<l( d lh.it mr.iiis .in- pn »\ iilr<| 
thiTr tol t.iking up ihr sli, .11 
I'lg t ; i'l) shows dia^iainm.ili 
I all\ how this m.u he < Ihs (rd 
|oi .in < 111 astrn Ixmiii < ,in\ mg .i 
I« nii.d lo.id W riu hram is 
I ul .it 'jii.uti I span, and links ( 'I > 
an<l i’.l-' .lie ll'i'd loi siisprnd 



mg thr middle poiiion I In sc lu r.. ,-t.. ut .t th. | wii,i, ..t 

links will 1)(.‘ under pulls ot AW 

owing to tin slir.iimg (one. ()li\ioiisly no modei.ate i hanges in 
the suppoits (.m now altfi I the hending mi>menfs in the rom 
poneiu pails of the In.im A pia<li<.il method ol designing the 
.uMtigeimnl Is shown m l‘ig. _Mg(/'), wlnre tlie (inlial poiiioti js 
siippiiiud on a lo' ker at 1C .md hy a shott < olumn at (1). It will 
he observed th.ii .dier.ilions ol length, ele , dm- to expansion on 
he.atmg, are taken u[) by this devne without india mg stresses on 
the beam. 1 h(‘ ariiHfe ol rutting a be.un, or an an h, at pla< es 
where it is tk-sir<ibh' lli.tl thi're should be no possibility ol anv 
bending moment arising is often resorted to in practice. 

Propped cantilevers and beams. In Fig 214 ffr) is shown a 
cantilever AB carrying a unlfomify distributed load. ( Ik* fixing in the 
wall at A Is sufheieiU tilune for the eijudihriiim of the (aniilexer, 
but an additional support or proji has b<-en placed under Ik 
'The piessure on this pro]* depends on the el.istie jiroperlies of the 
material of the cantilever and also on the Teved of the lop of the 
proj). .\ssuming that the (anliii^er just tone iTes the top of the [>rop 
before application of the load, tlu. reaction of the prop may be 
calculated as follows. 

Supposing the prop to be removed (I'lg. 214 (/d), the deflection A, 



182 


MA.TERIAI,S AND STRUCTURES 


of the; cantilever unejer the action of the distributed load would ;he 
given by i„I,r 

A, = gi:i (P'> 75 ).(') 

Now suppose that the distributed load is removed and that the 
prop is applied and pushed upwards until a deflection at B of (he 

same magnitude as A, is obtained 
(Fig. 214 (<■)). 'I'he upward de- 
IlciTinn Aj thus produi cd by the 
force 1’ exerted hy the prop will 

A,-^pj (p. 174)- (2) 

If both P and the di.stributed 
load be applied simultaneously, 
the levels will be the stime at 
both A and B (Fig. 214 (if)), lor 
A| and A, are eijual and opposite. 
1 lenre, 

I’ld \\T,‘ 

3F;r\sF:i SKI’ 
where W is the total distributed load. Hence, 

P 'W. ... . .(3) 

T'he bending moment at any section C may be calculated now; 

?rcv- 



Mc=P.v- 
=- ‘ad..v. 


■ (4) 


Points of eontraflexiire may be found by equating to zero 

(p. 180). Thus, jt'x- 

(Jn'L.v -- o. 

Zero is one value of .t satisfying this equation, hence B is a point 
of eontraflexiire. T'o obtain the other point, we have 


2 

or .r = j'L. .(5) 

The bending-monicn.*. diagram is shown in Fig. 215 («). The bend¬ 
ing moment at the wal) may be found by writing x = L in (4), giving 

= ->L-.'...*.(6) 













liKAM HAVING THRKE Sl’PWRTS* 


-To obtain the tx.‘nding nioinont at ’b from li, \vc hare, Irom (4), 

* • 




Jt Hill he uniUwstiMHl tlial 

any rerlual dl^|)lael■lnelU of --1-^ 

the [)ro|i, whether hy reason / Rmdtn^ Momrnls. 

of sinka^e of the foundations / M 

or hy (hanges in temperature, ^ 

will alter the bending moment, Forra 

and henfe the stresses through- " _ ^ _ 

out tile cantileser. The shear- 

mgforee diagram is gi\en m rn,. itiiHimu iii[’inc,ii nmi-.hr mn,; inue 

Fig. 2i5(/>) ; the tallies of the a.-.f.™, i......a s ,...,1.„, 

sheaiiiig force aie a- i;U’ at the wall and - at the prop. 

The case of a b«am resting on three supports at .\, H and (, is 
illu.straled in Fig. 216 (a). 1 he sup|)oi(s at A and I! alone are 


ri... JO iioi 


<b) 

•lit niiii shr iiH)^ loK « 




Fig. 3i 6 A benm resting on thicc supports 


sufficient for the equilibrium of tfie beam ; hence, in this case also, the 
reactions, bending moments, and stresses depend on the levels of the 
supirqrts being preserved. 
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Suppose the supports to divide the beam into two equal spans a,nd 
that the supports ar6 all at the same level. If the support at C be 
removed (Fig. 216 (/q), there will be a dellection A, at C given by 

5 leld 




(■) 


Replace the support at C by pushing upwards until I he level is 
restored (h'lg. 2i6(i)). The iqiward dellection A_, |)roduj'ed by Pc 
will be given by 


■4.SKI 


(p. 1O9). 


(2) 


Clearly A, and A^ arc equal. Hence, 
j’, I,' 5 reld 

4,SK1 3.S| KI ’ 

' Pc-^ml, 

- S W,. 

wheie W is the tol.il load. 

It will be evident that 1\ and Pn are eipial. Hence, 

P -P - *■'\V 
' A ' ■ I 11 -- 1,1 o. 

The bending moment at 1 ) may be found from 
M |) ■ I A'^ ■■ ■ 

A r 

• , ..rf'L.v - 


(3) 

(4) 

(. 3 ) 


Points of eontiallexuie occur where M,, is /,eio ; to find these, we 
have 


-■ tIPL.v- -0. 


The value Aero for x .satisfies this eiiuation ; hence, A is one point 
and, from symmelry, It is another [lomt of contraflcMire. To obtain 
others, 

uCt'L- ^ =0, 

• ■ ' ■' . (h) 

Points of coutraflexurc therefore occur atC'L from A and also at 
an equal distance from B. The complete bending-moment diagram 
is given in P'ig. 2i6(r/J and the shcaringTorce diagram appears in 
Pig. 2 16 (e). 

The beam here discussed is a simple illustration of caitinuou.s 
beams, /.c. beams continuous over several spans and resting on several 
supports. 







BEAMS OF IMl'OKM aiUAU KK * 

Beams of unifcsrm curvature. Coii'-ulenn^ again the i<iuaiiiiii 
I ,/->• M 
R ' i:!’ 

it will be remembereJ lliat it ha^ Ik cii assumeil tli.it the nionient el 
ineTtia is uniform iii*all ihe eases eonsuleieil 1 Ins is ihe e.ise \eiy 
often in piactice ; for example, beams ol eompai.ilm Iv sli.iii sp.ni 
generally i;onsist of a rolled steel be.im or ol two oi nioie suiiiUr 
fleams plaeed side by side. When we (iiiisidei l.iigei be.iins, we 
lind that the section in gener.d is not miiloini, but is x.iiied so as to 
proiluee more nearly .1 bi.iin ol iimloim stieiigth (p. isl). I i"' 
aboxe ei,nation ni.iy be iiiodilied so .is to iik hide a gre.it niiiiiber 
of siieh eases. 'I’hiis, 

M I (p 1 1(0 ; 

m 

. 1 M I / , 

R 1 ', I I'.l m 


A beam of uniform strength is one h.iving iiniloi m 111.1 xiimi 111 stiess yi 
This may be secured by hiiMiig const,ml dept hand ran ing the bie.idlh, 
in whieh rase m will be (onslanl. In ei|Uation (1) aboxe, the light- 

hand .side will ronl.iin nothing but eonsianis, and Ihereloie will 

be constant. Such a beam will have lonsi.int i.idiiis ol iiin.iliire, 
and hence will bend into the arc of a ciide. In other lases ol 
built-up plate girders having parallel H.mges, the bre.idlh is . oiiMaiit, 
.and uniformity in / is secured by adjusting the thukiiess ol the 
flanges, the number of flange plates becoming gre.iler towards the 
middle of the span. Assuming that this xari.ition of flange thu kness 
does not alter Ihe depth .sensibly, we hare a constant value of;//, and 
the girder will ^.ave 1 onstant curvature. 

Constant curvaturebnay aK* oi'ciir in a beam of iiniforni section. 
To obtain such a result* M must be constant in the eiiuation 

I Af 
* R KT 

This condition m.ay be brought about by tjre loads and rear lions 
being apfrlied in the form of two eriiial opposing couples A ran lage 
axle is a common example (Fig. 21-). Here AC-o]!l); eijiial 
loads W, W are applied at A and B, .and the wheel reactions B, V at 
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I ^ . 

C and n will be each ecjual to VV. The portion CD of the axle y/ill 
therefore have unifofm bending moment, given by 
Men = W X AC, 

and hence will bend into the arc of a circle. The curvature in the 

* 

B 

Fig. 317 —A carriage axle. 



overhanging portions AC and 1 ^) will vary, following the la\v for the 
cantilever worked out on p. 167. 

In h'ig, 218 .All i.s a beam of length I, bent into a circular curve 
ACB. IJrawing the diameter EODC perpendicular to the chord AB, 



C . 

Fig 218 —Be.ini l>tiu uito .1 circular curve. 


and remembering th.at the deflec¬ 
tion will be very small in practice 
we have, by application of the 
principle that the produces of the 
segments of two intersecting chords 
in a circle are ecjual, 

EDx I)C = Al)x t)B, 
or, very nearly, 

aRxDC =(. 1 L)-; 

hence the deflection IXH at the 
middle will be 


Substituting for ^ m this result gives 


^MI 

“8 El 


It will also be evident that the inclination of the tangents at A and 
B will be equal to the angle AOC. Exiiressing this in radians so as 
to obtain the slope at A and B, we have 


.^AC_ L 

' Adi 2R 


ME 

2EI' 


4 
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Relation,of stress and deflection. In .ill the eases of dellei tion 
which have been considered, it wall be noted that the e\|)ussi(>n fur 
the inaxiinum deflection has the foini 


A 


tv 1,3 

' Kf’ 


where c is a numerical coefticient, the value of which ilepends on the 
circumstances of the case, llcme we may write, 


A cc 


\VI.^ 

Ml ' 


. . {!) 


'I'akiny the general eciuation for the .stiength of a beam (|i. i.|t)), 

.(2) 


M I, 

m 


it will Ijc noted that M is always proportional to and that m is 
always proportional to //, the o\eialI dcplli of the Ixam. Ileiax’, 

from (2), f 

J T 


d 


Substitution of this in (1) goes 


A -a; W 1 


M'^ 

'MI 


■ d MI 


Hence, in beams constructed of the same material, for which Is 
will be constant, we may state that llie maximum deflection will be 
directly proportional to the stjuare of the len^uh and incersely pro¬ 
portional to the depth when the beams are (arrying loads which 
produce the sai^e maxmuim value of/. 

ExAMri,K. A steel h.ij of rcf tangular section is supported at its ends 
and carries a central loa* riie latio of maximum detlcction to span is 
not to exceed jJo ; ^he maximum stress is not to exceed 5 tons per square 
inch. Find the ratio of spaS to depth if F = 13,^00 tons per square inch. 
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m.;ti;iuai.s axd sTKccirui-s 


t- 

\V1. 

4 

\VI, 


K/1 

d 


d 


IIciK'c, from (i), 


or 


8/1 I,- 

d ' 4SKI 

f\r- 

Ud\i . 

I, 6K A 
rV / ' I. ' ■ 

6 X I i -,1K) r 
- -- X 

5 

• 3-'4 



.(:) 


(4) 
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KXEKCISKS ON ( IIAI’ri'.K \ lll 


1. A 1),ii of '-.t(“cl of siHi.iio sr‘( lion, Z lilt lu's r(|);c, is iisi'd ,is a ( anti- 
1(‘\ ri, |no|ci tin.:; pm Ix's 1>C) oiul t he Mi[)|ioi (, rind tias a load of II). 
at Its ficr end. I•'lnd tho \alm‘s of the latlius of ( urvatiiic foi sc( lions ,it 
im lies iiU(‘r\.ds tlnou^hout the lcn;;lli I'lol K and the Icn^lii of iho 
(.intdc\;ei. !■'. 1 tons jici s<|ii.ii(.‘im li 


2>/l•'nuI the slope and dcHci lion .it the fiec end of tlie < .iiUile\ ci k'^cii 
in Ouc^ion I. 

S/j\ iH'.un of I s(‘{ tion, 8 iik Ik's <Iccp, 4 5 im lies \\ ide, inct.d 0-5 im li 
thu Is', IS simply supported on a span of 10 led and t .111 ics .1 ( cut 1.11 load 
of I 5 tons Calf ulate tile ma\iinuin ddUs tion .ind ,ilso the slope at the 
ends. W'li.it will lie tlic ladms of eii!\aUiie .it llic middle of the sj)an ? 
'I'.ikc E - Ij.S'-X) tons pel s(,[U,ire im h. 


4 . Answer Question 3, supposiiiL; tli.il the Iie.im ( an les only .1 uniformly 
disli i^^y^'ed lo.td of; tons. 

5 . An emastt8 lie.im of I se< tion li.is its ends lived into walls 12 feet 
.'ipaii. 'file depth is 12 indies, .md I is 50 in mdi units If the sticss is 
limited to 5 tons pet stpiarc imli, wh.it centi.d lo.ul would be safe"'' 
Draw the dM^o.ims of bending moment and shearing foice. 

6. Answer Question 5, supposing that tiie load is to be distributed 

umfoinily. , ♦ 

7. ('.dcul.ite the deflertions at the middle of the span for the beams 

given in Questions 5 and 6. * 

8. A cantilever projects 8 feet ftom .1 wall and canics a load of 
1-5 tons at 4 feet fioni liie wall and another#!oad of 075 ton at the ficc ^ 
end. Draw the diagrams of bending moment, slope and dellertion, in 
each case giving tlic scale of the diagram. State the values of the slope 
and dctlection at the free end. T.ikc'I —350 in inch units and*'*'= 13,500 
tons per squaic inch. 

9 . Calculate the uniform bending moment which nnisl be applied to a 
bar of .steel of 0-25 inch in diameter in order to make it bend intoihe aic 
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of r^circlc ()f 20 feet radius. IC--30,00x000 Ih. pci '•qu.uc iiu li ]{ ihc 
bar IS 5 fecttn IcriKlli, \\b.it uill be (lie deileUion at^(^ veime" 

10 . A glider IS 4^ f<-“*-“t span In 4 Icei ilia-p, .md icsts on it'' ''Uppoits 
Tlie uniformly distiibincd lo.ul |)iodiu 0*^ a ma\niinin ■'tu"'N duf ti* lu ndinj; 
of 5 tons per Mjiiaie im h. )• ind the delka tion .it the nuddle <>( tin- span 
1<X-13,500 tons pel sij^iaic nn li. 

11 . Sujiposin;^ tlie gilder yncii in Onesitoii 10 lo Ii,i\e iiniloini tlan^e 
stress of 5 tons pei sipuiie iiu Ii, wh.it will be its ladius ot (iit\ .itnie '' 
Caleul.Uc the delk'ition .11 (li<‘ lentie 

i 2 yf\ (. ,intile\ Cl of unilotm se( lion is limit s( < no 1\ into .1 w .dl, and its 
outer end just toiu lies .1 jnop when theu- is no lo.id 1 he ..intihnct is 
8 feet loHK, and carties a uniloimU distubiiied lo.id o| kxx) lb pei foot 
lenj;(ii. Uind the le.u tion ol the piop, and <.lia\\ the dia};i.iins ol beiuliiij^ 
niomci^ai.d shc.inn^ foi i.e , \e the < .ih illations 1 e(|uiied foi these 

13 . beam 40 feet in length tests on thiee suj>poits \, ( .md 11 .it the 
s.ime le\el , the suppoits dnide the be.un into two eiin.d spans It iheie 
IS .1 unifoiinly distiibuted lo.id ol 1 5 tons pei l(»ot length, tind iho 1 e.n lions 
of the sujipoi ts, .md di.iw the di.i^i.nils ot bending moments .iiui she.ii iiik 
fotee, showinj.; the neeess.uy ( .ih.nhitions 

14 . A piei e of 11. tl steel b.is to b«‘ bent lound .1 dium ^ ha I in di.mielei ; 

wh.it is the maximnin tlmkness ulm h the sinj) (.m Ik- m.ide so th.il ilieie 
sh.dl be no peirn.ineiu ilefoini.ition wiun it is leinoved tioin the dimn.'' 
I he steel h.is an el.istn limit of 14 tons pei sipi.ue melt. 1 '. i4,o<x>ions 
pet sipi.iie im h ^ I b K ) 

15 . I hiee lolled steel joists 6 im hes deep .iie pl.ued side b)' side 

s|).innin}; .in openin^^ of to feet , the moment of meiii.t ol the iwooutci 
joists IS 20 and that of the innei one 4} imli units A lenti.d lo.id of 
5 tons IS so pl.K ed .is to di'llei I em h ot tlie tliiei- ]oisis e<ni.dly . st.ite the 
amount of the lo.id < .111 ted bv t .n h joist .md the m.iMiiuim iiiiit sit ess (/ /• 
St less I ly tons pel sqii.n (> im h) m the < eiiti e loisi oid). ' 1 ' k ) 

16 . A 1 ) 0.1 III ts til miy built into .1 w.ill at one 1 nd, .md rests Iie<- 1 \ .U its 

olhei end on .1 \ ei liea! < <)lumn w hose ((. iit 1 e Inn- is disi.ml <S h < t 1 10111 llie 
w.dl 'I he be.un suppoits .1 w.ill, whose weiylit .iddtd to ili.it ol the be.ini 
Itself IS ei|uu.dent to .1 imili*i inly <lisii ibitli d lo.id of lb pei loot iim 
of the beam l''ind (n) the loi.d lo.ni suppoiied by the ( ohmm ; i/'j thi- 
bending moinenl .md sbe.ai hm c .it the sei lion ol the Immiii .idjoimn^ llie 
\vali , (l) the position ol (he point (>f /eio bendiii” moment, bketili 
( omplele bendinj^ moment .md she.ii di.if^Mins. < I* i*-) 

17 . ^ A ic< lanj'til.ir tiinbei beam, suppoiied .il the ends, of iimfoim 

seilionfiom emi to emk .md it ^.111 les a iinifo! mly disii ibute<l lo.id. If 
ihc woi km^ intensity of si 1 ess m tiie wood is not to e\i«ed ’(xxj lb pn 
s([u.ire inch, and if the imiduliis of el.istu it)' of the wo<«d is i,7<x),ixjo Ih. pei 
st|uare inch, delciinme ihe t.itio ol the depth of < loss-sei lion of be.un lo 
span of bc.im in oidei that Uie dellei tion m.iy not e\f ee<l part ol llie 
span. • . 

18 . A hoii/oiUal beam, sp.m 25 feet, is h\cd a^tlie ends It larries a 

( entral li^ad of 5 ions, and lo.ids ifl 2 tons e.u li ;it 5 ha t from the ends. 
Detetmme the m.iximuni bendm;^ moment, lh<^ taiulinj' nionieiU .it the 
centre o( the span and the posilion of itie points of < oiui.itlexiire , sketi h 
also a Jia^iani of she.u foi« e U.) 
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19 . A floor, carryin}< a uniformly dibtribuied load of 2 cwt. per square 

foot over a span of 2q feet, is pro[X)sed to be cai ricd by either\ {a) I jt)ists, 
10 inches deep ; area, 12-35 square inclics ; I (maximum), 212 inch-units ; 
pitch, 4 feet. Or, {h) I joists, 12 inches deep ; area, 15-9 square inches ; 
I (maximum), 375 inch-units; pitcli, 6 feet. Compiiie these two pro¬ 
positions by flndinj^ the ratio of strengtlis, deflections and total ueights of 
girders. Kind the maximum skui stress in case {ixj. (U.U.) 

20 . A iinifoim beam, 30 feet lonj^, fixed at the ends, has a load of 

20 tons spread uniformly alon^; it. It has also two loads of 3 tons, ea( h 
iumg fiom points which arc 10 feet fiom the ends. What isMic bcndinj; 
moment eveiywhcie, and what is its j'leatest \alue ? (R.E.) 
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Bead and live loads Tlio Io.hN i(» wlmlj .my siiintuti' is 
.sul>j»-( ted m.iy 1 h‘ dixuUd in(n dead .md live loads ! Iir d( ad loads 
iiK IihIc llic ()( all llm pciin.mciit p.iits ol ihr 

slructuri- , llu' li\c loads iii.iy (onsisi <>1 tia\( llin^ wi i^^lits 
.md othi r Ion cs, sin li as um<l ])n ssuu‘, wliu h ina) (»( m 
IHTiodh all). 1 )unl loads piodiuc sin ss ol ( onsianl 
magnitude m the parls ol liie slnuliue. the li\t‘ loads 
prcHlucc lUirlu.Umg slu-ssi s , Ik me c.u h pail ol ihe 
slriKluu- m.iy l)e called upon to wuhstaiul sticsscs which 
lluclu.Ue between maximum and minmunn values 

A load iiuu be ajiphed to a liar m lhrc<- dill'erent 
ways, (a) m ^dual application, the load on llu* bar 
is at first Zero and the magnitude of the load is iia leased 
uniformly and slowly until the bar is uirrying the whole 
load , {/') sudden application may be lealised by reference 
to Fig. 2i<>, in wliK'h the load W is supportcahby shoil 
rods so that it is just touching the collar at llu* lower ind of Al^; 
if the rods be kno< ked out, the load will smldeiily rest on the 
collar, (i) Impulsive application niav be 
olilained by allowing W m Fig. jkj to 
dro[) from a height on to the collar. 

Hesilience. Fig. 220 illustrates the (asc 
of gradual application of |)ull to a bar. 
'I'hc bar extends by an amount pioj>or- 
%tional to the load, u[) to the elastic limit, 
and at any instance the resistance ol the 
Vtr. 72 o.-Diapamf<)racr..dii..ny eiiual to tli^ pull apidicd. When 

•pplieit ‘ ‘ 

the hiiul ai)|)lic-d is I’,, tin- exlciisioii of 
the bar is f, and its rosistame is eiiual to P, It Hill be etident 
from lire figure, that the average value of the load is U‘, and as 


Kic. 219. 
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this force acts through a distance e, tlie work done will be given-’by 
the product of these'<|uantitics (p. 325). 

Work done m stretching the bar=,UV.(i) 

As the resislance of the bar is at all times erjual to the ])ull, it 
follows that the energy stored in the bar will beVspial to IIV. ‘ 

. a - the s(;cti(jnal area o( the bar in s()iiare inches. 

1’ = the final pull in tons. . 

p 

/ - - - the stress iiroduced by 1’ in tons per square inch. 


Then 


or 


I.^the original length of the bar in inches. 
e -= the extension produced by T in inches. 

Is - Young's modulus in tons per sipiare inch. 


IT, 

(tli 



Also, 1 ’ - af. 

Substituting the.se tallies in (1) gives : 

ICnergy stored in the bar - \aj-f 


rrl 




inch-tons. 


(2) 


This quantity is called the resilience ol the bar. The resilience of 
the material is staled Usually as the energy which can be stored in 
a cubic inch when s'ressed up to the elastic limit. This may be 
obtained from (2) by t,iking / to be the ekcstic limit stress and 
noting that al, is the volume of the bar in cubic inches. Hence 


Resilience 


cK 


inch-tons [ler cubic inch. 


Load suddenly applied. If the load be applied suddenly as in 
Fig. 2K), and if the bar extends by an iinount e, giavity is doing work 
on \V throughout this extension. Hence, < 

Work done on W = Wc inch-tons. 

This work may be represented by the rectangular diagram OKLM 
(Fig. 221), in whic h (),K represents W and OM repre.sents e. The 
resistance offered by the bar during the extension still folKiws the 
same law as before, f.c. at first the resistance is zero and it gradually 
increases, being pro[)ortional to the extension up to the elastic, limit. 
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*‘>3 


Tins may l)o re|)rc^^•n^ell l>) the iriatigular diaj^ram (>M(). At l‘N 
the resihiance of the Uir and ilic wright of tlu* luul are e(nml. htit 
extensjon doe^ not slop lure, siiue inon‘ \Nork has been ilune by 
gra\ily tluin e.in be su>red in the rod. l-Aleiision will on unid 
llie work d(nie by gr.y ity has lu-en stoied 
entirely in the rod, i c. until the aiea 
OKb.Nl Is eipial to the .iiea 
i'hi)* will (^ec lu e\idenlK wlun ()\! is 
ecjual to twi<e ()!*, oi wlun is 

iwiie OK Now. had W lu t-n .ipplu d 
giaduall) f the sliel(h would li.ue been 
Ol‘, lu lu <• the siiddi n ai>i>lu .ition ot 
W has piodii'i d a stn t< h double o| 
this amount AKo I’N woi 



ol twue this in.iiiiiiliKle, and theieloK* 
nible ol that whuh would ha\<* oeeuiied 


IcIlW lll> 

ha^^“ bei'ii tin- luial Ksislane*- of the* 
bai had W l)een applied i^iaduallv . lu lu e the sud<ic-n appluation 
fi.is prodiie< d a resist.uu ( 
also a stiess' e<pial to ilo 
willi ^nuliial applaalK/ii 

'I'he eondilions an- not attained lasilv in pnu but the elTerts 

of li\e loads in produ'ing stiess are olleii i.ik< n a( eoiint ol by 

estimating what the slnss woiiM be had the lo.id been applied 

giadual!) atui ll -n taking doul)le this stiess as that wliieli the part 

will 1)0 called upon to (airy. 

Impulsive application of a load. In an impulsive apjiluation, 
let \V be droi)[)ed from a height H im lies (I'lg. 2H)). 'I'hen 
'I'otal work done by gravity \\’(H f«') im h-tons. 

FAlension will go on until the wliole ot this uoik is sioied in the 
bar. Fiom e([ualion (2) (p. 192), we have 

i'hiergy stored in llie Ijar - (rb . 

P 


1 lenet 


a\,\. \V([l fc), 

2I'. 


/' 


P 


\V(H+,) 

iiL 


•..(3) 


If e is small comp-ared with II, as is the case generally, then 

* . 

Working stresses. 'J'he stresses which may occur in any part of a 
structure are estimated by first calculating the stress produced by the 
dead It^id. Separate calculations arc then made m order to determine 
n.M. N 
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tlie stress produced by tbe live loads. Tbe stres.s in the part under 
consideration will then fluctuate between known limits, and it remains 
to determine what ought to be the safe stress permitted in the part. 
T'he determination may be based on the known breaking strength of 
the material by taking the working stress as a fraction of the ultimate 
strength. The reciprocal of this fraction is called a factor of safety, 
and its value de|)ends on the kind of material and the nature of the 
loads. Thus, for wrought iron and steel, the factor of .safety may 
be t for a dead load, 5 for a stress whii h does not change from |)ull 
to push, 8 for a stress which alternates from a (eitam pull to an 
e(|ual push and 12 lor parts siibjcsted to shoi k. .Somewhat higher 
factors may be taken for cast non and for limber, as these materials 
are less tiiistworthy. 

It may be noted here that a load whieh a piece of m.iteiial may 
carry for an indefinite time, if applied steadily, will ultimately cause 
fracture if it is applied and removed m.iny limes. The effect is moie 
marked it the load be alternated, /<’. applied first as a pull and then 
■as a push, m the manner in which the piston lod of a steam engine is 
loaded. The e\|ierinienls of Bauschingei, Wohler, Stanton and 
others, on the effects of ie|)eatcdly ajiplied and allernaling loads 
show that the strength to resist an indefmite number ol repetitions 
depends on the range of stress r.ither than on the actual values of 
the maxiimim and minimum stiesses. 

The lollowing rule has been deduced by Unwin* from the lesults 
of Wohler’s experiments, and a|)|)lies to cases of varying stresstes 

Let ye. .■ the breaking strength of the material in tons per sriiiare 
inch under a load applied gradually. 

/i=:the breaking stiength of the same maleiial in tons ])er 
sijuarc inch when subjected to a variable load which 
fluctuates fiom /, to /, and is repeated an indefmite 
number of times. Let this be ol the same kind (push or 
pull) .as/,. 

/2 = the lower limit, in trms- per sipiare inch, to which the 
material is subjected, + if / s of the same kind -as 
/j and/, - if /., is of the o[iposite kind. 

?■=/ -/ = the range of stress. 

Then Bnwln’a formula is 

/i 2 + .(i) 


I’art I. I’ruf. W. C. Unwin. (Longmans, 1909.) 




WORKIN'C. lOADS , • I(I5 

w lias i^ic laliu- i'5 lor wroiii;lit iron ami mild steid. Krom 
equation (i), wo lia\o , j * 

( ./| ^ ,) /»■ ” "'/•> 

Of , . - "'/* (.A ') o , 




t I /, 


. .. ( 2 ) 


\\\ uhi' li ihe n(';^ali\f sii^n h.^^ Ik t-n di'iii I jjiiaUnn (,?) ;;i\os 

a (lc.\(Ii*ul stiiss/, wliuii pi(i<hnf, wlu-n applied steadilv IcJ 

the ineinl>ei, die same elk (l as die a< lii.d t]ii< tuaiing sU( ss« s 

It (Mi li sale ol (j) lie nmhiplied l)\ die sei iioiial alia i>l llie hai, 
die stiessi's III ilie e(|iialioii liei'oiiU' kiial tones oil the hai. 

(apilal lelleis to lepiiseiit the total tones i on espoiuling to the 
sliesses /,, / an<] /,. We lu\e 


I-'.i|Ul\alelll ste.eU toad 1', 


//R H yj'r\< ’ M ( i' l ■ 




riie LaunhardtrWeyrauch formula also takes aeiomil of sliess \aria 
tioii l.et F, a id ]'\ tons lie the iiKiMiiuim and iiiinnmini loices 
to whuh the hai nuiy lie suhjeeted, and let/, tons pi-r sipiare null 
he the hieakinf* sireii^^lh of the material under a giadually ajipliid 
stiess. Then 


Uri akni;^ stress 



’) toils j)ei sipiarc iiK'h.(.t) 


Aj)pl)ing a fa< loi of safely of \ to this, we liave 


Working stress 


f" ' J.') I**-'' *'■ (5) 


Ex\m1’I K. a rertain bai in a strudiiie (.irrics a pull of 80 tons due 
to the dead loa^ the l|ve load pnxhues foues in the same bar vaiyinj' 
from 20 tons pull to 40 tons push * Find the working' stirss and the cross- 
sectional atca of the bar* I he Ineakmg strength of die niaicii.d under a 
gradually applied pull is 30 tons per square m< li. 

Firs/ Method 1 ^’ doub^n^; tlic live load pull and adding die result 
to the dead load pull, we have 

• Equivalent dead Ifiai^f 8o4-(2 x 20) ^ 120 tons. 

Taking 9 tons per squaie inch as the working stress, we have 
, Sectional aiea of bar 13 3 sg im lies. 
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Second Method, liy Unwin’s formula (3), ^ » 

R=60 tons. 


K, = 80 + 20= too tons 

fl = i5. 


Equivalent dead load = 


(l■5^(») + ^''(J X 36cfc) + 4(ioo-30)- • 


= 128 tons. 

Again using 9 tons per square inch as the working stress, we have 
.Sectional area of bar--!;’’ = 14-2 sq. inches. 


Third Method, liy the Uaimhaidt-WeyiaiK h formula (5), wah.ive 
tons per square inch. 

F,80 + 20= too tons pull. 

Fo = 80-40 = 40 tons pull. 

Working stress =; x 3o( 1 +./,)'[)) 


Cross-sectional area 


'--8 tons pet squat c inch. 
_ K| too 
" 8 8 


= l2-i; squaie inches. 


Wind pressure. If wind pressure be treated as a live load, then 
30 II). per siittare foot of vertical surface may be assumed to be the 
maximum. If treated as a dead load, titeti pre.ssures ttp to 55 lb. 
per s(|uare foot of vertical sitrface may be taken. Stanton’s exiieri- 
ments at the National I’hysical Laboratoiy gtve, for stnall plates, 

/ = o-oo27V- lb. jiei sijuarc foot, 
or, for large plates, .• 

p.- 0-0032V- lb. per .square foot. 


where V is the velocity of the witid in miles per hour. Hutton’s 
formula may be itsed in ealculatitig the normal pressure otr inclined 
surfaces. 

Let y» = the pressure in lb. per souare foot on a’surliice perpen¬ 
dicular to the direction of the wi^id. 

/„ = the normal pressure in lb. per square foot on a surface 
inclined at an angle 6 to the (lirection of the wind. 

Then Hutton’s fornntla gives 

where a is a coefficient depending on the value of ft Values of a 



TRAVELLING jIjOADS 


tg? 


cotrt."'i)i)ii(linj; lo dilTiTcnt values ufO liavc bevy |)loltv<l in Fig. uj, 
and the value of u apivropnate to any given surface may l)C taken 
from tlie curve. 
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Travelling load. In I'lg 2^,) (a) .\B is a beam simply su|iporled 
at A and H and rarrving a lojtd \\’. The effects of W alotie will be 
considererl, any other lotids 




(a/ 




being disregaided. It \\' 
remains lived in po.siiion, 
the reactions 1’ and as 
well as the bending monicnt 
and sheaiiiig fon e at any 
.section, sill h ;is D, have 
definite values. These values 
will alter if \V travels along 
the beam, and it then be¬ 
comes necessary to ileleimine 
what position W must occupy 
when a given section is sub¬ 
jected to the greate.st bending 
moment it will b*e < .died upon 
to resist, as well as the ^alue 
of this bending moment. 

T'he .same ipiestions nii^st 
also be considered in relation to the shearjiig force at any given 
section. • 

lajt * X = the distance of W from A. 

« = the distance of the given section I> frrvni A. 

* L = the span of the beam, all in the .same units. 



Max Shear 

Fit/. j 2 v~Bcam carrying a single rolhiig load. 









198 ' MiWERIALS^AND STRUCTURES 

Then, taking mordents about b, we have i ' 

PL = W(L-.r), 

or = = . 

t , 

Let Ay be on the right-hand side of I) as shown in Fig. 223 (a). 
Then the bending moment at 1 ) will be 
M„=P(! 

= .(2) 

Hence, as .r diminishes, i.e. as W travels towanl.s the left and so 
approaches the section I), the bending moment at 1 ) increases. 

Now let W be on the left-hand .side of 1 ) as shown in Fig. 223(1^). 
Writing down the bending moment at I), we have 
M„-Pu-W(,i-,r) 

= (^i - Wa - \V(rt - x) 


= W,v(.-|'). (3) 

This result indicates that as .v diminishes, / e. as W, still travelling 
towards the left, recedes from the section I), the iK-'iKling moment 
at I) is becoming smaller. Therefore, the greatest bending moment 
which the section 1 ) will be called upon to resist will occur when W 
is immediately over the section. The value of this bending moment 
may be obtained by writing x~a in either (2) or (3) above, giving 

Maximum bending moment M|> = Wu 

.(4) 


If a be varied so as to obtain the maximum b(|nding moments 
for other sections of the beam, ai'.d if the results of calculation 
from eipiation (4) be plotted, a parabolicfcurve will be obtained 
(Fig. 223 ((•)), the ordinates of which will show the maximum bending 
moment for all sections of the beam. 1 The centre section C is 

called upon to resist ji bending moment It will, of course, be 

V* 4 , 

understood that the values shown by the ordinates in Fig. 223(c) are 
not attained simultaneously. T'he diagram must be inter[)reted as 
indicating that the bending moment at any section, say l),*is zero 
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when off the heani, aiul increases gradually ins W travels 

towards the section; the inaxiiniini \alue M|,*is attained when W 
reaches the section. 

I he shearing force at !>, when W or'ciipu'S any position on the 
beam lying on the,right ol D, will be positive and e.iiial to 1'; 
hence, from (i), 

S„ 1’ - ( I - ; ) W. • (5) 


I his result shows that the shearing force increases as a diminishes, 
r>. as W approaches the section 1) from the light. 

Taking \\’ in a position on the lelt of 1 ), the shearing force will 
be negate e, and will be given by 




X 

L 


W. 


(f>) 


VVe infer from this result that the neg.ilive shearing lone at I) 
diminishes as .v becomes smaller, /.<■. as W recedr'S fioni the sei tion 
and ap[>roaches the lelt-hand support. 

The inferences from this discussion arc that the shearing force 
at any .section attains a nia\muini positive value when \V In s close 
to the right'hand side of the section, that it In ionics /eio as W 
crosses the section, and attains a ma\iinum negative value when 
W’ lies close to the left-hand side of the .see tion. To ohiam 
the values of these shearing forces, write .v a in equations (5) and 
(6), giving 


Maximum positive shearing force .S,, 



(7) 


Maximum negative shearing force .S,, ” \V.(,S) 

Varying rr so as to obtain values of the shearing forces for other 
sections and plRttmg the values so found (Fig. 223 (1/)), we obtain two 
sloping straight lines. ^'I'his diagram must be inter|)reted as follows; 
the shearing force at any section is zero when \V is off the beam ; 
as \V travels along the b^'atn fiom right to left, the shearing force 
at any section 1) is ])ositive and increa.svs gradually, until the 
maximum value 1)E is attamerV when W is oy the point tvf arriving 
at the sW tion. .\s \V crosses the section, the shearing force becomes 
negative and attains the maximum value 1 )F when \V reaches the 
Other side of the section. 



Mj^TERIALS and structures 


Uniform travelling load. In Fig. 224(a) is illustrated the case 
of a beam AB sim])ly supported at A and B and subjected to a 
uniform load 7V per unit length. Taking the load of sufficient 


tv per unit length 



li)4cl; 


-lif.Tm carryiiii; a uniform irAvelliDi 
iiAxinniin bendinj^-iiKrmeiit tli.iKt.tin. 


Tmimnm 


length to cover the whole span, 
it will be eodent that the mjixi- 
muni bending moment at any 
section will occur when the 
beam is loaded full)', t.e. when 
the whole s|)an is covered by 
the load. T'he bending-moment 
di.agram will therefore 'be para¬ 
bolic (Fig. 224 (/')) and of niaxi- 

11. "'’I-' 
mum height ^ . 

In F'ig. 224 (a) the nose K of the load is advancing towards a given 
.section 1 ). The shearing force at 1 ) is positive and is eipial to T; 
hence it increases as K apiiroaches 1 ). When F has crossed to the 
other side of 1 ) (Fig. 225 («)), the shearing force i.s 1 ’ diminished by 
the portion of the load lying between 1 ) and F. This shearing 
force will he less than that 
cxi.sting at 1) when the nose 
E is vertically over O, for 1 ’ 
will then have a certain 
value, and this value will 
be increased in Fig. 225 (n) 
by a fraction only of the 
portion of the load lying 
between 1) and E; as the 
whole of the latter must he 
deducted from 1’ in calcu¬ 
lating the shearing force in 
Fig. 225 (rt), it follows that 
the positive shearing force 
at D in Fig. 225 (a) is 
diminishing. Hence the maximum positive shearing force at any 
section occurs when the whole of the ppt of the beam lying to 
the right of the section is covered by the load, the end of the load 
being vertically over ,the section. "In the same manner it may 
be shown that the ma.xinium negative shearing force at an) .section 
occurs when the part of the beam lying on the left of the section 
is covered by the load (Fig. 225 (b)). 



. - Huam carry/ng a imilltrni travelling load ; 
itt.kxiinuni shcaritig-force lii.igrani. 




DEAD AND TKAVEU./NG I.O^DS 


To obtain the values of these shearing forces, first let tlio load 
cover I)B (l''ig. 225 (a)) and take moments ahoii^ B , 

, , =j7f-(L-n)-. 

maximum positi\e shearing foii'e S,,^ I’ ^ 'j (I, - n)-. • , (n) 

Now let* the load cover .AD (l-ig. 225 (/d) and take moments 
about -A: 

(,)l. it'll ill'll", 


Wlt- 

2l,' 


Hence, Maximum negalise sheanng lone S,, {) 


mi¬ 

ll/ 


(to) 


A’arLuion of a in (y) and (10) so as lo obtain values for other 
secttons will evidently proditce tvvo parabolic curves when plotted 
(Fig. 225(c)). The intcr|)retation of this diagram is siiiiilai to that 
of Fig. 223(7/)). The end ordinates are 111 inagmlndcs + .l;cl,. 

Combined dead and travelling loads. II, m addition to the 
travelling or live loads, the dead loads be consideied, diagiams of 
bending moments and shearing 
forces .nay be drawn separately 
for the latter. Combined diU' 
grams of bending moments atid 
sheanng forces may then be eon. 
slructed by adding algebraii ally 
the corre.sponding ordinates of 
the diagrams. This has been 
done In Fig. 226 for a uniformly 
distributed dead load and a 
single rolling load. 

In F'ig. 22f)(/i), ACB is the 
bending-moment diagr.tm for tiu; 
dead load and ADB nlhat for 
the live load ; AF.B is the com¬ 
bined diagram. In I'ig. 2^6 (c), 

F’GKH is the shearing-force 
diagram for the dead load ; FClt^ 
and F'Ciffl are the shear diagrams 
for the live load; FOKRN is 
the shear diagram lor the com- 



Flo. 276 — 

loaJ .i>ul a 


for a bfsm cartying a dead 
single iotling load. 
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billed loads, and shows the shearing force on any section lying close 
to the left of the live load ; GFH'l'f^ is a similar diagram for sections 
lying close to the right of the live load. The construction consists in 
making FN ^ FH + Ff, and joining NK ; also make (!Q = GK. + GM 
and join (^ll. Zero shetiring force occurs at T'.and at R. Sections 
lying between F and are subjected to positive sliear only, 
those lying between R and ff have negative shearing force only; 
sections lying between T and R have to resist both kinds'of shearing 
force. 

Maximum bending moments for a non uniform travelling load. 

In designing bridge girders, it is necessary sometimes to coBsider the 



effects of a non tinif'irm travelling load. Fig. 227 illustrates a con¬ 
venient method : bending-moment diagrams for the girder when the 
load IS occupying several given positions are obtained first; from these 
diagrams the masimtim bending moment at any .section is determined. 

Al! is the girder resting on su|)ports at and 1 !; sections at E, 1 ) 
and C divide the girder into four equal bays. Three loads W,, W, 
and Wj at fixed distances ajiart have been -chosen, but it will be 
understood that the method applies to any iijimber of loads. 

First let IV, be t-eitically over li, and let the distances of W., and 
IVj from A be a and /> respectively. , 

Take moments abo'.it A and set these off along .\N, which is 
drawn at right angles Co .A B. ,' 

Moment of W, = \V’|L, represented by .\F. 

\V.,-W,u, „ FH. 

;, \\V.\V>, „ IIN. . 
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IV2t (), 1 )^‘ the reaction at I!, then the snrn of the above moinenls 
is eiiual to tlie moment of (J, alanit A; lienee*the moment ol g, 
about A is represented by AN. 

Join liK and produce the line of W, to i ut Bf' in (i Join C.ll 
antljiiroduce the Ims of \V, to cut (ill m K join K\ and also 
BN. Draw the vertical IvS TUW 

I'roin the laws of propoition ajiplied to similar triangles, the fol¬ 
lowing state'inents may be made 

Moment ol (J, about Iv IvV, 

U'l „ M IvS. 

„ „ !•: sr 

W, M ri'. 

Now, by taking moments about 1 '., we have 

Bending moment at Iv - moment of (J, - iiionii til of WJ 

- moment o! W, moment of W’^ 

MV IAS .SI' 'I'U 

. I’V. 

In the same way M|, \\'\ and M, \/, Heine the binding- 

moment diagr.uii lor the givi n [lositioii ol the loads is the sh.ided 
diagram in Mig 227. 

'I'o obtain the bending moment diagiani win n W , is veilically ovi r 
the section (', instead of moving the loads, leave tla 111 in thiar 
original |)osilion and shift the girder tow.irds the light until (' is 
vertically iindi r W',. 'I'lie end I! will then be at B, and will 
coincide with the original position of M 'I'hc I'eai tion at IM will 
be obtained by taking momenis about M, giving 

(J._, X IMM moment of W, + moment of \V.^ + tiioment ol W, 

- IsS-t-ST-t-TU 
^ MU. 

Join UB., when it will follow, by similar reasoning to that already 
employed, that the beni^ing-moment diagram for W, over (' is 
B.BGKWUB, 

Similarly, when \V, is at D, the diagram of» bending moments will 
be IMBoBGKWB,; also when*^\V, is at M,«lhc bending moment 
diagraih^vill be B,B.,Bd!(D’B|. 

Measure these diagrams so as to obtain from each the bending 
moments at E, 1 ) and U. If these are tabulated, there will be no 
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4 


difficulty in obtaining the maximum value of the bending momeitt at 
each section by inspection of the table. 


Position of 

Heridiiijj inomentt. at 

sections. 

load W,. 

c 

. 

D 


B 




]) 




A 

0 

0 

0 


It should be noted that the loads may run on to the bridge girder 
from either end, and that cither W, or W, may lead. The effect 
of this on sections lying e<iuidistant from the middle of the span, 
such as li and (', ni.ay be taken account of fully by choosing the 
maximum of the tabular values for (' and K as being the bending 
moment to which both li and (' may be subjected deiiendmg on 
which way the load runs on to the bridge. 



Fig 228 — J’tiriion of a contiiuioub Ijcaiti. 


Continuous beams. Let ABC (Kig. 228) be a pojtion of a beam 
which is conlinuous over several supports ; thfee of the sup|x)rts are 
situated at A, li and C respectively, the s|)at»i being /, and 4 respec¬ 
tively. For sim[)hcity, the load is taken as re per unit length, 
uniformly distributed throughout. 1 

There will be bending moments at each support owing to the 
beam being one continuous piece^*let the.se be M,,, Mu and Me 
respectively. Erect perpendiculars AD, BE and CF to reiiresent 
these bending moments (Fig. 228 (/;)) and join DE and EF. Draw 
also the parabolic bending-moment diagrams ACB and BHCfor the 
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twcA segments AB and B(' takt-ii as cut at A, B and (', and simply 
resting on tlie su|)ports. Then, as has Been slnnvn lor an cncaslre 
beam (p. 176), the difference between the bendmg-inonient diagrams, 
shown shaded, will be the bemling-moment diagram for the portion 
AB^ of the continu<%is beam. 

It is evident that the solution will depend on the determiiijition of 
Ma> Mu M,-. To deternime these, we have the piiiii iple that 
if all the snfiports are at the same level, then the delleelioiis .it B 
and C must be zero, whatever may be the 1 haiiges in delleetion 
occurring in the s])ans. Hence, t.ikiiig iiiomeiits o( area about .A, 
the moment of ADIvB must eipial that of A( 1 B , also taking moiiunts 
of area about ('. the moment of Blvh't' must equal that ol BIH'. 

Taking moments about A, and rcmembeimg th.it the par.ibolic 
area is two thuds that of the cm umsciibmg rectangkv we have 

'."'fM a//' + (M„ - .m■’/, 

,5 - - - .1 

It will be noted that the light hand side h.is been obtained by 
splitting ADlvB into a rectangle ol height .\l) ami b.isc AB, and 
a triangle of height {BK .\n)and base equal to .\B. Ihc equation 
is reduced as follows : 

ttf ' 

■ + .(i) 

Taking moments about C in the same mannei, we have 

" + -M,); ‘'a, 

382 2 23 

-.IM, A+ 1 ,(Mi.-M,)A* 

--^M,A+',M„A.(2) 

Add (1) and (2): 

(/i'’ + A’) = J MaA + .'iMi.(A + A) + JMeA, 

24 ^ 

or +A’) = MaA + 2Mii(/i + A) + Ml A. ii) 

4 t 

•Should the sfians be carrying uniformly distributed loads of 
different valuc.s, let aq anv^rrq be the loads per unit length on AB 
and BC respectively. Then (i) and (2) will Ijecome 

”^‘J = J*a/i + .',M„/„* 

71 ’.// 

• 24~ 


J\U+’,M„A. 
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Adding these and reducing as before gives 

7vJ.i 


= AV, + 2M„(/, + 4 ) + Mc 4 .(4) 


Equations (3) and (4) are cases of Clapeyron’s theorem of three 
momente. By use of these, an e(iuation may ,be written down for 
any three successive supports of a continuoris beam. If there are 
« supports, tliere will be (« - 2) equations ; other two ecpiations may 
also be written from the data su[)plled for the ends of the beam. 
'Thus, if the beam simply re.sts on the sup[)ort at each end, the 
bending moments at these supports will be zero, and tbe other 
equations will be sufficient in order to obtain the complete-solution. 



Example i. A conpnuous beam rests on four supports on the same 
level and carries loads as shown in Kig. 229. Kind the bending moments 
at the supports. * , 

Equation (4) applied to A, B and C gives 

= ,5Ma + 2 Mb(.5 + 20)+20Mc. . 



COXTINUOl'^Bf AMS 

Also, Ma o; 

422 + 3000 70M11 + 20M,.. *. 

Equation (4) applied to 11 , (. .»iul D ^ivcs 

>flso, Ml. - o; 

. 3000+375 ''20M|i + 6<'>Mc .* 

From (O^ind (2}, 2ioMii + ('><.^M< 10,2(/), 

2oM|i + (k)\1( - 3375 ; 
n/>Mn 6S91, 

• 36 3 ton-feet. 

From { 2 >y (20X 36 3) 3375, 

CkjM, 2649, 

M. 44 15 ton-iVct. 

ExamI'I.k 2 Find the loai lions of liie suppoils ol the beam K'ven 111 
Example i. 

'I'o find Ka, ''iiie down an expresMon for the IxmkIiuk int)nuMU at II, 
obtained l>y caUulalin^' the moments .ibout J 1 of the tones adinf* on All. 
(0-5X i3x */) -(Ka X 15) M„ 36-3, 

5625- 15KA -Jb-J, 

Ka * 1-33 tons. 

In tlie same way, Kn may be found by wilting down an expiession fur 
Me, taking moments .iboul C of all the foires a< tniK <ui AllC. 

(0-5 X 35 X '!/') + {I X 20 X - (Ka X 35) (KuX 20) M^ - 44 -> 5 . 

306-25 + 200 ■ (1 33X 35} -2oKb - 44 -I 5 > 

20K1, - 4 I 5 ' 5 » 

4 <ij - 20 77 tons. 

To find Rc, take moments about 1 ) of all the forces acting on the beam. 
(0-5 X 45 X V‘) + (i X 30 X ‘y>; (Ka X 45; -(Ki, X 30)-(K( x 10) - Mi, = o, 

506 25+ 4 JO - (45 X 1-33) - (30X 2o-77j- ioK(,---o, 

ioK( ■ 273-25, 

* K(, - 27-32 tons. 

AUo, Ra + Rij + Rc + Hd the total itad on the beam, 

* K„ -52-5-{i-33 + 20 77 + 27 ’ 32 ) 

- 3 08 tons. 

In order to cheek the accuracy, calculate Ru hy taking moments about 
C of the forces acting on Cl). • , 

• (1-5 X lox C”;-(lb X 10)= Mc = 44 -' 5 > 

ioRr)^30-85, 

tons. 
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Exampi.e 3. Draw the diagrams of bending moment and sneatmg 
foice. ‘ 

S on the right of A= + i^ tons 

S on the left of l\-- Ra - (0-5 x 15) 

>33-7 5 "^ ions. 

S on the right of B - Ka + Ku“(o-5 x 15) 

-1 33+ 20-77-7-5" +14+) tons. 

S on the left (jf C - R \ + R» • (o 5 x 35) - (i x 20) 

- 1’33+ 2077 - 17-5- 20 
15-4 tons. 

S on the right of C - Ra + K11+Re - 17 5 - 20 

■1-33 + 20 77 + 27-32-37-5 

-- j- 11 02 tons. 

•S on the left of D - Rj, - 3 08 tons 

'I he sheaiing loice v.iiics unifortnly lu iueen llic suppous ; the com¬ 
plete sheaiing-fouc di.igiam is given in f ig. 22o(0- 

'I'he following (|uantitics, logeiliei with the l)emling moQienls at the 
suppoiis, me rc(.|uiHHl fot tlie bending-moment diagi.im. '1 hey aie 
obt.lined by < .ilcul.iiing the bending moments at the middle of c.n h span, 
assuming that the beam is ait at B and (' 

Bending moment at the cenlie of Ali - 5 ^ i ^5 ^ ' S 

Bending moment at tlie centic of BC “ ^ ^ 

o o 

- 7^ ton-feet. 

01 . * .1 . i-5xroxio 

Bending moment at the cenlie of CD^^ ^ .. 

. 8 8 

-• 18 7; ton-feet. 

The bending-moincnt diagiam is given in i'lg 229(3), and is diawn by 
making BE and CE ecpial to Mu and Me iesj>ecii\ely and joining AE, 
EE and ED. OH, KE and MN aie tlicn set uj) fiom the centres of ,-\B, 
BC and CD, and are made equal to 1406, 75 and 18 75 ton-feet respec¬ 
tively. '1 he euives ACB, BKC and C.MD me p.irabohc.* I iic' ditVeiencc 
of these diagrams, shown shaded, is the bcnding-moincnl diagiam for 
the beam. 1 ‘omts of contrafieMire (p. 180) ocr^i at O, P, Q and R, as 
the bending moments are zero theie. 

Plate girders. Plate girders are used nistead of rolled I sections ' 
when the dimensions 4)f the girder l)t*come large. Such girders con¬ 
sist of top and bottom flange plates (Fig. 231) and a plate 
secured to tlie flanges by riveted angles. 'The flange jilates, as may 
be observed in Fig. 230, increase in number towards the mkkllc of 



PT.ATF CriyV.RS *09 

- -- •- - — - 

the spi\n, ^\ho^c the l)cndm^ nioiiu-nt is largt^. 'I'he web plate is 
generally of uniform thickness in giniers of eotnpnraiively small span ; 
in \ery large girders, in Avhuh the \Ncb is bmlt of several plates 
jdaeed end to end, the plates near the supports may be made ihieker 
than those at tlu,* ^niddle, thus making allowance lor the huger 
shearing forces near ilie suj>jM)rts. In calculating the dimensions of 





1 (• 730 - Sltlf rlrvalK'H of 


the (larls, it is customaiy to assume that the flanges supply the whole 
of the r< sistame to beialmg .ui<l th.il the web supplu-s the whole of 
tlie risisiaiue to sheaiing l lu' w< b is liable to buckling, and 
reijuires to be siilfriu-d al iiil*i\als. loii this piu|K)se \iTli<al 
stiffeneis are riveted to llie wib pial<’ at intervals as shown in 
Fi^, -30^ these an* of < los( 1 pit< h luai tlu* suppoits, and may be 
constiuclc<l ol angles as m I'lg. :;^i, 01 m.iy be of T seciKUi. 

'I'lu- ineth(Hl of finding the piim ijial dimensions may be understood 
by snid) of the following example 


Kxvvil'l.r. A plate g'olei of 30 feet span with parallel flanges has to 
< any a unifoi inly disO ibun *1 (h ad load of 2 tons per fool length, including 
the weight ui die gtidei Y iiid the pi iin ipal dimensions. 

r,iking the depth as of the sjian goes .1 depth of 2 5 fed. 'I'liC 
breadths of tlic flanges may he i'."‘ of llic span, giving 105 imhes 
for tills dmuaiMon 

I’he tot.il lo.id will be 60 tons. The maximum handing moment will be 


M,u 


W I, (ny X 30 

H ' 8"' 


225 ton-feel. 


1 aking working stres'-es of 7 tons per square inch pull and 6 tons per 
square im h push, the sectional aicas of the flanges at the centre of 
the span may be found Let tiicsc be Af and Ac square inches for the 
bottom and top flanges jespei lively. 'I'he moment of resistance of the 
section to bending will be^7At x the dejilh of the gii tier, c;r 6Ac x the depth, 
according as the bottom 01 the top flange is considered. Equating tlicse 
to the bending moment <it die (cntie of the span gives 
7Afx4 :25, 

Afi J285 wAaic nil lies. 

• 17-5 - - 

6A.-X2J ■ 225, 


A, 


7 . 

'5 


1^ square indies. 
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It will be noted, fiom inspection of the section j'lven in Fig. 231, tliat t-wo 
rivet holes occur m each flange. I n the case of the llange under push, it may 
be assumed tliat the rivets fill the holes 
])crfccily and that no compensation is 
necessary. In the case of the flange 
under puli the sectjonal area of the two 
rivet holes must be deducted from the 
total sectional area of the flange plates. 
I’he rivets in the present example may be 
taken as ]" in diameter; it is not customary 
to exceed this dimensioa to any extent on 
account of the difficulty of clos ng larger 
rivets by hand, as has soineluncs to be 
done thiring erection. '1 he sectional area 
of the honzontal hml)s of the angles used 
for sccuiing the flange jilatcs to the web 
plate may be included in the flange area. Angles j.V'x 3^''x F'aie used 
in llie present case. 

Taking llie bottom flange first, in which the ri\et liole ailownnce must 
be made, w-e have 

Net area of the hori/ontal limbs of two angles = 2(3i ~ J) J 

^ - 271; square inches. 

Using plates thick, 

Net aiea of one plate 10-5" x (10 5 - 

- 3 375 square inches. 

If three such jflates aio used, Not area -3 x 3-375 

to 125 square inches. 

Adding this to the area piovided by the angles, we have 

Sectioned aiea supplied in bottom flange • 2 75+ 10-125 

- 12^75 squate inches. 

This is slightly in excess of the area actually icquircd, \i/. 12-85 i^^tiare 
inches, and may thus be adopted with safety. 

Considering now- the top fl.mge, which is under push, and using 
the same dimensions of angles and .dso the same thickness of plates, 
we hav e ‘ 

Area of the horizontal limbs of two angle!. = 2 x 3,^ x i 

-•3-5 square inches. 

Aiea of one plate, 10-5" xj''^ 3 94 scpiarc inches. 
Aica of three plates^ 11-84 sguaie inches. 
'Total fkinge aica--3-5 + ii-84 

15-34 scpiarc inches. 

The area actually required is 15 square inches; hence the assumed 
dimensions may be adopted. 


y rivets 



Zplate^ 


Fn;. 231.- SecUon uf :i pl.ite );mU-i 



rLATR (;rK4>KKS an 

The (if finding t)u* knj^th^ of tlie in.iy he uiulei- 

stood by lefcrcncc to l ij; 23: I Ik' bciulin^-moincnt diajiiam foi (he 
girder is draun on a base AH. and l^ aUo h diaun iinctlcd. The moment 
of resistance of the angle lmil)*> i'. (aK ulatcd, .ind also (ho moment of 
resistance of eadi plate scpai.uels, making allouamc for nvet holes m 
the»iasesof ihostMincfti pull Iho'-o aio sot otr\oitnail\ fnun AH and 
horizontal lines lukai I lie angles and the plates adiaioni to the neb 
must run the whole length of the gndei Ihe other plates may stop at 

Ton -feet 



the points where their mornentof lesist.incc lines cut the bending- 
moment diagram, but aic made .i little longei in otder that the riveting 
at the ends of th%))l.ites mav Ixt (anied out projieily. 

The thickness ot the web plate may be found on the assumption that 
the shearing foice is disfribmcd uniformly over llie section of the web. 
Assuming a she.irmg stress of 6 tons per s(jiiare inch and taking a section 
close up to either support v^ieie (he shearing force is a maximum and 
attains the value of 30 tons, the aica required wilkbe 

Sectional area of wgb - - 5 square inches. 

FtA" j*i«lalc 30 inches deep this ^ould give a thickness of inch. 

To guard against the effects of rusting, no plate should be less than 
^ inch thick ; further, buckling has to be considered ; hence the ueb may 
be taken as inch thick 
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The stiffeners shou^ld have a pitch not exceeding tlic depth of the girder, 
and the pitch may be lialved near the supports. 

To find the pitch of the rivets connecting the flanges to the web, taking 
a section near the end of the girder, the shearing force is 30 tons, and as 
the girder is 2-5 feel deep this will be equivalent to an average shearing 
force of^30-r2-5 = i2 tons per foot Now the sheninng force per foot of 
vertical section must be equal to the shearing force per foot of horizontal 
section (p. 126); hence the resistance wliich must be provided by the 
rivets will be 12 tons per hori/ontal foot. 

Taking rivets J inch 111 diametei, a shearing stress of 6 tons pcrs<|uarc 
inch and a bearing stress of 10 tons per square inch, we have 

Bcai ing resistance of a J inch rivet in a inch j)late - x ^ x io 

2 81 tons. 

Slieaiing resistain e, undei double shear 

4 64 tons. 

Hence the bearing icsislain e must be taken. 

I 't 

Numbci of iivels per foot^ ^ =4 ; 

pile h - ^ UK lies. 

As the shearing force diminishes for sections taken neaier to the centre 
of the span, the pitch may be increased towaids the centre. It is, how¬ 
ever, undesirable that the pitch should change too frequently, do find 
the section at which the pilch may be changed to 6 inches is equivalent 
to finding the section at which the shearing force is half the maximum, 
viz, 15 tons, 'fins will occur evidently at quartet sp.in ; hence the middle 
15 feet of the girder may have a rivet pitch of 6 inches 


Parallel braced bpdge girder. Fig. 233 shows in outline a bridge 
constructed of two Pratt girders A and P, one on each side of the 



bridge; the roadway is supported ])y cross girders C winch are 
attached to the main girders at the lowei' jiancl points a, />, d,f etc., 
and transmit the roatj loads Wj, W„, \V.j, etc., to tlie girders at these 
points. T'he main girders each ct'nsist of two parallel booni.s, con¬ 
nected l)y inclined web bracings and vertical bars. The forces in 
the various parts of the girders are found generally by calculation 
in the following manner. 






jiHinr.r-: (;ii<i»khs iij 


VorcM in,the top boom. ('oii>-Kler the liiir ir 2,5,5), if llii.s liar 
were <iri>|i[)c(l out, the poilioii <t<i/ would rotate about 1/. 'lake 
inomeiitr about </of .ill the forces ai tiiij; 011 
au/ wbich i.s sbown se|i,tr.iti ly in Kin -.)-!■ 
is the force ill tc. has /.to iiioiiiciit. 

('IV, X I)) + (\V| X III/) t (W, X A/) 1' X II,/, 

or 'I'lfXlV (I’X rf</) - (W'l X (!(/)-. (\V, X A/). 

Tlie rin'lit band side of Ibis cspresscs the 
bending moment at 1/, writing tins as M.j, the ciiualion gives 



'r.vs 


M., 

I) ■ 


(■) 


In the same way, 
And 


M, 

I)' 


■IVr 


Ms 

I) 


'I'liere is no necessity for calculatiiyg the forces in the bars on the 
other side ol /•, as, with syininetni.il loading, it is OMdent that the 
forces will repeat lhemselve,s. 

Forces In the bottom boom. It is esideiit that, as there are only 
hori/ontal anil -.iitical fonts at the joint /' (I'lg 2,5,5), 'be force in 
ii/i will he equal to tli.U in At/. If the bar /n/ be ilrop|)cd out, then 
the portion n/v will lotate about t Taking nionienls about r of 
all the forces acting on ii/v (I'lg. 255), we have 
(IV,( X I)) + (U’l xii/i) 1’ X ii/i, 

Tfcfxl) (I’X (lA) - (V\’| X irA) 

Ml,; 


W.Y 




td 


w. 

Fit;. 73s. 



If J/he drojqied out (Fig. 2,>,j), adu will ri^ate about e (Fig. 256). 
HeSc3r ^ ^ ^ ^ ^ 

'l',//x l) = (I’ X ad) - (W, X ad) - (W.^ x bd) 
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I'l/, 


M,/ 


( 3 ) 


Ill llic .same way, 


,, M., 

Iy7.= „• 


Forcos-ln the inclined bracee. ('oiisidcring the bar «.■ (Fig. 233), 
evuiently tlie liori/.Diilal component of the foiee in it will 
be baliinced by the force 111 abd. l,et 6 be the angle of 
inclination of the brace to the hori/ontal (Fig. 237). T'lien 
I ml I cc COS 0 . 


'ad 


'I',,,- - 'r,„i sec V. 


(4) 


In the same way, the lion/ontal conipuiieiit of the 
force in rd is balanced by the forces in bd and df 
(Fig. 238). Hence, 

I'll/ - 'l'w“ I’l.1 cos 0 , 

or ’r„i (T'.i/ - T'fcd sec 0 . 


(.«,.OC) 


sec 9 . 



Fig. 238, 

(5) 


.( 6 ) 


In the same manner. 


T,r=(r/,.-TV)sec(l 



sec 0 . 


The force in g/r requires s[)ecial treatment. If the forces in g/i 
and /im be both resolved rertically, the sum will be 
etiiiai to \Vj (Fig. 239). Hence, 

2T,,,sm0-\V„ 



>5 

Fig. 239. 


T„a cosec 0.(7) 


Forces la the vertical bars. T’he only force possil,ile in A' is the 
load W.j a[)plied at’its lower end (Fig. 233). ‘I’liere can be no force 
in //X’, as there is no load at its iqiper end.' (lonsider « 
the bar dc ; the force in this bar is balanced by the 
vertical component of the force in the nclincd brace 
ej which IS connected to its top. Hence (F'lg. 240), t 

T.f, = T,/’sm 0. ...... (8) 

In the same way, T/^ = sin 6 . 

The forces in the sarious members due to the dead load may be 



'l(,. 240. 













-MS 

found rtlM»l.y KrapliUMl nielliods. I'.y. 
for the giuIiT under <lis( us.sion. 


A 



Live load forces. Supixisr tii.u .i iinirfuni li\e load, fif length 
sullicient to < lh(‘ entire span, may nin Irom i nlur mid on to 
the glider shown in Iml^ j pp ll is inuh lU th.it maxiimmi lieiidnif^ 
nionieiU will occur at all sections when the span is (ovmd wholly 
by lh(* live load, hence inaxinuim loues will tlun or cm in all the 
members of both lop and bottom brioms J( both ii\c and dt ad 
loads are uniform, [irodm m^- a ratio r)f li\e to dead load pci loot 
length ot girder crpial to //, then the la nding moim nts at <uiy s< r tion, 
produced by these loads, will also ha\e the ratio //, and the lor<'c in 
any boom member due (o the li\e load will be ft times the forr e in 
the same member due to the dead load 

In finding the maximiim lne-Ioa«l forer s m the iik lined bais of 
the web, it may be taken that thr; shearing forte in an\ panel is 
balanced by (l*e \('iti(^al cranponent of the loicc in the im lined bar 
belonging to that panel. .Ma\imum lone in any mrlinrrl bar will 
therefore occur when maxiimim she.ning lone evisis m thr p.mel tt) 
which the bar belongs. The frjllowmg simph; pnutir.d rule gives 
results siillicK'ntly aceui.ifr' Assume liiat maximum piili in the 
inclintal bats o/, (y, g// (log 2 5^) 'neurs n ear h panr I point 
situat^j^ on the right of the bat is ranymg a load W, W.bmng the 
live load })er [)anel, also tiuit the maximum pudi in the inr litied 
bars //w, loy jujy occurs whrn ear h panel prant situated rai the right 
of the bar is carrying a lr)ad erpial to \V. Under these conditions, 
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the shearing forre in the panel will be equal to thu left-hand 
reaction F, 1’ being calculated from the loads ap|)hed to the selected 
panel points. The force in the bar may then be found from the 
product Ucosccd. T'he maximum forces in the end bars nc and ijr 
(Fig. 233) may be found by resolving vertically and hori/.ontally the 
forces at a and r when the span is wholly covered by the live load. 

It will be noted that corresponding bars on each s^de of the 
rniddlc of the s[)an, such as cd and /a/, undergo reversal from pull to 
push, owing to the condition that the live load may run on to the 
girder from either end of the bridge. In general it will be found, 
when the dead-load forces arc combined with the li\c-load foiies, 
that the inclined bars near the ends of the girder have forces lluclu- 
ating between maximum and minimum pulls, and that a few only 
near the middle of the span undergo actual reversal from pull to 
push. It is customary to design the inclined bars in such girders 
to withstand |)ull only, and to counterbmee those [lanels in which 
the inclined bars suffer reversal from pull to |nish as shown by the 
results of the calculations indicated above, (ioimterbiacmg is 
shown by dotted lines in the two centre panels of the girder shown 
in Fig 233. It is icssumed that the counterbraces fk and /■/ take 
as pulls the forces which would otherwise have to be carried as 
[lushes by j^h and km. 

Having found the maximum forces which may occur in the 
inclined bars due to the live load, the forces in the verticals may 
be found by considering the ujiper panel [loints c, e, x, etc. (Fig 233). 
The force in any vertical bar will be equal to the vertical component 
of the force in the inclined bar which is connected to the same u|>[)er 
panel point. 

Bridge girder of varying depth. The |)rinci|ilcs underljing the 
solution of a bridge girder of varying de[ith may be understood by 



reference to Fig. 242. rv single load W is alone considered, and 
P and Q are calculated first. 
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'1*0 find til*; force in the nieniher A l.,.|onu,n,i,' Kj the hotloin lioom, 
it will be noticed that, if the bar Ire renuned, AAv/ «ill u.tatc about 
e. ’laking monientb about c, we iia\e 

Fiirce in A' x A- 1 ’ x .\h -- M,,; 

• * ( , Ml, 

.. lore c m /v , . ^ M i 


lo find the fori'e in the ineiriber c/ol the top Iiooiii, the roialion 
point would be c if the bar were dioiiped out. Taking iiioiiieiit'. 
iiliout c, lirhl drawing cr perpeniheular to we ha\e 

Fon e in (/x or I’X Ac M,,; 


To find tlie force in oc, leferenee is made to Fig ipp showing 
AAv/ together with all the forces aeliiig on it. I',, I', aiul F aie the 



forces in ef, be and co respei lirely, T, and T, intersei i, when pro¬ 
duced, at z, and hence hare no moment about v. I trarv zm peipen- 
dicular lo the line of T and take moments about =. 



F X As = '!' X s?«. 



zm 


(b) 


^ To find the force in be, resolve hoii/on- 
t.ally and rertically till the forces acting at 
the tea) Joint e (F'lj* 2g.j). For balance 
of the vertical components, we hate 


'1' .sin y + 'I'l sin a = T, + 'I'j sin fi ; 

T^ T sin y -J- T, sin o - T, sin ^.(4) 
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Double Warren^ girder. As an example of anothet melhofl of 
solution, consider tlie double Warren girder shown in Fig. 245 (a). 
1 he girder may be taken as made up of two component girders 
shown separately in Figs. 245 (/<) and (c), each carrying the loads which 
hang, in the complete girder, from panel pty'nts belonging tg the 
component girder. ICach component girder should be solved 
separately. The force in any member of the complete girder may 
then be found by adding algebraically the forces in the corresponding 
bars of the component girders. 



biG. 345.—Double Warren girder and the component girders. 


Assume that the bracing is at 45°, as is often the case in this 
type of girder; also that the proportion of each load which is borne 
by each support takes the shortest route between the panel point and 
the support, (..onsider W'j (Fig. 245 (/>)) ; j!\Vj is supported at f, and 
JAV I is supported at //. The -JWj arrives at,iAitfter traversing Aa as pull 
and as push, thus producing forces -‘W'jn/I pull in aA and \V, 
push in <4^. The -JAVj arrives at n aftet traversing Ac as pull, cl as 
push, le as pull and en as push, and produces forces erpial to 
^W|v/2 in each of thd,e bars. 

In the same manner, 5W3 arrives at « by producing pull in 

A and iJWjs/a push 'men-, also 'IWj arrives at by producing fWjva 
pull in Ic, |Wjv/2 push in cA, pull in Aa and \\\\ push in ag. 
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The total/orcfs in these bars in Fig. 245 (/') inijv be rmnul now by 
adding algebraically the results ealeiil.ited (br each. The I'orees in 
the boom members are best iound by ealeiilation from the bending 
moments in the manner described on p. 214 It will be noted that 
therj are no forces in^'//, i/and fn. 

The solution of the other <-omponent girder (Fig 245 (t)) is obtained 
in a similar manner. I he force m any member sueli as /v m 
245(1;)‘will i’c found by adding algebi.neally the foiccs m ne 
245 (''')) ■ii'd A/ (Fig. 2 .t 5 (,-)). 

In girders of the double Warren type eonlaining a large mimbor 
of panels Imd nniformly loaded, the asstnnplion may be made that 
the mehned bars in any panel share ccpially the shearing foree m 
that panel. Tins assninption should not be made if the number of 
panels is small, as it then leads to absurd resiills. 

If vertical bais 1/’, eti., be added to the giiiler shown in 
F'ig. 245(0), It may be assumed that each M rtiial bar lianslers 
one hall the loarl applied at the lower panel point to thi' upper 
panel point, and the solution may then be obtained m the same 
manner as before, with the \eitical bars li ft out. 

Reinforced concrete beams. In Fig. 246(0) is shown the section of a 
concrete beam having steel reinforcement liars near the bottom edge. 




In making calcujjttions regarding the strength of beams of this tyjie, 
it may be assumed, a.s Ras been done lor nielal beams, that there is 
pure bending, that thereRs no resultant ]iull or push along the length 
of the beam and that cross sections whiih were plane in the unloaded 
beam remain plane when l*ie beam is loaded. It follows from the 
last assumption, that the strains of longitudinaT filaments will be pro- 
jrortignal to the distance from th^neutral layertp. M.t). Hence the 
strains atrover any section A I! (Fig, 246(/')) may be rejircsented in the 
side elevation of the beam by a sloping straight line HE which pa.sses 
through the neutral axis at O, giving the two strain diagrams AOC 
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and BOE, the hoi^i/ontal breadths of which show the strain at'any 
point. 

Let Sc be the maximum strain in the concrete under compression, 
represented by AC (Fig. 246 (/;)), and let ,r,, represented by DP’, be 
the strain in the steel. Let /i be the depth (jf the beam meai^ured 
from the top to the centre of the reinforcement bars, and let xti be 
the distance of the neutral axis from the top. Then 

Se _ Xd _ -C . , 

r, . 

Let Cc be the push stress in the concrete corresponding to the 
strain Sc and connected with it by 



where Iv is Young’s modulus for the concrete. Also let /, be the 
pull stress in the steel corresponding to the strain s,, the connection 
being . 

F = * 

s/ 

where E, is Young’s modulus for the steel. Then 
E, _ Sr _ Sc 

ISc s,j Cc i‘c 

. 

T'he ratio of denoted by m, is rather variable owing to the 

Ljr 

nature of concrete^; the average value of 15 is taken in practice; 
hence the above result may be written 

.(3) 

It is customary to allow safe stresses of 600 lb. per stjuare irjeh 
push in the concrete and 16,000 lb. per square jneh pull in the 
steel. Suppose that the section is so proportioned as to secure that 
these values occur simultaneously on a ceVtain load being applied. 
Then, from (3), ,5 

, 600 I-a: ' 3 ’' 

whence • /, = 0-36.(4) 

A seetton so designed is leferred to generally as an economlo 

■MtlOQ. 

In estimating the strength of the section to resist bending, it is 
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usual to disregard the stresses in that portion of the conerete lying 
below the neutral axis, and hence undei pull sire's. It follows that 
the stress diagram for the section will reseiiihic that shown shaded in 
Fig. 246 (e), in which push stiess on the concrete is jiroportional to the 
distmice from the nei|tral a\i.s, being the masimum \ahie, and the 
stress tg on the steel is assumed to be distributed uniloimly o\er 
the steel. 'I'hese stres.ses will gne rise to cipial resultant forces (1 
and T on the concrete and steel respectnely (h'lg 246 {(/)), etpial 
because there is no resultant Ion e along the length of the beam 
l,et /< be the ratio of the aiea ol the steel to the leitaiigiilai area 
M (Fig. 2.f6 (it)), and let A, be the total sectional area ol the stei-l hais 
in sipiare inches. Then 

and 1 - /./A/. (<') 

Also, Area of the com rele under push />\i/ ( I'lg. 24(1 (u)). 
Average push stiess in the ( luiciele b,. 

Total iitish in the coiicietc . (> \r,/i.\(l. .(7) 

Also T (•; 

.-. 'oAtvf, 

or “ b%v, 


/' 


I c,. 


2 /.' 


. .. .( 8 ) 


(from (,;)).(y) 

m{i x) 


If the beam is of the economic section, then .tas 0'36 from (4), and 
(9) becomes , 0-00675 

-- 0 675 per cent. .. (to) 

obtain the moment of resistance to beinling, we must calcu- 
1^^ the moment of the ctiu[ile lormed by 1 and (^. (. acts at a 

distance jXd frofli the t»p ; lienee the distance between (, and I is 

#/->,.XV/) ---r/(t-.Ve). 

Hence, Moment of resistance (1/(1 'x), (11) 

or „ * „ -- '11/(1 - J.v).(12) 

From (7) and (11), we have , 

Moment of resi.st;i^ce — .'(■r/'.V(/-(I - J.v), . .• . (13) 

or, from (6) and (12), 

Moment of resistance -- ^,pMH 1 - ]x) . (14) 
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Fig. 247. —Reinforced concrele T beam, NA below the 
slab. 


Reinforced concrete T beams are much used. 'I'l^ere are‘two 
cases, one in which the neutral axis falls below the slab (Fig. 247 (a)) 

and the other in which the 
neutral axis falls within 
the sljjb (Fig. 248 (a)).^ As 
the concrete under pull is 
neglected, the stress diagram 
for the latter (Fig. 248 (/')) 
is identical with that for a 
beam of rectangular section 
(Fig. 246 (c)); hebce all the 
results already found apply 
to this case. In the former 
case (Fig. 247 (a)), it is 
customary to disregard the shaded area, representing a small portion 
of the concrete under push. The stress diagram will then take the 
form shown in Fig. 247 (/'), 
and the equations become some¬ 
what altered. 

It should be noted that re¬ 
inforced concrete buildings are 
practically monolithic; columns, 
beams and floors are so con¬ 
structed as to form one piece. 

Hence all such beams must be 
regarded as fi.xed at the ends. It has been shown already (p. 177) 
that in such beanas the bending moment reverses in sense near 
the walls; hence the toj) sides of the beams near the walls will be 
under pull, and some of the reinforcement bars should be brought 
diagonally upwards and run near the top of the .section over the 
supports. 



Flo. 248.—Reinforced concrete T 
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Example i. A reinforced concrete beam 19 g inches wide, and is to 
have a moment of resistance of 200,000 Ib.-inchxs. The stresses of 600 lb. 
per square inch on the concrete and 16,000 lb. per square inch on the steel 
are to be attained simultaneously. Ratio of elastic moduli =15. Find 
the depth of the beam and also the sectioiJal area of steel required and 
the position of the neutral axis. 

From (to), ^=0-675 (jcj: cent. •>- * 

From (4), r=o-36. 

From (13), M = iccAiv(' 2 (i - J.r), 
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or 


/-V, 

= Vo 


jM 

i/'u(i - \.i) 

1 X 200,000 

0-36 X 9 X (xxn^ I - O* 12) 

, , inches. 

Distance from the top to the neutral axis • 

- 1./-=0-36 X 15-3 

— 5-51 inehcs). 

Sectional area of steel -- \, ^f*lui 

^ :--ooo675 x9 X 15-3 

0-93 ')(|uarc mkIi. 

ExaMPI.K 2. A reinforced coiuiete beam 9 indies wide by 18 inches 
deep has thice steel leinforcemont l).iis, each 075 indi in dianictei. 
F'lnd tlie position of the neutia! axi^ and tlic inoiiicnl of lesist.ince. 
Neither of the stiesses of 600 lb. j)er ^quale null for the coin reic and 
16,000 lb. per square null foi the steel may be exceeded, 'f'akc the ratio 
of Es to Er= 15. 

TTtf- 3x22x9 
4 4 X 7 X 16 

“ 133 s(|uare m< lies. 

f. 15(1 ') 


.Sectional aica of xtecl = A, - 3 x 


I'rom (3), 

Also, 'r - C ; 

1 .33 X/, - 1 X 9 X iS X (,.r ; 

/. 811 

I .13 . 

Equating (i) and (a) abo\e, «e ha\e 

15(1 - t) _ 8i.r 
I ' 1 - 33 ’ 
(i5-i5i)i-33-8ii'3 
1995-19951-81.1-, 

, 8i.i''+I 9 - 951 '- 1995 " o; 

whence * .r-0*387. 

Distance of the neutral axis from the top^.iv/^o 387 x i 3 

= 6 96 inches. 

^.^1^(1 - 0_ 15x0-613 ^ 

Cc r " 0 387 ’ j 
or , /*-23-8fr*.'^ 

Suppose /| be taken as 16,000. Then 
16,000 


(>) 


..(a) 


Again, from (t), 


Cc = 


23*8 


— 673 D). per square inch, 
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a value inadmissible by (he data. Take, therefore, rc as 600 lU per 
square inch, giving' 

A-^x23-8 

= 14,280 lb. per square inch, 
and Cc~ 6 oo lb. per square inch. 

From (14), * 

Moment of resistance = - \.v) 

= i 4 , 28 oA»(/(r * 

14,280 X 1-33 X [8(^1 
-- 298.000 Ib.-inches. 


EXAMPLES ON CHAPTER !.\'. 

1 . A steel bar is 20 feet long and has a sectional area of 4 square 
inches. Fiiul the woik done while .1 |hiI! of 24 tons is applied gradually. 
Take E —13,500 tons pei square iiuh. Find .iKo the eneigy stoied in a 
cubic inch of the bar. 

2 . Suppose, in Question i, that the load is applied suddenly, and 
calculate the ma\inuim stress produced. Wliat will be the inomentaiy 
e.xtcnsion of the bar? 

3 . It is found that a steady load of 400 lb. resting at the middle of a 
beam produces a deHection at the centre of 001 inch. W’hat central 
dertection would be produced l)y a load of too lb. dropped on to tlie 
middle of the beam from a height of 16 inches? 

4 . A certain steel bar in a gndcr carries a constant |)ull of 20 tons 
owing to the dead load. The live load produces in the same bar forces 
which range fiom 60 tons jiull to 10 tons push. Fiiul the working stress 
and the sectional area of the bar. Take ultimate tensile strength = 30 tons 
per square inch. 

5 . A single load of 10 tons rolls along a girder of 30 feet span. Draw 
curves showing the maximum bending moments and sheanng forces at 
every section. State the scales. 

6. Answer Question 5 for a uniformly distributed tiavellmg load of 1-5 
tons per fool length which may cover the whole span. 

7 . Supposing that the girder m Question 5 is umhgm m section and 
weighs 8 tons. Draw the diagrams of M and M for the dead load. Then 
combine these diagrams with tho?.e already tlV‘'t'vn for the single rolling 
load in order to show the eflfei ts of combined live and dead loads. 

8. A girder of 40 feet span is traversed by thiee concentrated loads of 
6 tons each at 7 feet centres, followed ^K an interval of 6 feet by a 
uniformly distributed load of 0-5 ton per foot. Find graphically the 
maximum bending m^jments at scc^ns of the girder taken at 5 feet 
intervals. The load may run on to the girder from cither end. ^ • 

9 . A continuous beam of length 50 feet rests on four supports on the 
same level. The left-hand span is 20 feet and the others are 15 feet each. 
The left-hand span carries a uniform load of 2 tons per foot, the other 
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spans carr>’ uniform loads of i ton per fool. Find yic bending moments 
at the supiKTri**. 

10 . In Question 9, find the re.iciions of the supjKirts. 

11 . In Question 9, dr.iw di.ij^i.uns of bending inoincnts and slieanntj 
forces for the complete beam. Slate the scales. 

li. A j)laie ginlcr ^4 feet sp.in, 2 feet deep, flanges 10 Huh<?s wide, 
carries a uniformly distiibuied load of 45 tons. Tlie .mj.;le sections uie 
3'5 ^ 3 5 ^o 1 ake stiesscs as fiilous • pull, 7 tons jici scpiaie 

inch ; push, o tons pei sejuare null ; sheaiiUL;, 6 tons pei scpiare inch ; 
bearing, 10 tons pei scju.iie iiu h. Find the sc( iional area tif ea< h llange ; 
slate the number .ind ilmkness of pkites rc<juiied for ca< h tiange at the 
middle of^he span W’hal ilm kness of web plate would be suitable? 
If tlie rivets are 075 mch in di.imeier, what u ill be tlie pit» h of those near 
the ends of the girder.' 

13 . In Question 12, find the length of each plate in on the top (lange, 
(/f) the bottom flange 

14 . A I’latt glide! fFig 241) 48 feet span has 6 etjual b.i^s of 8 feet 
each. 'The liiacing bais make angles of 45“ with tlie hoii/onlal. llieie 
IS a uniform de.id load of i ton pm fool length, hind the foKcs in the 
hoii2ontal lop and liotlom hats of the two (ential hays; also those m 
the two inclined bais neaiesi to one siippoii. I iiul .ilso the force m the 
vertical bar second fiom one support. 

15 In Question 14 a umfoim live lo.ul of l 25 tons per fool travels 
along the girdei. Find tlie ma\imum foi< es it will juoducc in the same 
bars. 1 lie load is lor enough to < ovei llie whole giider. 

16 . A model reinfoned com letc beam 3-5 indies wide by 4 25 inches 

deep from the lop to the ceiUte of the leinfoicement has to he made so 
thai stresses of (>oo .ind i6,o<v) lb. per scjuaie im h will o(« ur in the con- 
ciete and m the steel respectively. I'aking the ratio of the elastic moduli 
as 15, find the j)en enlage of remfoo cment reciuned, the sec tional aiea of 
the steel, the position of tlie noulial .i\is and the moment of lesistance of 
the section. • 

17 . A reinforced concrete l)cam of icctangular section 12 indies wide 
by 18 inches deep lias three steel leinfoicemenl bais e.icli j 25 inches in 
diameter. Find the positiuii of the ncuiial axis ami the moment of 
resistance. .Stresses of fxx) and 16,000 Ih. per squaie inch rcs))e< lively 
for the concrete .ind steel must nut be exceeded. T<ikc the ratio of the 
clastic moduli as 

18 . Experiments upon some vvrought-iron bars showed tliat a per¬ 

manent set was taken wlien the bars were strained to a degice greater 
than that produced by a stress of 20,1x10 lb. per square inch, but not wlien 
strained to a less degree. At that point the aveiage strain was 00006 
foot per foot of length ; whatfvas the resilience of this quality of iron in 
foot-{xxinds per square inch section per foot of length ^ (I.C.E.) 

19 . iron bar 10 feet long ha^ng E= 14,000 tons per square inch 

and a Iimt! of elasticity = 14 tons per square mch is subjected to snocks of 
a total value of 224 foot-pounds. The bar is not to have any permanent 
set produced in it, this being guaranteed by the adoption of a factor of 
safety of 2. Find the rc<|uired sectional area of the bar. M.C.E.) 

D.M. 
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20 . A vertical steel rod, to feet lon^, the cross section ot which is 

I square inch, is fixed at its upper end and has a collar at its lower end. 
An annular weijjht of 300 lb. is allowed to fall through a height of 
3 inches upon this collar. Determine the maximum intensity of stress 
produced m the steel rod if Young’s modulus is 12,500 tons per square 
inch. (B.E.) 

21 . Two bars, A and li, of circular section and the s.ame material, are 
each 16 inches long. A is 1 inch in diameter for 4 inches of its length 
and 2 inches in di.ameter for the remainder ; I! is i inch in diameter for 
12 inches of its length and 2 inches in duimeter for the remainder. A 
receives an axial blow which pioduces a maximum stiess in it of 10 tons 
per square inch. Calculate the maximum stress produced by the same 
blow on 1 !. How much more energy can li absorb in this way than A 
without exceeding a given stress within tlie elastic limit of the material ? 

(I.U.) 

22 . A double Warren glider (Fig. 245) is 50 feet sp.m and 10 feet deep 

and has li\e equal bays of 10 feet eai h. It is supported at the ends 
and carries a lo.ad of 12 tons at e.ach of the four loner panel points 
(48 tons m ail). Find the forces m the members. State the assumptions 
made. (L.U.) 



CHAPTKR X. 


C,OI.U^^NS. ARt'UKS 


Ties and stmts. 'Those |)oilioiis (if a stnu [\\tc \\hn h arc intetuled 
to he inidcr pull are called ties; pa^l^ uiulei push aie calK d stmts, 
or columns. Colunins are usually Ncilical puces iiilnuled to carry 
weights. 1 heie is an essential dilleieiu e whu h inodifus greatly the.* 
method e^l calcul.Uing the ^in-nglhs ot ties and siiuis. a loaded lie 
exhibits no tendency to bend it it is straight otiginally, and will lend 
to beecaiu* straight ifoiiginally (Uived. A strut, it originall) euived, 
will have its curvature increased 


A 


‘ - - 1 - — ■•■1 


0 b 

Fl(.. ?49. A sii iii^liC Ik-. 


hy aiiplicaliiiii ol tlu' load, and, 
il sliai};ht .a I'asl, may very easily 
be undei sm li eondiUons of load¬ 
ing as will prodiK e bending, want 
ol nnifonnily in llie elastic [iioperties of tlie inaleiial may produce 
a similar elfeet, 

A straight tie AI 5 is shown in l''ig. 2.(9, loatled with pulls 1 ’, I’, 
applied in the avis of the bar. It is evident lliiTe is no teiideney to 
bend the tie, and any cross scilion (1), at 90’ to the avis of the bar, 

will have a imilornily distributed 
prill stress. A bent tie bar A I! 
is shown in big. 250(11). 'I'he 
iialiire of the stre.sses on td) may 
be understood by considering the 
e(|nilibrinm of one hall of the bar 
(b'ig. 250 (/r)). It will be observed 
that there is a bending couple of 
clockwi.se iCioment \’J; this is 
balanced by’the moment of resist- 
ance’Tt’lhe section CD, the latter being represented by the forces 
Q, Q. It is apiKirent that tire bending couple IV is endeavouring 
to straighten the bar. 



Fic. *50.—I’enl tics .ind struts. 
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Had a strut of sittiilar shape been chosen, the forces a(;ting on dne 
half of it would be as shown in Fig. 250 (r). Here the couple IV is 
anti-clockwise, and tends to prcxluce further bending. 

In each of these cases there will be two kinds of stresses on the 
section (iH: (a) a stress of uniform distribution due to the axial 
force 1*'; (/') a stress due to the bending cou|)le, varying from a 
niaxinmm push stress at one edge to a maximum pull strc.ss at the 
opposite edge. An initially straight strut which has been allowed to 
bend under the load will have a similar stress distiibution. It may 
be taken that the effects of bending may be disregarded in axially 
loaded straight ties, but must be taken account of in all stmts. 

Euler’s formula for long columns. This formula may be dediu ed 
by consideiing the bending of a long flexible column of unilorm 
cross section and carrying a load applied 
axially. If such a column is |ierfectly straight 
to begin with, and there are no inequalities 
in the elastic properties of the material, the 
application of an axial lo.ad will not tend to 
bend the column. On incicasing the load, 
a certain critical load is leached, the mag¬ 
nitude of which depends on the method of 
fixing the ends of the column ; under this 
load the inateiial of the column becomes 
elastically unstable. This condition is evi¬ 
denced by the eolmnn refusing to spring back 
if slightly deflected fiom the vertical, while 
it does so readily for loads lowei than the 
critical load. The slightest increase in the 
load beyond the critical value will cause a 
small deflection impaitcd to the column to 
and the eolmnn collapses. It will be evident 
from what has been said regarding the conditions to be realised, that 
it is not possible to obtain a column of^ such ideal material and 
construction as will show perfect agreement under test with Euler’s 
result. But the formula is of service in enabling other more 
practical formulae to be devised. '• 

Considering a long column AB (Fig. 251 (a)) of uniform cross 
section and length l! Let both eryds be rounded, or pivoted, in such 
a manner that, if bending does occur, the column will assume a ^ 
curve resembling a bow' (Fig.251 {/>)). The effect of a load P applied 
at A in producing stresses at any section D will be understood by 
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increase without limit, 
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shifting 1 ’ i'rdni A to I) as shown by 1 ’’: th» section at I) will 
evidently be under an axial load 1’ 1’ produein); nnitorin stress, 

together with a couple of nioiiient I’c I'he couple gixes a bending 
moment, and the effect of this alone is consuleied in the lollowing ; 
the.stress at 1) cautir'd by the axial load b' is disregarded, as it is 
small compared with that produced by the Ix-nding nioiiient in the 
ease of a lijng coliitnn. The maximum bending moment will be 
found at the middle section (at which the maximum value of r, 
viz. A (Fig. 251 (A)), occurs, and will lie gi\en by 

, Maximum bending moment M, I’A. (1) 

'Faking tbe eiiuation for tbe lurxature of a beam (p. 166), we hare 
for the curtature at 1). 1 

Rn bl 



(2) 


Since 


will be constant for a given load on a given column. 


we may write 


y. v. 


It may be shown readily that a cuire, plotted so that its ordinates 
y (Fig. 252) are the sines of the angles a repiesented by its 

,= I 


, I ii TT radians 

2 

Fk-. 7S2. -Curve of miic'. 



abscis.sae, possesses the same property, mz. the curvature at any 
point is directly proportional to the ordinate _)'--sin'i. It may 
thus be inferred that the curie of the bent cciUinm is a (tine of sines 
to some scale. *Tbe .soales of .v and v may be stated by taking the 
origin at A (Fig. 251 (/^), when A 11 ==L will represent ir radians, 
AF = ',I. will represent .V radians; also ('K--A will represent 


, and v will represent the sine of an angle AF, which will 


have a \aluc j v. 


Hence, 

j:A. 


^ V -7 
Sin j TT : sill 


j — A sin 


TT 



U) 




2^0 Mn.TERIAL^ AND STRUCTURES 

It can be sli<»vn*lhat, if a curve be given by an equation show¬ 
ing tile relation of y and a, tlie curvature at any jicint may be 

obtained by finding the second differential coefficient, vi/. pro- 

ax- 

vidcd that the curvature is not too great. , Ap[)lication of ,this 
process to equation (4) will lead to a result which may be equated 
to that of equation (2) above. Thus, 

j'-Asm -Xj 



(lX“ 


- A 


TT' 

L 


• cos ^ x, 


TT- 



,,y. (from 4) 


( 5 ) 


This gives the curvature at 1 ) (Fig. 251 (/>)), %i/.. ' The negative 

sign may bo disregarded, as its only .significance has reference to the 
position of the centre of curvature. Kciuating (2) and (5), we have 


It is important to note that_)' cancels, giving 
P TT-’ 

lit L-’ 



This is Fuller’s formula for a long column having both ends 
rounded. The meaning to be attached to the deflection y di.sappear- 
ing from the final result is that no deflection will occur until a 
certain load P given by (fi) is applied. 'When the load attains 
this value, any small deflection will inerdase indefinitely with the 
consequent collapse of the column. 

A more general way of writing liuler's. formula is 


where / is a function of the length I, of the column. The value of I 
depends on the method of fixing the ends, a point which we now 
proceed to examine. 
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Effect of fixing the ends of column^ In the rase of the roliintti 
discussed ill finding Kulcr’s formula, the ends wite taken as lounded 
and the column bent as a whole. There was no bending moment at 
the ends, .and these may he looked upon as points of coiitialleMire 
(p. 180). Fi.sing the ends will jirodiiee a suffer and (-onse(|ueiitly 
strthigcr column. This may be taken .account of m the foripiila by 
writing, instead of I,, the length of the ((ilumn, the distance I 



between the points of contrallexure in the ai lu.d < iirve of the 
bent column. Some cases aie noted below ; reference is made to 

253- 

Cask. A. Both ends rounded. This is the cpse examined above ; 

/=!.. 

CtsK. B. Both ends fixed and so lontrolled th.at the forces I’, 1 ’ 
remain in the same vertical line. Here / if,. 

Cask C. One end (the lower) fixed ; the other en<l guided so 
that the forces 1’, 1’ remain in the same vertical, but the (olunin is 
otherwise free ^t this •end to take up any direc.lion. In this case 
/ = o-7L. 

Cask l>. Both ends are fixed so that the direr tions at the end.s 
of the curve of the colut^n remain vertical, but one end is free to 
move horizontally relative trr the other end, so that the forci's 1 , I 
are not in the same vertical when the rolu^ni bends. Only one 
poitff^.'f contraflextire will occn?in the column itself; the position of 
the second point may be seen by producing the curve rif the crslumn 
downwards (shown dotted in Fig. 253 D). In this case /- L. 
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Case E. One end fixed,'the other end perfectly free. In /his 
case, the free end 'is a point of contraflexure. The second point 
may be obtained by producing the curve of the column downwards. 
Here /=2E. 

Using Euler’s formula, it will be noticed that, as / has to be 
squared, the effect of fixing both ends of the column as in Case B'Xvill 
be to give the column four times the strength of the same column 
having both ends rounded. 

Curve illustrating Euler’s formula. Euler’s formula may be 
modified by writing 

I = 


where A is the sectional area of the column and k i.s the fcast radius 
of gyration of the section, i.e. k is taken with reference to that axis 
containing the centre of the area of the section 
for which I has the minimum possible value. 
It is evident that the column will baul in a 
plane perpendicular to this axis. T’wo instances 
are given m Fig. 254 (ir) and (/<); in each of 
these OX is the axis perpendicular to the 
plane of bending, and k should be taken with 
respect to OX. Inserting this exprc.ssion for I 
in equation (7), (p. 230), we have 



Tr’-iEA/!'- 


ir-EA 




Let I-= /rL, where n is a coeflicietit depending 
on the method of fixing the ends. Then 


Fu.. 254. — Plane of beiKlnit: 
in coluinn.s. 


p = 
p 

A" 


tt-KA/^ 


ir-’E Ik 


S’ 


The left-hand side of this expresses the collapsing load p per unit 
of sectional area. Hence, 




.( 8 ) 


This will be in tons per square inch, p'ovided the following units 
are employed: 

E = Young’s modulus. In t,ons per square inch. 

/i' = the least radius of gyration, in inch units. 

L = the length of the column, in inches. 
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In columns of a given material an 3 having a stated methtxl of 
fixing the ends, the (|uantity wdl be constant, hence/' may he 
calculated for different ratios of L to k, and a curve nuiy be plotted 
from the results. Fig. 255 

Collapsing load 










\ 




i 




_ 

1 




Killer’ 


inK 


iiiltl M< cl sCtiiiN, bull) 


give* such a curve /or mild 
steel struts having both ends 
hinged. Iry this case n = i 
and E has been taken as 
13,500 tons per square inch. 

It will, be noticed from 
Fig. 255 that, for small ratios 
of 1. to k, the collaj'sing stress 
obtained is absurd. Only 
when the ratio is large is 
a reasonable value obtained. 

This leads to the conclusion 
that agreement of I'iuler's for¬ 
mula with practical results of 
tests should be looked for 
only in the case of struts which are very long as lompari d with the 
cross-.sectional dimensions. 

Ewing’s composite formula. Sir J. .\. F.wing has suggested a 
composite formula made ui) of the crushing strength ol a very short 
block together with the elastic instability load of a veiy long column, 
both composed of the same material as the actual ( olumn. 

Lot / = the crushing strength of a short block, in tons per stiuare 
inch. 

= the crirshing load, in tons, applied axially. 

A = the area over which P, is distributed, in s<iuare inches. 

Then . .. 

Let P., = the elastic instability load of a long column, in tons; 

th? column having the same sectional area A as the 
short blocl?. 

7r*ryl / 2 ^ 

Then 1 2 “ "yj. ^ 

Combining these in accordance with Ewings method gives the 
following formula for P, the collapsing load of *lie ordinary practical 
columifc'idien loaded axially: ^ 


_^ 

I +/cA 


TT^Ei 
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This formula has the advantage of being continuous, tuid does'not 
give an absurd result for a column of any practical length. If I is 
very short, the second term in the denominator becomes very small, 
and may be disregarded. The formula then reduces to the expression 
(i) for the crushing load of a short block. If I is very long, the 
formula reduces to Euler’s formula by neglecting the unimportant 
terms. 

Rankine’s formula for columns. This formula is the' one in most 
frequent practical use. It is [iractically the same as Ewing's, although 
in a slightly altered form. Thus, 


l’ = 


/rA 


I 


+ycA 


7^ei 


./rA 


1 + 


/A r - 

tt^e ■ I 


Now, I may be written as I =AX’-, 

where A is the sectional area and k is the least radius of gyration. 

Hence. f a 

,1_ J^‘'- 

, , /A P 

X- 2 EA' -42 



T' 


It is apparent that will be constant for a given material, and 

may be written c, the value of which is to be determined by experi¬ 
ments on the collapsing strength of columns. Hence, 


P = 



(0 


This is Rankine’s form of the formula, and gives the total collapsing 
load on the column. The collapsing load per scpiare unit of sectional 
area will be given by 






4+C 


ki 


( 2 ) 


This will be in tons per square inch, provided fc is in tons per 
square inch and I and k are in inch units. It is assumed that the 
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column is of.uniforni section ami is loaded axially. The least value 
of i should be chosen as in the case of the Euler foi inula, and the 
value of / is the s;\me as in the cases given on [t, 231 for various methods 
of fixing the ends. Values ol /■ and care gi\en in the table below ; 
a suitable factor of safety should be applied in order to obtain the 
safe load: • 


.(lOhtKICIENTS IN R.XNKINk's KoumIII.A. 


Malcii.il 

/(■ flT t Clll.l 


• 

• 

I.l> per M| null. 

1 t>iis jK-i 'i| nil. 1) 


Cast non 

80,000 

3 f> 

1 Voo 

ll.ird steel - 

70,000 

31 2 

AO 00 

Mild steel - 

48,000 

21 4 

ta\>o 

Wrought iron 

36,(X»0 

16 

0 0*00 

Timber (\.uies greatly) 

7,200 

3-2 

7 .'o 


It will be evident on inspection of the Kankine formula that 
allowance is made both for diiect crushing and for bending. Owing 
to the radius of gyration entering into the formula, due regard 
has been paid to the distrilnition of the material in the section, 
i.e. the shape as well as the area of the section has been taken into 
account. 

It is useful to plot curves from eqti.ation (2) showing the collapsing 
load per .stiuaio inch of sectional area for different ratios of E to i, 
varying the material and the method of fixing the ends. Such a 
curve for mild steel, both ends hinged, is shown in Eig. 256, the 
corresponding Euler curve being given on the same diagram. 

Another useful set of curves is given in Eig. 257 ; here the safe loads 
per stpiare inch of sectional area for mild-steel, wrought-iron and cast- 
iron columns have been [dotted for different ratios of ijk. The 
factor of safety ^mployed is 5. 'I'hc curves indicate that mild steel 
may always carry a higliEr stress thati wrought iron ; also that, at the 
ratio of ///f = 40 approximately, the safe stresses on mild steel and 
cast iron are equal; hence equal columns of cast iron and mild steel 
having this ratio of Ijk woujd carry equal safe loads. Wrought iron 
and cast iron have etpial safe stresses at a ratifi of Ijk of 65 ap[)roxi- 
matel^ In designing a columt^ to carry a |iven load, cast iron 
is the material calling for the smallest sectional area for ratios of E to 

♦Note that / sllould be t.ikeii from ihc oeses shown in hig. 253. For values 
of k-, see p. 151. 








Fjg. 356.—Rankine an«l Kukr curves for mild Fig 257.—Rankinr ciirves, for columns of 


steel columns, l)oili ends liintjcsl. 


dilTtrrcnt materuls , ends hinge<i. 


Gordon’s formula. 'I'lic formula bearing Gordon’s n.-ime, and 
formerly in common use, is 

fc 

^“~77v’ 


where fc and a are experimental coeffieients and d is the least 
transverse dimension of the section. The formula is objectionable, 
Q Q from the fact that no allowance is 

t<—.je->i made for the distribution of the 

material over the section. For ex- 
; ^ ^ ' ample, referring to Rig. 258, in which 

D ^ ^ i s 9 are shown an I section and a box 

I y/ ^ I ' section of equal areas, and also having 

i mr/. 22253 ^..'*'. equal over-all dimensions, Gordon’s 

^ ^ formula \?ould have the same value of 

d for both sections, viz. B, and would 
giverthe same value of collaiisus^ load 
for both. Rankine’s formula would give fairer consideration to the 
bo’\ section, which is obviously the stiffer and stronger, from the 
fact that the radius of gyration of the box sectioir with reference to 
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OX.is greater than tliat for tlie I section, and lienee would gi\e a 
greater load Tor the box seetion, * 


Secondary flexure in columns. I'lofessor billy has pointed out 
that columns constructed of thin plates are liable to fail by secondary 
flc.xure, ?>. the column may not fail by bending as a whole, but by 
the hiaterial buckling^ over a shoit length, billy has made.many 
experiments in support ot his views, and has pmposed a lormula in 
which account is taken of the latio of the tliii kiicss ol the plate to 


the ladius of gyration. Kurlhei expeiimental 
work is reipiired in older to settle the values 
of the expnrimental lavtois involved. 

Recent tests made at the L'liiveisiiy of 
Illinois on built-up columns indicate that the 
stress tlistribution m.iy be vciy eiiatic; 
especially in the neighbouiliood of riveted 
joints. It IS admitted that out knowledge ol 
the stiength ol (iihimns, struts and ((im¬ 
pression meiiibcis gcneially is fai Iroiii being 
complete. At preseiil, most dcsigneis rrly 
on the Raiikiiic lormuki coupled with a 
libeial factor of stifety. 

Effect of a non-axial load. In Fig. 251) (u) 
is shown a column the axis of which is Alt, 
f.c. AB pa.sses thiough the centres of area ol 
all hori/ontal section.s of the (ohimn. A 
load 1’ is applied at (’ at a distance <i from 



the axis. 1 ’ may be moved fiom C to A 
provided a couple of moment IV; is applied. 
We have now an axial load P' - P together 
with a couple Pu vvhiih will give a tiniform 
bending moment at all hori/.ontal sections 
of the column, bet A be the area of the 
section, then P*vvill ]»rodtice a uniformly 
distributed push stress (t,%iven by 



Q I' ' 

Fic.. -('kIiiiiiii c.irrymg 
.1 iion-axul 



The bending moment Va will ^nve a stress dKtribution similiar to 
that dTlfbeam under pure bending, which will vary from a pull stress 
at the edge DE (Fig. 259 (/i)), to a push stress /c at the edge FG. 
Let ntt and t>h be the distance of these edges respectively from OX. 
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Then, using the equation (p. 146) 

M = -^I, 
m 

• 

we have 

mi ?nc 


Whence 

Vault 

. 

.(2) 

and 

Vam,. 

I. 

(3) 


'I'he stress due to the bending moment will vary uniforirly between 
these values, being zero at OX. The stress figure for the direct 
stress combined with the bending stress may be drawn as shown in 
Fig. 259(c), where HKMI. shows the uniformly distributed stress 
and MNRQL shows the varying stress due to the bending moment. 
The resultant stress figure is shaded, and shows that the mavimum 
push stress occurs at the edge FO (Fig. 259 (/')), and is given by 

Maximum push stress .(4) 

In the case shown there will be no stress at S (Fig. 259(c)); the 
portion SK will be under push stress, and Sll will he under pull 
stres.s, the maximum value of the latter occuriing at the edge I)F 
(Fig. 259 (/')) and given by 

Maximum pull stress- /j -/j. (5) 

The |)resence of pull stress in a metal column is permissible, but 
is objectionable in a column of stone, biick, or other construction in 
which the jointing of the blocks of material is not considered to be 
trustworthy under pull. The e.xtreme limit of stre.ss distiibution m 
such cases is taken usually to be zero stre.ss at one edge and 
increasing gradually to a maximum push stress at the opposite edge. 

Taking a rectangular section (Fig. 260(0)) of dimensions fi and </, 
the values of me and nn will be eijiial; hence pc and will also be 
equal, and the stress figuie (Fig. 26o(//)) shows ti«at the condition 
of no pull stress is , 

A-A = o.(<>) 


Also, 

and 


A A?’ 


•( 7 ) 


I’a/fic T, r7 
-- v- - =>P<r - 9- - 

I 2 12 


6Pa 


(8) 
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( 9 ) 


K therefore follow^ that P may Ire apirlied at a distanro not 


exceeding \d from the centre of the section 
in a direction parallel to d. Similarly P 
may be applied at a distance not exceeding 
y> in a direction parallel to h. We may 
thus slate,that P may be apiilied within the 
middle third of OX and 0 \' (Fig. 260(a)) 
without giving rise to pull stress. 

In the same way it may be shown, for 
a column ol solid ciicular cross section of 
radius r, that the load may be ap|ilied 
anywhere inside a circle of radius o-25/-, 
having its centre on the axis of the 
column, without the production of pull 
stress. 



F.XAMPI.K. I. A wiouglitaioii st.uK liioii of s<|uaic section 2 iiii lies x 2 
inches IS 8 feet high, liolli ends aie lixed. I iinl the s,ife asuil lo.id, 
using a factor (jf safety of 5 

Here /—'[, = 48 inches. 

,1 

1=AX’2= ; 

12 




.(^41 , 

- inch units. 
12 12 3 


f^- 16 tons per stjuaie inch. 


900b' 

* P 

= 36-2 tons. 

Safe load =— ' = 7-24 tons. , 

^ • 

Example 2. A cast-iron coliJmn, of circular solid cross section 6 
inches diameter is bolted down hrmly at its lower end and is perfectly 
free at the top. If the length is 15 feet, what axial load would cause 
rupture ? 


16x2x2 64 
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/=2L = 36o inches. 

=2 inch units. 
4 4 


y,= 36 tons per square inch. 


. 22 36 

V = — = - x~ 

4 7 4 

198 ■ u ‘ 

= “ square inches. 


■ + (7^x3fex3^ 


_36 X 198 

- 37T7'' 

— 27-5 tons. 

Examplk 3. Taking a factor of safety of 5, find the diameter of a solid 
mild-stec! strut 6 feet long to carry safely a load of 3 tons. Both ends 
are rounded. 

Let r/=diameter of strut m inches. 

Then inch units. 

4 16 


/=L = 72 inches. 


y].=2i*4 tons per square inch. 


4 7500 

Collapsing ioad = P=3 x 5 = 15 tons. 

Trd" 

2 I'4X 

. 5 =_- 1 . 

t + l->; 72 X72 X 

\7500 

16-81^7^ 

, 11-06’ 


or i 5 + i~„^=i6’8ii7'^, 

(V 

i 6 - 8 ii 7 '-15(7-*-165-9=0 ; « 

whence < 7 = 1-9 inches. 

V 

Straight-line formula. Very fair approximation to the strength of 
a strut may be obtained by use of a straij'ht-line formula, i.e. one for 
which the graph is a ijtraight line, and the calculations required in 
designing a strut to fulfil given conditions become much simpler. 
The usual form of such formulae is ' • 
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whsre fc i-, the safe stress per sipiare iiieli of sectional area of the 
column,/is the Siife stress for a short block of the same material and 
c is a coefficient depending on the material, and ranging in value from 
0*005 niild steel and wrought iron to o-ooS for I'ast iron and timber. 

Arches. In Fig. 261 (u) is shown a number of loads W,, W'.,, etc., 
sup/^orted by an arrangement of links AliCHF, forming pa*rt of a 
fink ])ohgon The eonslnietion necessary to determine the directions 
of the links Is given in Fig. 261 (/>) anil h.is been e\|)lained on p. 67. 



The thrusts in the links are 'I',, T.,, etc., and may be scaled from the 
lines radiating from O. OF -* 1 ’ and NO - (^) give the forces required 
to maintain the links in position. Instead of links we might have 
em|)loyed blocks (Fig. 261 (c)), drawing the joints al\ <v/, </ etc, per¬ 
pendicular to the lines of I’, T, and T._, respet.tnely. The arrange¬ 
ment now gives an arch such as might be constructed in masonry or 
brickwork. The original link polygon is called the line of roBistanoo 
of the arch ; the foices acting at the joints of the blocks will have 
the same values^’,, T,, T.,, etc, as in the link polygon. 

The best arrangemertt would be produced by having the line of 
resi.stance passing throtigfi the centre of e.ach joint and perpendicular 
to the joint. Such would give a uniform distribution of stress over the 
joints, and there would be to tendency for any block to slide on its 
neighbours. Generally, it is not po.ssible to secure these conditions, 
but it is usual to endeavour to satisfy the following conditions: 

(i) The line of resistance is arranged to come within thi middle 
third of each joint; this secures that there will be no tendency for 
the joints to open out cither at the top or the bottom (p. 239). 

D.M. ly 
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I' lG. 262.—Stress at an arch joint. 


(2) The stress on the joint produced by the forces P, T,, T.^, etc., 
is limited to a value which can be carried safely by the material. 

(3) The line of resistance should not be inclined to the normal to 
the joint at an angle greater than the limiting angle of resistance 
(see p. 363); this .secures that there shall be no slip, independently 
of any binding effect owing to the mortar. 

Condition {2) above may be understood more clearly by reference 
to Fig. 262, in which are shown two of the blocks in e<|uilibrium 

under the action of U'j, W.j, P 
and 'lY ’1'.2 niay be split into 
components 'I'j and b, normal 
and tangential respectively to 
the section ef. If 'Ij acts at the 
centre of the joint, a uniformly 
distributed normal stress will be 
produced. Otherwise, as ex¬ 
plained for a column on p. 237, 
a varying normal stress will act 
on the section and may be represented by the stress figure c/ 7 /!,’'. 
The maximum stress /j is limited to a safe value depending on the 
material of the blocks. 

Reference to Fig. 261 ( 7 ) will show that the horizontal component of 
any of the forces P,, Q, T,, T^, etc , is given by ()R= H. H is called 
the horizontid thrust of the arch, and is constant throughout a given 
arch carrying given vertical loads. 

It will be understood that the link polygon AISCDF (I'ig. 261 (a)) 
may have a greater or smaller vertical height depending on the position 
chosen for the pole 0 in Fig. 261 (b). 'I’he effect of this on the arch 
will be to give it a greater rise if O is nearer FN in Fig. 261 ( 7 ); H 
will be diminished thereby. Hence, an arch of given spiin and 
carrying given loads will have the horizontal thrust diminished by 
increasing the rise. 

Metal arches. From what has been said regarding the line of 
resistance falling within the middle third of die joints, it will be clear 
that the bending moment at any section of a masonry arch is limited 
to a small ([uantity only. The rule is uniYtcessary in the case of metal 
arches, as these are capable of withstanding large bending moments. 

Metal arches are 01' three principal types: (a) arches continuous 
from abutment to abutment, and firmly anchored to the abumients 
or springings; ( 7 ) arches continuous throughout their length, but 
hinged at the abutments by means of pin joints j (c) arches having 




ARCHES. /n 

____ * _ » __ 

pill joints at tlie abutments, ami also a pin joint at the crown. 'I'hese 
types are shown in outline in Fij'. 263 (a), {/>) an?l (c). 

In the typos (a) and (A) dithculties arise in the solution by reason 
of the inability of the arch to change its shape freely in ortler to 
accommodate changes in dimensions 
dutjto elastic strains bf the metal, or to 
changes in tein|ieraturo In type (a), 
both the span and the directions of 
the tangents to the arch at the .ibiit- 
nients are unaltered when the arch is 
under strain. In type (/') the direc¬ 
tions ol the tangents at the abutments 
may alter, but the span remains con¬ 
stant. In type (<) the an h may lise 
freely at the crown to aeconiinodale any sliains of the metal; hence 
this type is not liable to being sell-stressed, nor can changes in 
tempeiature produce any stresses in the metal. l ype (c) alone is 
considered here. 

Three-pin arch. In Fig. 264(1!) is shown an arch having imis A 
and 1 ! at the abutments, or sprmgings, and one at the ciown (). A 




single load W is being supported and all ^ther weights are dis¬ 
regarded meanwhile. Let 'F* jnd 'I',, be the abutment reactions. 
Acting on the arch are three external forces only, vi/,. W"”, 'I\ and 
T„, and these are in equilibrium; hence their lines must meet at a 
point. Further, there will be two forces only acting on the portion 
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AC, viz. ' 1 \ and a reaction I'c at C coming from the right-hand 
portion of the arch ; these forces are in equilibrium, and must there¬ 
fore act in the same straight line AC (Fig. 264 (/y)). It follows that 
the line of Ta in Fig. 264 (a) is AC, and production of AC to cut the 
line of W in I) will give the point where T,, must also intersect W; 
therefore T„ acts in the line BD. T'he equilibrium of the right-hand 
portion CB is indicated in F'ig. 264 (c). 'I'c (now reversed in sense), 
'I'l, and W intersect at 1 ) and are in equilibrium. Both T’a and I'b 
may be found from the parallelogram of forces Xtak. 

It may be noted that W (Fig. 264(rt)) might be supported by means 
of straight rods, or links, AI) and Bl) jointed at A, D and B, and 
that the.se rods would be under thrust only. ADB is usually termed 
the linear arch. Again, if W were supported by a beam simply resting 
on supports at A and B, then ADB would be the bending-moment 
diagram for the beam to a scale in which the bending moment at 
E is represented by I)E. 

The bending moment at any section of the arch may be found in 
the following manner. Let AB (Fig. 265) be a transverse section of 
an arch, let OX be the centre line of the arch, 
i.e. the line containing the centres of area of 
all transverse sections, and let OX intersect 
AB at C. Draw DC vertically to meet the 
linear arch at 1 ). The thrust T in the linear 
arch at 1) will act in the direction of the 
tangent DE to the linear arch at D, and may 
be transferred to C as shown by T’ = T, 
provided a couple of moment T x CE be 
applied, CE being perpendicular to DE. 
The moment of this couple is the bending 

Fifi. 965-“Bending moment, » , 11 , 

thrust and shear at a section moment at AB; the nomml thrust and 
shearing forces at AB may be obtained by re¬ 
solving T' into components respectively normal and tangential to AB. 

A convenient manner of expressing the bending moment may be 
obtained: Resolve T at D into horizontal and vertical components 
H and V by means of the triangle of forces DFE (Fig. 265). The 
triangles EFD and DEC are similar; herce 
T^DE^DC. 

* H-FD7CE’ 

.-. TxCE = HxDC. 

Now, since the linear arch is also the link polygon for the given 
loads, H is constant for any point in the arch (p. 242). Hence the 
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Mitcrcc|)ts DC (measure'^ tci ihc same scale as Uiat used in drawing 
'■ the arch), when multi|ilied by the constant horizontal thrust H, will 
give the bendmg moment at Ali. It will he noted that 1 )(! is the 
vertical interce|)t between the arch centre line OX and the linear 
are'b ; hence the atea between these will lepresent the Ijending- 
moment diagram for the areh. 

The heading moment diagram for the arch iti Kig. 26.) (it) is 
shaded. H may he found by first obtaining 'l\ or 'I'l, and then 
taking the horizontal component. It will he noted that the diagram 
for A(i Ijlls below the an h centre line .\F('; the mierence is that 
this portion of the ar< h is under negative hendmg. Reference to 
Fig. 264 (/') will render this point more clear; the forces'l\ and 'I'e 
tend to increase the curvature of AC. The hending niometit diagram 
for C(!l) falls above the centre line . CO I! is under positive bending 
and w’ill have its curvature diminished on .ipplication of the load. 

The following direi lions will he of service in dealing with more 
complicated loading; reference is made to Fig. 266, in which ACH 
is the .iri'h centre line. 



Kio. 266.—Bending moments, atui reactions for a thr<c-pin arch. 


Consider a simply supported beam having the same span as the arch 
and carrying tITe samt loads. Draw the bending-moment ditigram 
ADEH for this beam, Ssing any convenient scale. The arch has 
zero bending moment at . 4 , C and 1 ! ; hence the linear arch may be 
obtained by redrawing AD^'d! so that it passes through A, C and li. 
To do this, reduce all the ordinates of rVDEIJ in the ratio of CF’ to 
EF, giving the linear arch ACiCKIi, d'he shulcd area vvill be the 
bcndiog-moment diagram lor the arch. 'I'o obtain its .sjzale, CF 
represents M,.-, the bending moment at F for the simply supported 
beam; hence the scale of the shaded area is found by eiiiiating CF 
to this bendmg moment. 
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The horizotiUil thfust H may be found from 
M,. - H X CF, 


CF being measured to the scale used in drawinj,' the arch, T* 'and 
To may be found by compounding with H the reactions P and 
for the simply supported beam at A and li respectively. ■ 

Suspension bridges. A simple type of suspension bridge is shown 
in Fig. 267, in which the roadway FG is supported by means of two 



B 

Fk. 267 —Su'ipension bridge. 


chains Al!, one on (;ach .side of the bridge. 'I'hc chains pass over 
rollers or sliding pieces on the tops of towers at A and li and are 
anchored securely at 1 ) and F. Suspending bars connected to the 
chain su[)port the weight of the roadwajs 

Assuming that the weight of the roadway is distributed uniformly 
and that the weight of the chain is small by comparison, also that 
the roadway is fairly fie.xible, the tensions at the points li and C 
may be found as shown in Fig. 268. The [lortion of the chain 



faw (a) . 

Fig. 268 —Tensions at U and C in a ‘iuspen'^’on bridge chain. 


hanging between li and C will support one quarter of the whole 
weight of the bridge, and this may be concentrated at its centre ot 
gravity. The horizontal pull H at C passes through the line of at 
G„ ; T„, the pull at li, fnust pass through the same point. The triangle 
of forces a/K (Fig. 268 {//)) will then give the values of H and T,;. 

Let rtr (F’ig. 26g{a)) be the load communicated by each suspender 
to the chain. T^ and H in this figure are the pulls at B and C 
respectively. To obtain the directions of the chain throughout, the 
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pull ill «/', together with H, supports the load teamed by the four 
suspenders passing through /', e, d and <•. The resultant ol’ the fotir 
loads wtll ititerscet H at their centre G,, and the pull iti ah must 
[jass through the s<tnie poiitt, thus deternttnitig the direetioti of ah. 



t^eivill pass through G,,, the point iti which the resultant force m the 
suspenders e, d and e ititerseets the line of H. Similarly a! passes 
through Gj and dc eompletes the half chain. If a curve were diawn 
to touch the lutes ah, hr, etc., its shape would be parahohV, owing to 
the geometrical pro|)erty miolved in the above con.striK tion. 

It will he evident that ahede is a link polygon capable of su|)porting 
the given loads. The pull in any link may he found from the force 
diagram (big. 269 (/-)). 

The effect of a load [lassing along the bridge may he observed by 
inspection of Fig. 270. As both chain and roadway are Ilesihle, the 



chain alters in shape as shown. To avoid this undesirable effect, 
the roadway may he stiffcncal by the insertion of stiffenmg girders. 
The best type o 4 such jjirders consists of two on eiu h side ol the road¬ 
way (Fig. 271 ((?)), coni*ecte<l at the middle G by a hinge and also 
having hinges at the piers of the bridge, D and F. Girders of this 
type are free to rise or fall at the middle of the span and thus avoid 
any complications of stress^which would result, from any alteration in 
the length of the chain owing to changes of temperature or stretching. 

'Tt> understand the effect of a liTe load \\' on the chain in Fijf. 271 (a), 
it should be noted that the chain will alter its curve to a very .small 
extent only, owing to the action of the stiffening girders; any 
alteration will be due to the elastic strains. Supposing the chain 



MATERIALS* AND STRUCTURES 


248 

to be parabolic initi^illy, and to remain parabolic, it follows that the 
effect of ^V on the chain must be the same as would be produced by 
equal pulls in all the suspenders, this being the condition under 
which alone will the chain assume a parabolic curse. Hence, if 

there be. N suspending rods, the pull in each will be 'I'he fotecs 

acting on the left-hand stiffening girder will be as shown in Fig. 

A ' B 



Fk, 271 —SdlTcmiig i;lnlcrs for a suspension bridge 


those acting on the right-liand girder are indicated in Fig. 271 (c). It 
will be noted that a reaction P from the left-hand abutment together 
with another communicated through the pin at C from the right- 
hand girder are required for the C()uilibrium of the left-hand girder. 
The right-hand girder rciiuires holding down against the pulls of the 
susirentling rods; hence the reactions Q and S act downwards. 
Knowing the loads, these reactions can be calculated, and the 
diagrams of bending moments and shearing forces for the girders 
may be drawn by apiilication of methods already described. 

'I'lie length of parabolic chain re<iuired for a suspen.sion bridge 
may be calculated approximately from the following formula: 

Let L = the lialf length of the chain, in feet. 

S = the span, in feet. 

D = the dip, in feet. 

mu r ® j 4 11* 

2 3 S 

EXERCLSE.S ON CHAPTER -X. 

X 

1 . Calculate the elastic instability load by ETiler’s formula for a bar of 
mild steel 10 feet longcand 0-5 inch m diameter, fixed at both ends. 
Take E —13,500 tons per stpiare inch, , 

2 . A fnild-steel tube i-i inches in external diameter and i-o inch 
internal diameter and 8 feet long is used as a strut, having both ends 
hinged. What would be the collapsing load by Euler’s formula? 
£=13,500 tons per square inch. 
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3 . A series of struts, having botli enris rouiulcd, iia\c ratios of 1 to /’ 
of 40, 60, 80, etc., lip to 200. Calrulatc tlie collapsing loads per siiuare 
inch of sectional area, using Euler’s formula, and plot these loads nitli the 
ratios of L to k. E~ 13,000 tons per stpiaie inch. 

4 . Answer Question 3 if both ends arc ti\ed. 

5 » Find the breaking load of the stiut given in Question t by ajiplica- 
tion of R.ankine’s formula. Take the coefficients from the table on p. 235. 

6. A solid mild-steel strut 2 inches diameter is 6 feet high. Fse 
Rankinc’s formula and find the safe a.sial lo.ad if both ends aie lounded. 
Factor of safety = 5. 

7 . A wrought-iion tube is 4 inches in external diameter, ,ind is m.ide 
of metal Oigy inch thick. It is used as a column 8 feet high, and has hoth 
ends fixed. Find the breaking load by use of Rankinc’s foiinula. 

8. A lolled I section of mild steel, tl.ingcs 5 indies wide, depth 
9 inches, metal o-6 inch thick, is used as a strut to feet long, having one 
end fixed and the other end pcifectly free. Find the safe axial load by 
Rankine’s formula, taking a f.ictor of safety of 6. 

9 . A solid stiut of mild steel is 1-5 inches in diameter and has both 
ends fixed Find the length for which the bicaking loads by Rankine 
and by Euler will be C(|ual. Take E- 13,500 tons per sipiaic inch. 

10 . The column given m Question 8caiiics a lo.ad of one ton at the 
centre of area of one llange. Calculate the maximum and minimum 
stresses, and draw a sticss diagiain for a hori.'ontal cioss scuion of the 
column. 

11 . Take the tube given in Question 7 and calculate at what distance 
from the axis a load may be ap|>lic'd without theicby jiroducing tensile 
stress. 

12 . A semicircular arch of 4 feet radius, hinged at the crown and 
spiingings, carries a unifoim load of 5001b. pel lioiuonlal foot. Diaw 
the bcndmg-niomcnt diagram. .State from the diagram the ni.ixinium 
bending moment. 

13 . The centre line of a thiec-pinned arch is a circul.ir arc; the 
horizontal distance fiom spimging to springing is 150 feet and the rise is 
15 feet. There is a uniformly distributed load of 0 5 ton per horizontal 
foot together with concentrated lo.ads of to, 15 and 5 tons at horizontal 
distances from one springing of 20, 40 and 60 feet respectively. Draw 
the bending-moment diagram and state its scale ; find the horizont.al thrust 
and the reactions at the spnngmgs. 

14 . A suspen^n bridge is 100 feet span and the chains have a dip of 
12 feet. Suppose the •uniform load on one chain to be 500 lb. per 
horizontal foot, and find tHe maximum and minimuin pulls in the chain. 

15 . Find the length of chain icquired for the bridge in Question 14. 

Suppose the chain weic to stretch 025 inch, what will be the change in 
the dip ? * 

16 . A hollow cast-iron column, 12 inches in external diameter, to inches 

in internal diameter and 8 feet long, is subjected*to a direct compiessive 
lo.ad^f 40 tons. t\ bracket boltecf to the side of the column supports the 
end of a girder, which transmits to the bracket a lo.ad of 5 tons. The line 
of action of this lo.ad may be assumed to be 12 inches from the axis of the 
column. Find the maximum and minimum stresses in a cross section of 
the column due to these loads. (B.E.) 
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17 . A horizontal Unk of rectangular section 4 inches deep and 2 inches 
thick is subjected to tension, the load being P tons. 'Phe line of action of 
the load IS in the central plane of the thickness and 2-25 inches from the 
bottom f.icc of the link, (a) Find tlie load P if the greate.st tensile stress 
in the straight part of the link is 6 tons per square inch, (d) If the tensile 
stress on a cross section of the link vanes uniformly from 6 tons per 
square'inch at the top to 2 tons per square inch at the bottom, find P and 
the position of its line of action. (L.U.) 

18 . A hollow cylindrical steel strut has to be 
designed for the following conditions: Length 6 feet, 
axial load 12 tons, ratio of internal to externaJ 
diameter o-8, factor of safety 10. Determine the 
necessary external diameter of the strrtt and the 
thickness of the metal if the ends of the strut are 
firmly built in. Use the Rankinc formula, taking 
/=2i tons per square inch, and a for rounded 

19 . Find the radii of gyration of a column con¬ 
sisting of three steel rolled joists, riveted together as sltown in the sketch 
(Fig. 272), their properties being 



Arc-i, 

^\. in 

L. 

inch mills 

b. . 

incli units 

Thickness of web, 
inch. 

16 inch X 6 inch joist. 

8 inch X 6 inch joist. 

i8-22 

10-29 

726-0 

I 10-6 

27-0 

17-9 

055 

Not ncctlcd here. 


What would bo the working load of sucli a column 24 feet long and 
with fixed ends, using the following straight-hne formula: 

/c=( 14560-56^)11), 

where is the working stress in lbs. per square inch ; / is the length of 
the column in inches ; r is the least radius of gyration in inches. (l.C.E.) 


f joiit 

I 

l-K.. 272. 



CIIAI’TKR XI. 

•SH.AFT.S. .SI'RINC.S. 

Twisting moment on a shaft. A shaft Is a picrc iisial for tlio 
tr.ansmis.sion by rot.atioti of motion ami powor. A nionicnt tomiiiig 
to rotate the shaft is coniimiimated at one place and is transmitted, 
by stresse.s in the material of the sh.ift, to tlie di’sirial place. Con¬ 
sidering a shaft .\ 1 ! (Fig. 273 (a)), having one end A fixed rigidly, and 




Fig, 273.—'I’wistiiiR momeiiK on shafts, 

having an arm BC mounted at the other end. The effect of a force 
P applied at C ^nay be e.xannncd Ity applying eipial and opposite 
forces P' and 1 ’", earhAsjual and parallel to I’, at B so as to act 
through the axis of the shaft. These forces eqinlibrate and con- 
-sequently do not inteifere with P. 'I'he system now consists of a 
couple formed by the forcow P and P ", the sole tendency of which 
will be to rotate the shaft about its axis, together with a force P', 
the tendency of which will be ti^ bend the shaft. 'I'he shaft as a 
whole would be equilibrated by the application of forces (not shown 
in the figure) at the rigid connection at A. 

A shaft is said to be under pure twist when there is no tendency to 
bend it, nor to produce push or pull in the direction of its axis. The 
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shaft in P'lg. 273 (ti) would have been under pure twist liad the cduple 
formed by P and P" been applied alone. One methorl of securing 
this re.sult is shown in Fig 273 (/'), in which a double arm CHI) is 
used and two forces P, P, forming a couple of moment lO, are applied 
at its ends 'I’he moment of the couple is called the twisting moment, 
or torque, and is written 'P generally. Neglecting the weight of the 
shaft, the e<iuilibrium of the whole as in Fig. 273(/') re(|uircs the appli¬ 
cation at A of a couple having a moment equal and contrary to that 
of 'r. The condition to be fulfilled in order that a shaft may be 
under pure twist is that it must be equilibrated by twocriual opposing 
couples acting in planes ])erpendicular to the axis of the shaft. 

Shearing stresses produced by torque. Consider the shaft to be 
cut at any cross section E in F'ig. 273(1)), section being ]ierpendi- 
cular to the axis of the shaft. To equilibrate the outer portion of the 
.shaft under the action of the applied cou|)le P, P rcipiires an ctjual 
contrary couple at the .section Fi, and acting in the plane of the 
section. .Such a couple ran be brought about in the uncut shaft 
only by the c.xistence of shearing stresses distributed in some 
manner over the section. The nature of the distribution may he 
understood by considering the straining of the shaft under the action 
of the couples. Experiment justifies the assumiitions that, in a 
round shaft, sections such as that at E remain plane, f.c. unwarped. 


g _ wlien the couples are applied, and that any 

pi /''gT 7 \ Ip radius of such a seclion changes its direction 

t f V \ T remains straight ; it is assumed in this 

T O J ■ that the elastic limit is not exceeded. 

In Fig. 274, AH is a line dr,awn on the 
surface of the shaft |)arallel to the axis before 
* straining. As A is fixed rigidly, it will remain 

, 1 unaltered in [losition, hut the other end will 

E^iclc' rotate under the straining; the result is that 

[Tl AH will change position to,\H'. Any small 

rectangle such as^ tJDFE drawn on the 
I surface of the shaft will change its position 

® ® and shape as shown at C’D F Is'. The angle 

Fk.. a;4,-Tor„on.sl |) |,,^s rotated in order to 

assume the new [losijion (i'l)' is clearly eriiud to that through which 
AH has turned. 'I’his angle, HAH', eciiial to 0 , is thercfo;c the 
shear strain at all [rarts of the surface of the shaft. Had we been 
able to draw a rectangle inside the material at a radius OG, its 
circumferential movement and change of shape evidently would have 


B B' 

Fiff, 274.- 'l'>>rsion.'xl .stf.illl'-. 
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been, proportional to its radios. Tints, on the outer end cross 
section, G would move to G' and 1 ! to 11 ', and we Flare 


GG'tllll' -=OG:()B. 


We may therefore .state that, since the shear strain at any |)oinl on 
a cross section of the shaft is proportional to the laduis, tlie shear 
stress'at that point rrifl also be proportional to the i.uliiis, prtfrided 
the elastic limit is not exceeded. It will also be 
evident that the shear stre.ss at any point on a cross 
section will hare a direction perpendicular to tlie 
radius of the point. 

Moment*of resistance to torsion. In h'ig. 275 
is shown a cross section of a shaft under jnire twist. 

Consider a small area a. 

Let R - radius of shaft, In iiu lies ; 

r= radius of u, in inches ; 

intensity of stress at outer skin, in lb. or 
tons pel s(|uaie inch ; 



Then 


and 


pi = intensity of stress on a. 

p; .p, --- r: R, 

, r 

Force on a '■/•( 


r Pt 

Moment of force on a about O - . ar-. 

Taking the sum of such moments all over the'section, we have 
Pi s A r A 

Total moment -- ar- ■' R ^ 



Fig. 276. 


11).- or ton-inches. 

2 

This expression is called the moment of reslatanoe 
*to torolon for a solid round shaft. 1 he case of 
a hollo^- round shaft of external radius R, and 
internal radius K, (I'lg. 276) would be worked out 
similarly, i#ith the substitution of limits K.j and R, 


for o and R in the integration. 'I'hus, 


. Total niomcnt = 


A 


_/D 2 -U 


os/Fi + R2\ Ik ,,r fon-inches. 
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Any question regarding the safe strength of a round shaft finder 
pure twist may b» solved by equating the given tonjue to the proper 
expression for the moment of resistance to torsion. It will be clear 
that a hollow shaft will have a greater strength than a solid one 
of the same weight. Apart from the practical 
consideration that the bwring of an axiatl hole 
may lead to the detection of otherwise un¬ 
suspected flaws in the material, 411010 are the 
considerations that the intensity of shear stress, 
as well as the arm for taking nionient.s, are 
small near the axis in a solid* shaft, so 
that material near the axis is being employed 
unprofilably. 

Torsional rigidity of a round shaft. It is 

often ol importance to estimate the angle through 
which one end of a shaft will twist relatively 
to the other end—briefly the angle of torsion. 
Referring to Fig. 277, one end of the shaft 
being fixed rigidly, the other end rotates through 
a small angle BOB', denoted by n, on application of a torque 'I', and 
the shear strain is given by the angle BAB', equal to 0 radians, 
'faking the expression for the modulus of rigidity ([). 109), viz. 


A. 


B B' 


Fjg. 277.—Aiifile of twist 
of a sli.iit, 


we may substitute for /’t and 0 as follows; 


■(') 


Again, 


RB' . . 

vT = in radians ; 

AB ' 

or 


BB'-AB.^?. • 

Also, 


BB' 

=a, m ijidians; 

or 


0 

11 



BO.a = Al!.y; 



. BO R 

.. = = ... 
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where R and L are the radius and lengdi of the shaft in inelies. 
Substituting the values found in (2) and (3) in (iVgivcs 
2'!' 


21 '!. 

• “ = radians . (1) 

The result for a hollow round shaft of evterual ladius K, and 
internal Rj may be found in a siniilar manner, using the expressions 
• /,ir(Rd-R,‘), 

2R, 

Ri 


The final result is 


,, radians. . 


ir(R,‘~R,*)(:’.. 

By substitution from (3) in (1) an expression may be obtained 
suitable for cases where the maximum shear stress is gixen. Thus, 


or a = radians. . (h) 

(x R 

This expression is applicable to both solid and hollow shafts by 
taking R as the external radiu.s. 

The torsional rigidity, or stiffness, of a shaft may he measured by 
the reeiiiroeal of «. 

Comparison of hollow with solid shafts. I'lie relative strengths 

of two shafts may be estimated by comparing the toripies, which may 

be applied without exceeding a given intensity of .stress. Let two 

shafts, one hollow, the other solid, have the same external radius 

R. Let the internal radius of the hollow shaft be hR, where n is a 
•. .... 
numerical coefficient. 'Let be the maximum intensity of shearing 

stress in each case. 'I'hen, for the solid shaft, 


and for ihc hollow shaft, 


' Sr' ^ 

_/tJrR^(i - n^) 
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Hence, 


“ I - 




For example, if the internal radius of the hollow shaft is one-third 
of the external radius, « = J, and 

-I- 1 8 1 

r g 


Comparison may also be made of the strength of a hollow with 
a solid shaft having the same cross-sectional area, r.c. having the 
same weight per unit length. We have, for the solid shaft,' 

'P ■ 

* 2 ’ 

and for the hollow shaft, T/, = 


Putting R2 = «R,, gives 


T,,= 


2R, 

2R. 


Also, as the cross-sectional areas are etjual, 
irR2 = 7r(R,’-R,=); 
R-^ = R,'^(i-rA); 

R'^ I-/A' 

/ ,)rR|^ ( l -?d) 
T/i 2 _ 


Hence, 


R. 




( 4 ) 


•(5) 


.( 6 ) 


(i -u-)\/i -n^ 


1 -V n- 
•Ji- tfi 


For example, if« = ^, ,|r = ' 1 =^ 

I- Cl-Tj 


■(7) 
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Ihin tuba under torsion. In the case of a tliin tul)e under torsion 
it may be assumed that the sliearing stress is distributed uniformly, 
/(^stre.ss intensity, lb. [)er s(j inch, 

K — mean radius of tube, inches, 
r-thickness of the tube walls, inch. 

Cross see’tional area •= ;irR/, 

Total shearing! fori e rirR//',, 

Idonient of this force =- rirR//,R, 

Moment of resist.nice to torsion - rrrR-V/’;, lb inches. 

Horse power transmitted by shafting, ^■ornullae connectinn the 

horsepower (see p ;j6)with the dimensions of the shaft atid its 
speed are based on the asemge tori|ue transmitted, and should there- 
foie be used with c.iiitioii. The masiimini lori|ue, on whiih will 
depend the niasiimmi intensity of sheaiinp' stiess, may excei-d the 
average toripie consideialilv, leading to a result lor the diameter of 
the shaft which may be mui h too small. 

Considering a solid louiid shalt under pure twist, let 
T torque transmitted, lb. inches; 

R ■ r.uhiis of shalt, inches; 

p! inaxiimim shear slies.s, lb pet sq. inch ; 

N revolutions per mm. 

Then W ork pei revolution ' . rir (p. 339) 

foot lb. 

0 


Let 

'ITieii 


Now 


T 

.'. work per revolution 


irR^ 

2 ’ 
/,;r'''R'' 
12 


Work [)cr minute - 


/(j-'-'R’N . 


Air2k“N_ 
12 X 33,000 


/,R»N 

40,081 


(0 


. Example. Find the horse power which may be transmitted by a 
shaft 2 inches in diameter at 180 revolutions per minute. The maximum 
shearing stress is 10,000 lb. per sqiware inch. 

_/iR-'N_lo,ooox I X 180 
40,081 ~ 40,081 

= 4£ nearly. 
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A common value of the coefficient is about 3-3 for steel shafts. 
Principal stresses for pure torque. In Fig. 278 is shown a shaft 



Fig. 178.—Principal stresses for pure toniue. 


under pure torque. A small square tikd, having its edges ab and cd 
parallel to the axis of the shaft, has been sketched on the surface. 
Kach edge of the square will be subjected to shearing stresses of 
magnitude pc, hence the-diagonals ac and bd have purely normal pull 
and push stresses respectively, the magnitude being also (|). 128). 
These diagonals are therefore prinei|)al axes of stress, and the 
stresses on them are the principal stresses for the case of the shaft 
being under pure torciue. If the diagonnls be produced round the 
shaft surface, it is evident that they will form helices having an 
inclination of 45° to the shaft axis. 

A shaft made of material weak unde, pull, and strong under both 
she.ar and push, would fracture along the helix of which ac forms a 
part. This fact may be illustrated by means of a stick of blackboard 
chalk; on applying opposite couples by the fingers to the ends of 
the chalk, the fracture will be found to follow very closely a helix of 
45“ inclinatipn. Pure bending applied to the chalk will cause it to 
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fracUire across a section at i)o" to the acts; it is iticrcforc evident 
that bending and tonitie simiiltaneonsly aitphcd tvill cause fracture 
to take place on some section intennediate between 45” atid po". 
A shaft made of cast iroir would behave iir a similar nranner to the 
stick of chalk, as the stress properties are similar. 

Shafts made of ductile material, such as mild steel, beh.iM’ in a 
different way. Fracture under pine toripie takes place across a 
section at po'to the a\is, as the strength under pull and also under 
push is higher than that under shear. It may be shown that materials 
haded in a com[)Ie\ manner have sections mutually perpendicular 
on which (lie stiess is purely normal, ;.c. the stresses aie princiiial 
stre.sses. There is also a particular section which has a shearing 
stress greater than that on any other section. There is strong 
evidence for believing that brittle materials break down when the 
principal stress of tension reaches a certain value depending on 
the material: many ductile materials break down, or yield, when 
the masimum shearing stress reaches a certain value. 

More general case of principal stresses. Let AH and HC be 
two sections of a body intersecting at 90° at 1 ! (Fig. 279(11)). '-‘-'f 



Fjg. 379.—Principal .Presses and axes. 


AH and HC have normal stresses/, and respectively, and let each 
be subjected to eaiial shea.ing stresses pi. Tet AC represent a third 
section of the body, cultipg AH at an angle d, and let the stress 
r on AC be purely normal. 'File wedge AHC will be in etiuilibrium 
under the action of these stre.sses, and it is reipiired to determine 
from this condition the value? ot d and of r. AC and r will then be 
a principal axis of stress and a principal stres* respectively. F'or 
slm|)licity, let the thickness of ;hc wedge from front to back be 
unity. 

Due to the given stressesandthe faces AB and HC will 
have resultant forces acting as shown in Fig. 279 (i^). The forces 
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/’i-AB and /j.HC will act at the cenlrcb of Al! and liC respec- 
lively. 'The force's /(. AB and . BC will act along AB and B(; 
respectively, Due to r, a normal force r. AC will act at the centre 
of AC and will have an inclination to the vertical ctjual to d. Hence 
its vertical and horizontal com|)oncnts w'ill ho r.AC.cosd and 
r. AC. sin 0 respectively. For equilibrium Of the wedge, the sum 
of the vertical upward forces must be etiual to the sum of the vertical 
downward forcc.s; also the sum of the horizontal forces acting towards 
the left must be equal to the sum of those acting towards the right. 
'The algebraic expiessions for these conditions are : 

A(\ cos d . AB+/(. I!(,i..'. .. .(i) 

r, AC. sin BC +/'(. Al!.(2) 

To simplify (1), divide by AC, giving 

z-.cosd=/..,^C+/'-AC 

=-/■,. cos d+/,. sin d. 

Divide this by cos d, giving 

''="'/i+A-tand.(3) 

liipiation (2) may be simplified in a similar manner by dividing 
first by AC and then by sin d, giving 

^.(4) 

I'apiations (3) and (4) are simultaneous equations, from which the 
values of rand d may be obtained by the ordinal)’ lules of algebia; 
thus, as the right-hand sides are ctpial, we have 
-f /(. tan d --/.j -t-/,. cot d, 

or /j ^/, (cot d - tan d) 

2/1. cot 2d, 

or cot2d=^‘ .{5) 

Again, writing equations (3) and (4) thus, 

''-/i=Atan d,.- .(6) 

rmid, .(7) 

and taking products, we have 

.( 8 ) 

The solution of this quadratic equation may be obtained in the 

usual nvanner, giving 


2 


(9) 
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'I'ho two roots of r iii (y) iiulicatc tiro |)rin<<i|)al .stresses; also 
equation (5) gives two rallies of rd (lil)'enng liy 180 for iihieli the 
cotangents arc c(|ual, and lienee indicates liio section.s differing by 
90°. The determination of wliieh root of r acts on one section or 
the athcr may be obtained by inserting one of the ealeulated values 
of r in either (6) or (7); the resulting value of tan or <ottf will 
indicate the |Mirlieulai section on which this v.ilne ot eaets. 

In the aboie, both /, and hare been taken as |hiIIs ; if either 
or both be |)Ushes, the sign of/>, and p, or both .should be reiersed 
in (5) andifu). A positiie laliu' for r indicates |Hill and a negative 
value indicates push. If any of the given stiesses /i,, p., or/, be 
absent in the data, write zero where these missing values occur in 
the equations found above. 

For evimple, taking a cube having shearing stresses/, only (p. 127), 

/, O, / , = O, 


Eiluation (5) gives 


cot lO 

20 


2/1 

90' 


- o ; 

or 270”, 


Equation (9) gives 


<^-=45° I'l' '3,s°- 



= +/,. 

The principal a\es are therefore the diagonals of the cube, and 
the principal stresses are a push and a pull each eviual to the given 
shear stress, thus agreeing with the results already obtained in a 
different manner. 

Stress on a section inclined to the principal axes. Having deter¬ 
mined the principal axes of stress and the principal stresse.s, the 
stresses on other sections may be found by the following construction. 
Reference is made to Fig. 280. 

I.et OAand Ol^ be the ^irincip.al axes of stress (Fig. 280(0)), and 
let OA=/, and be the stresses acting on the sections Oli 

and OA respectively. To find the stress acting on any other section 
OK, carry out the following *onstruction. With centre O and radii 
0 .\ and OB describe circles ; draw ON perpendicular to OK, cutting 
these circles in N and E respectively. Draw NC parallel to OB, 
and als'b ED parallel to 0 .\ and cutting NC in I). Join 01 ); OD 
will represent the stress / acting on OK. 

To prove this, draw EF parallel to OB, and let the angle KOB, 
which is equal to the angle NOA, be called 0 . Duo to /j there will 
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be an oblique stress of magnitude /[Cos^ acting on OK (p. 121). 
OC . 

Now cos 0 is given by in the diagram and ON is ctiual to /, to 

scale; hence OC represents the obliiiue stress. Again, due to 
there-will bo an obli<iue stress of magnitude '-'os (90“ - 0 )= /^sin 0 

acting on OK. but sin 6 is given by and OE is equal to to 


.scale; hence the latter (iblii|ue stress is given by EK, which is equal 
to Cl). T'hc resultant of these oblique stresse.s, repre.sented by 0 (' 
and ('!) respectively, will be 01), which accordingly give*, the stress 
p on OK. The construction employed for finding 1 ) is a well known 



method of finding points on the circumference of an ellipse having 
OA and OB for its semi axes. The ellipse is .shown in Fig. 2So{(t), 
and is called the enipso of stress. 

Both principal stresses have been taken as pulls in the above con¬ 
struction. Had one been a push, as /, (Fig. 280 (/>)), and the other a 
pull, then the construction is modified by producing NI) to cut the 
remote circumference of the ellipse as shown. 

Maximum shearing stress. .An important fact depends on the 
noting that the angle EDN (Figs. 280(17) and (/')) is 90°, and that there¬ 
fore 1 ) lies always on the circumfcrenci of a circle having EN for its 
diameter. The radjus of this circle will be ^ (ON - OE) = i (/, -/._,) 
for principal stresses of the same kind (Fig. 280(17)), and will be 
J(ON-t OE) = |(/i-h/.,) for unlike principal .stresses (Fig. 28o(/')). 
The stress / may be resolved into normal and shear stresses in each 
case (Fig. 281 (a) and {/>)), indicated hy OG and OH respectively. It 
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bot(i cases is represented by tlie radius of the circle liaring ICN for 


diameter; hence, for like stiesses, * 

Masimum shear stress « .If/, .(i) 

and for unlike stresses. 

Maximum shear stress - •If/’, +/o).(2) 



These eejuations retpiire further examination. Both (i) and (2) 
refer to sections taken [lerpendiciilar to the papei, and give the 
maximum shearing stri-sses for such sections, hig. 2S2 (a) shows a 
bar under axial pull stress />, and transverse pull stress both 
stresses in (u) being in the [ilane 
of the paper. The [irincipal 
axes of stress arc OX and OY ; 
the maximum shearing stress 
for sections perpendicular to the 
paper in (a) will be K/'i-f’-j)- 
ICxaminc now P'lg. 282 (/>), show¬ 
ing a side elevation of the bar; 

/>., acts [lerpendicular to the 
plane of the p*i>er, and it will 
be evident that the sectikin All, 
at 45° to the axis, has a shearing 
stress of magnitude i/, a< ting 
on it (p. 124). Hence All is 
the section of the bar which canies a shearii'g stress greater m 
maggitude than that on any otter section. 

It will be noted therefore that with like principal stresses, (’..g. the 
longitudinal and circumferential stresses in a boiler shell, the greater 
principal stress alone determines the value of the maximum shearing 
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stress, and the latter has a value equal to one-half of the greater 
principal stress. In the case of unlike principal stresses the maximum 
shear stress must be calculated from -t-/.^). 

The points above noted are of importance in dealing with crank 
shafts and other cases where the combinations of loading give rise to 
unlike" principal stresses. The experimental work of Guest and 
others shows that elastic break-down occurs when the shearing stress 
attains a certain value in many ductile materials, as has been noted 
already, and the results above discussed en.able us to determine the 
relation of the maximum shear stress to the loading. 

Shaft under combined bending and torsion. An exam|)le of this 
kind of loading will be found in any crank shaft. Considering a 
.solid shaft: 


Let 


It 

section. 


M = the maximum bending moment on the shaft, in Ib.-inchcs; 
T = thc maximum torque, in Ib.-inches; 

R = the nadius of the shaft, in inches, 
is understood that M and T occur both at the .same cross 
The stresses due to these may be found from : 


M = 


/,c-R5 

4 ’ 

* 4 M 

^--wR^. 

.(i) 

2 ’ 

ttR-J. 

.( 2 ) 


Reference to Fig. 283, in which a rectangle ahed has been sketched 
on the shaft surface, shows that is 
absent. The principal stresses may be 
calculated from equation (9) (p. 260); 



_ -k/.> ± •J{py -Jl-yY + 4pr 


(3) 


Fig. 383.—Shaft under combined 
torque and bending. 

larger principal stress, viz. 


+ . 

2 

This result indicates pnlike princitml 
stresses, as the quantity under the square 
root sign is greater than/j-. 

In the Eantdne tlio majrimiim 

principal stress U the criterion of break-down, 
and this assumption may be applied to 
brittle materials. The Ranliinc equation 
may be obtained as follows. Taking the 

_ /i + V/i' + 4P? . 
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and"substituting from (1) and (2), we have 


,‘S + 


V(rR») } 


. UM 

' 2 \7rR3 
.1 UM , 4 /\|2 , 'i-il 


r. ttR® ,, ,,,, , . 

or —^ M + v'M-+ 1 -.(4) 

The left liand side of this lesult has tlie same form as die ex¬ 
pression for the moment of resist.inee of a shaft to torsion , the only 
difference lies in the fart that r is a push or pull stress, whereas, in 
the toniue expression, a shear stress apfiears. It may be said that 
if a pure tonjuc TV were apfilied to the shaft, of inagnttude given 
by (4), a shear stress would be prodtiecd thereby eiiiial in magnitude 
to the maximum principal stress. Hence, 

TV=M+VM- + 'H. (5) 

The result is convenient for practical ti.se, and is usually referred 
to as Kanldne’s formula. 

If the maximum shear stress be taken as determining the point of 
failure, the reduction is as follows ; 

From etpiation (,4) (p. 264), remembering that one value of r is 
push and the other pull: 




Also, 


Maximum shearing stress 


A + 'j 
2 


, ^ 2s/]/,'-+/,'•* 

• 2 

-v'IA'^+A^.(<>) 

Inserting the values of /i and /, in terms of M and T, we have 
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Let TV be a torque which, if applied alone, would produce a shear 
stress equal to t/. T'hen 

.(7) 

2 

It wjll he noted that this expression {(ives an eciuivalent twisting 
moment of smaller value than that permitted by the Rankine 
equation (5). 

Springs. Springs tire pieces intended to take a large amount of 
strain, and are used for minimising the effects of shocks, for storing 
energy, and for measuring forces. T'he load on any siiring is kept well 
within the elastic limit; hence the change of 
length, or the distortion, of the spring will be 
])roportional to the load applied. Springs vary 
in form, depending on the purpo.se for which they 
are intended ; a few common forms arc discussed 
below. 

Helical springs. Helical springs arc made by 
coiling a rod or wire of the material, generally 
steel, into a helix. If the spring is to be under 
pull, the coils of the unstrained spring are made 
so as to lie clo.se together; open-coiled helical 
s[)rings are ncces.sary in cases where the load is 
’^uii.iCT h'I' a[)plied as a push, causing the spring to 

become shorter. Reference is made to Fig. 284, 
which shows a clo.sc-coiled helical spring under pull, and made of 
material having a round section. It may be a.ssumed that the effect 
of the load is to put the material of the spring under pure torsion. 
Bending is also present, and must be taken into account in open- 
coiled springs, but is small enough to be disregarded in the close- 
coiled spring under consideration. 

Let F - load a])plied, lb.; 

R--the mean radius of the helix, ihiches ; 

?- --the radius of the seclio'n, inches. 

Any cross section of the wire will be sub¬ 
jected to a torque given by 

T - PR Ib.-inches. ..^...(I) 

Consider a short‘jiiece of the helix lying 
between two cross sections AB«and CD | ^ Jv—? • 

(Fig. 285), and imagine AB to be fixed rigidly. __ CcJ 

Let F be the centre of the section CD, O. C F 6 

and take a horizontal radius which, when 




Fig. *85. 
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proSiicoiI, cuts the axis of the spring at O. 'I'he.offcct of (he tor(]ue 
will be to cause CO to twist through an angle relative to AH, and 
FO will rotate into the position KO', the point () undergoing a 
deflection OO’. lad the mean length of the portion considered 
be /; tben tbe angle of Inist may be written from the equation 
for that of a shaft (p. 255). 

2 'IV 2l’R/ , , 

. 

, . OO' 

Again, a - ; 

• R 

OO' 

( Ttr* 

2 n <7 , , V 

.(2") 

Now OO' gives the extension of the spring along its axis owing to 
the straining of the small portion considered. The total extension 
will be the sum of the (pianlitics such as OO' for the whole length of 
material in the helix, and can be obtained by writing the total length 
of wire instead of / in (2a). In the I'ase of a close coiled spring the 
total length will be given with sufficient accuracy by multipljing the 
mean circumference of the helix by tbe number of complete turns N. , 

Tength of wire in helix = 27 rRN. (,j) 

2RR2 

Hence, Total extension of s[)ring= 

= . 

(>t 

_81>1)SN , , 

“ ■’. 

where T> - mean diameter of helix, inches ; 

(/= diameter of wire, inches ; 

P=-load ap|)lied, in lb.; 

fi the, modulus of rigidity, lb. per .stjuare inch ; 

N ^numUbr of complete coils. 

'I'he result shows, as had been anticipated, that the extension is 
proportional to the load aiiylied. 

An eijuation connecting the shearing stress with the extension may 
be obtained from (4). Thus, * 

• , r * • 

I otal extension of s[)ring = — 
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Now 


Hence, 


l’R = T=^-^^-(p.253). 


Total extension- 


4R-N 


■Pi- 


(6) 


Cr 

2tR2N 

0 

This result enables the niaxiimuii extension to bcToiiiul for a 
given spring when a given safe shear stress /; lb. per .sipiare inch must 
not be exceeded. 

beginning with no load on the sjiring, the gradual application of 
a load 1’ lb., producing an extension « inches, will require the per¬ 
formance of a (juantity of work given by (see p. 325) 

Work done = average force x e 
= H’ X (. 

Inserting the value of e given in (6), we have 


Work done 


= Pt 

(,r 

, , ’tRN 
= PRx 

Air/-’ rrRN 

= - - A 

2 ' 


A^ jt'V-RN 
2 C 


incb-lb.(7) 


This work is stored in the extended spring, and represents the 
energy which can be given out when the spring is recovering its 
original length, on the as,sumption of perfect elastic qualities. 

The above formulae, being based on those for a shaft of round 
section, should be used only for helical .sjirings made of round wire. 
A formula which may be used for the extension of a spring of square 
section, having sides eiiual to s inches, is • 

44l>R3N . 


Extension of spring = - 




( 8 ) 


Helical spring under torsion. Helii^al springs are loaded occa¬ 
sionally under torsion in the manner indicated in Fig. 286, where a 
spring AB is subjecteft to equal opposing cou|)lcs by means of forces 
applied to arms attached to the endsirf the spring. It is evideift that 
the material of the coil is subjected to bending and that the torque 
produced by the couples is balanced at any cross section of the wire 
by the moment of resistance of that section to bending. The neutral 
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axi^ of any cross section will be parallel to the axis of the helix 
(Fig. 287). Further, the change of cnrtatnie of’the helix produced 
by the application of the tonpic will follow the same law as that for 
a beam (p. 166). 



Let T-"lVr - tonpie ap|)lied, Ib.-inches; 

Kiinitial mean radius ol helix, inches ; 

K„“ final mean radius o( helix, inches; 

N| ^initial nundier of complete coils in helix; 

N.,-final number ol com|)lcle coils in helix; 

L length of wiie in helix, inches; 

1.,^ ..-moment of inertia ol section of wire, inch units. 

Then Iiiilial 1 iirtatiire • . 

*<i 

, I 

I' mal cm valine . 

Kj 

•Suppose that the tendency is to inciease the number of coifs, 
then R., will be le.s.s than Rj. 

Change of curxature produced by 'J'. j,' - . 

l!y u.se of the equation, 

M 

Change of curvature = (p. 166), 


'^«havc _ RrUr^Et,. 

Again, assuming that flic coils lie fairly clo.se together, we have 
for the length of the heli.x, 

,L=2irR,N, 

= 2-R2N2. 


I 2irN, 

iR;*V' 


R. 


2irN.2 
1/ ' 


Hepce, 
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Substituting these values in (i) gives 

SJtNj 27rN] 'f 

“L ir 

N.2-N, 


This expression gives the angle as a fraction of a revolution through 
which B will rotate relative to A when the tori]uc is appljed (Fig 286). 
To obtain the angle of twist in degrees we have 

Angle of twist = 260—— 

. 

It will be noted from this result that the angle of twist is pro¬ 
portional to the torque, a property which leads to the use of springs 
of this type in certain cases, for example, the hair spring controlling 
the escapement of a chronometer. The use of such a spring permits 
the h.alance wheel to alter its angle of swing somewh.at without 
.altering the time in which it vibrates. The same kind of spring is 
often used for controlling the movement of the drum in engine 
indicators, as its jiroperty produces a more even stretching of the 
string driving the drum, and in con.scquence a le.ss erratic distortion 
of the di.agram drawn on the paper surrounding the drum. 

The maximum torque which m.ay he applied without exceeding a 
stated stress,/ may be found as in a beam (p. 146) from 


These results may be applied to helical springs under toision and 
made of wire having circular, square or rectangular sections. 


Piston rings. Spring rings are often used for the purpose of the 
prevention of leakage past the piston in steam, gas and oil engines. 
A common way of making spring rings of mqderate* si/e is to turn a 
ring of uniform section, making the diameter somewhat larger than 
that of the cylinder. A piece is then cut out of the ring sufficient 
to allow the ring to be sprung into the cylinder, when the ends will 
come together. Cast iron is often used as the material. In this 
method of manufacture, the ring does not take a truly circular form 
when sprung to the cliameter of the cylinder, and does not exert a 
uniform pressure all round the cylirtder wall. To secure unifsrmity 
in the pressure and a truly circular shape, the thickness of the ring 
must be varied. The breadth will of course be uniform, as the ring 
fits accurately a groove turned in the piston. 
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Big. 288 (rt) shows a |)iston ring of.\aryiiig Ihicknc.ss ; the split is 
situated at C, and the ring as drawn has been sprting into a eyiinder 
* so that the gap at (' is closed. I'he ring is subjected to a unilorin 
radial pressure as shown. 

Lnt //—the diameter of the cylinder, inches ; 

, /-the pressure in lb. jier square ineli of rubbing surface ; 

b ^ the breadth of the ring, inches; 

/Aii^=the ihickne.ss of the ring at All, diainetrically opposite 
(1, in inches. 



Fig. 288 —Pibloii nnj; giving unifitrin lit.tniig pressure. 


The half ring on the right-hand side between A and (1 is under 
similar conditions of loading to those of a boiler shell (p. 95). 
Hence, we may write for the resultant I'orce on it: 

P, -/// X b lb. 

'Phis force will produce a bending moment on All of amount 
M,„= P, X hi 
= 5 fiPb. 

The relation of the maximum stress/at All and the thickness of 
the ring there will be given by 

* (see p. 152), 

., _ 3///2 
*" / ’ 

Gii = '''v^3a//. 
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The relation between the thickness at any other section and .that 
at AB may be foimd from the consideration that the ring is to be 
circular both before and after springing it into the cylinder. Hence 
the change of curvature all round it will be uniform. Now, 

Change of curvature = 

• H . 

and, .since E is constant for a given material, it follows that for 
uniform change in curvature 

.M 

j =aconst.ant. .... (2) 

To obtain the bending moment .at .any .section .such .as DE, con¬ 
sider the portion of the ring lying between <i and DE (Fig. 288 (/<)). 
Join Cl), and let the angle (X)l) be «. The resultant |>tes.sure I’., 
acting on the .arc (il) may be found in the following way. A solid 
piece of the same breadth of the ring, viz. A bounded by the chord 
and arc Cl) will be in e(|uilibrium it subjected to hydrostatic stress p. 
The re.sult.ant pressute K oti the choid produced by the hydrostatic 
stress is 

R =/ X Cl) X A 

and this must be equal and opposite to 1’.,. Hence, 
l',2 —pi' X Cl) - 2ph X 1 )F. 
z\gaiti, M|,f lA X VV-2pI' X DFA 

Also, 1 )F 1 K) sin Ju — Tf .sin ; 

. 1,. ,>!' ■ •>'* 

.. M,„. - 2p/> - stn-- 


4 2 

= J/A/2sj,y2 ?. 

Also, 1 = '^"''”.(.4) 

12 


Hence, substituting the values of (3) atid (4) in (2), we have 

J/i^</2sin2- « 

-3-- a constant, 

DE 


or, .since 7), b and d art constant for a given ring under a given pressure, 

. „ a * * 

' sm-- 

-a constant.(5) 

^DE 






SPRINGS*^ , J7,1 

Kor the bcctioii Alt, a is i8o°, and sin Jo will he unity. Hence, 

• > ^ 

Sin* - • 0 

2 _sin- 90_ . 

^1)1. ^AU ^All 

• • — ^AD ^*1*' 

All ^ "). {(') 

This renilt enables the thickness ol any sei tion to he ealeulaled 
after first haviiij; deteriiiined the thickness at All, 

Carriage spring, ('airiage springs aie consliucled of a nuinher of 
plates ol gradually diininishing length, clamped togi'ther at the 



^l^.. (‘arriane spring. 


middle and loaded as shown in I''ig. 289. Generally the strips 
have the same breadth and thickness. The material will be under 
bending. 

I.et l’ = the lotid in lb., a[)plicd at each end ; 

L = the distance between the load.s, inches ; 

N = the number of strips ; 

A = the breadth of each stiip, inches ; 

./-rihe thickne.ss of each strip, inches. 

The maximum bending nioment will occur at the middle section 
All, and will be given by 

lb. inches. 

This bending moment will be balanced by rtie total moment of 
resistaijce obtained by adding together the moments of resistance 
of all the strips. Assuming that each strip touches the'strip fmmedi- 
ately above it throughout its whole length, both before and after 
loading, it follows that all the strips will experience equal changes in 

I). M. s 







*74 


MATERIALS AND STRUCTURES 


curvature on the spring being loaded. Considering the curvature 
at AB, we have 

, . bending moment on strip 

Change of curvature of any strip =-s—_ -1; 

moment of resistance of strip 

_ 

= a constant for all the .strips. 

Hence, as E and I are both constant, it follows that all the strips 
have equal moments of resistance. 

Let /= maximum stress on any strip at the section AB, 
lb. per square inch. 

Then, Moment of resistan<;e of each strip - 

Total moment of resistance at Al! N Ib.-inchcs. 

6 

Hence, .(i) 

APL = N^^-', 

' o 

.(2) 

“ . 

The profile of the spring in the elevation may be arranged so as to 
secure that this value of the maximum stress on any strip sliall be 
constant throughout its length. Considering any section CD, let the 
number of strips be Nci,. Then, from (i), 

6 

or P.v = Nc„^^'. 

0 

If/ is constant, the only variables in this expression will be a* and 
Ncd. Hence, Nco « a:,.(4) 

or, the number of strips and hence the depth of the spring vary as 
. the distance fiom the end. The 

profile in the elevation will there¬ 
fore be triangular (Fig. 290). 

Fig. 290.—Ideal profile of .2 canbge spring. As this is an awkward shape to 
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prod\ice, the ends of the strips are shaped usually lus shown dotted 
in plan in Fig. 289, whieli produces practically the .same result. 

'I'he deflection of the siiiing may be calculated in the following 
manner; 

. its moment of resistance 
Uhange ol curvature of any strip --- - 

t 

El 


2/ 

E/' 


( 5 ) 


As / is constant throughout the length of the strip, the change of 
cuivature throughout will he uniform. Supposing the strips to be 
straight at first, each strip will bend into the arc of a circle when the 
spring IS loaded. The conditions as regaids any one strip might be 
attained by subjecting that strip separately to a uniform bending 

moment • ' I’b. Hence, 

N 2 


PL 


2NK 


12 


61 T, 

NE/g“' 


■■■((>) 


Now, for a beam bent into a circular arc, the deflection is given by 

A=-^;;(P..86). 


Hence, 


1;-^ 6 PL 

X ■ NEi/2 

3 PL-;^ 

4 ■ NE/a'»' 


.( 7 ) 


In the above, the friction^ resistances of the strips rubbing on 
each other has been neglected. 'Phe effect of this will be to make 
the spring appear to be stiffer, as evidenced by a deflection smaller 
than that calculated, when the load is being increased. When the 
load is being removed, the deflection will be found to be somewhat 
larger than that calculated. Of course, work will be absorbed by 
these frictional resistances, with the effect that any vibrations 
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communicated to the spring by impulsive forces, or shock, will die 
out more rapidly than would be the case with a spring formed out 
of a single piece of material. 

EXERCISES ON CHAPTER XI. 

1 . A mlld-sleel shaft is 6 inches diameter. If the safe shcai stress 
allowed is 10,000 lb. per square inch, what torque may be applied ? 

2 . Find the diameter of a solid round shaft of mild steel to transmit a 
torque of 12,000 Ib.-inches with a safe shear stress of 9000 lb. j>er square 
inch. 

3 . A hollow shaft has an outside diameter of 18 inches and an inside 
diameter of 6 inches Calcul.ite the torque fur a safe shear sticks of 4-5 
tons per bijuaic inch. 

4. A solid sliaft has the same weight and tlie same lenj^ih as the shaft 
given in Question 3 and is made of similar mateiial. ('ahnilate the safe 
tortjiie winch maybe applied, (iivc the value of the ratio -'roK[uc for 
the hollow shaft : torcjuc for the solul sh.ift. 

5 . What torque may be applied to a tube 3 iiK lies in extei nal diameter, 
of metal 0-125 thick, if the stress is not to exceed 10,000 lb. pet sqiiaie 
inch ? 

6. The shaft given in Question 1 is 60 feet in length. What will be 
the angle of twist when the maximum permissible torque is applied ? Take 
C= 13,000,000 lb. per square inch. 

7 . Find the angle of twist for the shaft given in Question 3 when the 
shear stress is 4-5 tons per square inch. The shaft is 100 feet in length. 
Take (' = 5500 tons per square inch. 

8. What horse-power may be transmitted by a solid shaft 3 inches in 
diameter at 120 revolutions per minute? The shear stress is 8000 lb. per 
square inch. 

9 . What diameter of steel shaft is requiicd in order to transmit 
20 horse-power at 250 icvolutions per minute? 

10 . AB and BC are two sections of a body meeting at 90^ Normal 
pull stresses of 5 and 4 tons per square inch act on AH and BC respec¬ 
tively. Shearing stresses of 3 tons per square inch act from A lowaids B 
and from C towards H. Find the principal stresses and the principal axes 
of stress. Draw a diagram showing the axes and stresses. 

11 . Answer Question 10 if the normal stiess of 5 tons ])er squaic inch 
on Ali is a push. 

12 . A mild-steel shaft 3 inches in diameter has a bending moment of 
4000 Ib.-inches together with a twistiiig moment of 6000 Ib.-inches. 
Calculate the following : (a) The equivalent torque according to Rankine ; 
(^) the equivalent tor?jue on the maximum shear stress hypothesis ; (c) the 
maximum and minimum principal ^tresses ; {(/) the maximum ^hearing 
stress. 

13 . Supposing that a constant bending moment of 4000 Ib.-inches be 
applied to a shaft 3 inches in diametei, what torque may be applied if 
the maximum shear stress is limited to 10,000 lb. per square inch? 
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If. A cyhndiiral l)oilcns 7 feet in diameter and is made of plates 0-5 
inch thick. Tiie steam pressure is 100 Ih. per scjuatc*inth. (</) Kind the 
stresses on longitudinal and circuinfeieniial sections ; also ilic stresses on 
sections at 30, 45 and 60 de^^rees to llic axis. (/;,) W’hat is the inaxinunn 
shear sticss on the plate? 

15 . A helical sprinj^ is made of round steel wue 0 25 inch in diameter. 
The mean radius of the lieh\ is 125 inches; number of complete 
turns 120 ; the spring" is close-coded. 'I'ake 12,000,000 lb. per scpiare 
inch, and fmd<he pull rccpnied to extend the spnng one inch. 

16 . A helical springs inatcnal of circular section, has to extend 1 inch 
with a pull of <50 lb. 'I’hc mean radius of the helix is 2 inches, and the 
lenj^lh of tl^c helical part of the spiing is one foot. Assume that the coils 
are close together, and find the diameter of the wire. C— I2,ox>,ooo ll>. 
per sc|u.irc inch. 

17 . Suppose that the spring' ^M\cn in Question 15 is put under torsion 
by couples applied at its ends. Kind tlic toicpic reciuiied to twist the 
spring through one radian. Ic - 30,000,000 11). per scpiaic inch. 

18 . A helical spring is made of steel of scpiaie section, 0-3 inch edge, 
close-coilcd. 'I'lie mean ladiiis of the helix is one inch, and iheie are 
20 complete turns, 'l ake C I2,ooo,cx)o lb. pel sejuare me h, and find the 
pull recpiired to extend thcspiing one inch. 

19 . A piston ling for a cyhndci 24 inches in diameter has to give a 
uniform pressure of 2 lb. per sc]iiaie inch of rubbing suiface. Kind the 
maximum thickness of the ring if the stress is not to exceed 6coo lb. per 
scpiarc inch. Kind also the thickness at a section (p' from llic split. 

20 . A carriage spring of length 30 inches is made of steel plates 
2*5 inches wide by 0-25 inch thic.k. Find the number of plates 
reepnred to c:ariy a central load of 800 lb. if the ma.ximum stress is limited 
to 12 tons per scpiare inch Find the deflection under this load if 
E = 3o,cx)o,ooo lb. per scpiaic inch. 

21 . A load is applied to the crank fixed to a w roughl-iron shaft 6 inches 

diameter ,incl 20 feet long, which twists the ends to the extent of 2'’ ; 
assuming the modulus of iransveise elasticity (or coefficient of rigidity) to 
be 4000 tons per scpiare me h, what is the extreme fibre-sticss? (I.C.K.) 

22 . A closely-coiled spiral spring has 24 coils; the mean di.inieter of 
the coil IS 4 inches and the diameter of the wire from winc h the spring is 
made is 0-5 inch, determine the axial load which will elongate this 
spring 6 inches if the modulus of rigidity is I2 ,ckx),ooo lb. per scpiare inch. 

^ • (H.E.) 

23 . A hollow steel shaft'is to be used to tr.ansmit JcX)o H.P. at 90 
revolutions per minute ; the internal diameter of the shaft is to be j of 
the external diameter. I'lie maximum twisting moment exceeds the 
mean by 20 per cent. If the maximum intensity of shear stress is not to 
exceed 4-^ tons per square inch, find the external diameter of the shaft. 

^ ‘ • (L.U.) 

24 . At a certain point in a loaded body the principal stresses are a 
tension of 5 tons per square inch and a pressure of 3 tons | 5 er square inch, 
the latter acting in a horuontal direction. Another load is then applied 
to the body, giving rise to a second stress system, the principal com¬ 
ponents of which at the same point are a tension of 3 tons per square 
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inch and a pressure of 4 tons per square inch, the latter acting al an 
angle of 40“ to the' horizontal. Find the magnitudes and directions of 
the principal stresses of the resultant stress system. There is no stress 
at right angles to the plane of the paper. (B.E.) 



CHAI'TKR XII. 


KAKTII 1 ‘RKSSrKK. 


Earth pressure. (,)ii(.sti()ns ri'L;ar<.liiig the (tressure of earth eiiler 
into the ile.sien of foiindtitions and of retaining walls lor holding 
back e.irth. It is not possible to obtain exael solutions owing to 
the variable pio|)erties ol the material, 
and also to the faet that the pro- 
|)erlies are altered very ronsiderahly 
by the presence or absence of water 
mixed with the earth. 

Referring to Fig. 291, if a mass of 
earth be cut to a vertical fate OY, it 
wiill weather down by breaking away 
of the earth until a permanent surface 
0 .\ is attained ultimately. Let </) he 
the angle which 0.\ makes with the 
hori/ontal, and consider a particle of 
earth resting on the slope at I’. Its weight W may be resolved into 
two forces, one R [lerirendicular to the slo]ie and another Q acting 
down the slope, balance is ohtamed by the force of friction K acting 
up the .slope, F being eipial to Q. Defining the coefficient of friction 
H a.s the ratio o 4 F and R when .sliding is just on the jioint of taking 
place (p. 353), ’ , p 



the triangle of forces Vat gi^es 


R 


ab 

P7r" 


Hence, 


R 

fi - tan <b. 


tan t 


.(i) 


The coefficient of friction may range from 0-25 to i-o for earth 
sliding on earth, <j> ranging from 14 to 45 degrees. 
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Eaniine’s theory of earth pressure. The effect of the weighf W 
resting on the slope OA is to produce a stress on OA having an 
angle of oblicpiity equal to </> when sliding is just possible. <j> may 
be called the natural angle of repose of the earth; sliding will not 
occur .if the angle of slope has any value less than <^. 

In the Rankine theory, it is asunied that the shearing etfects at 
anr section in the earth follow the ordinary frictional I9.WS, and that 
the obliquity of stress on any section of the earth cannot exceed the 
natural angle of repose of the earth. 

Referring to Fig. 292, AB is the horizontal earth surface .and aial 
is a small rectangular block of earth having its top and bottom faces 



Fig 292.—Coii|ii;rate stie'ises earth Flo. 293 —Conjugate stresses, earth 

surface level. surface sloping. 

horizontal. Let the area of the top face be one square foot, let y be 
the depth below the surface and let be the weight of the earth in 
lb. per cubic foot. The stress /j on the top face will be produced 
by the weight of the superincumbent column of earth, .and will be 
given by -ny 15, squiire foot.(2) 

The stress py acting on the vertical faces must be determined 
from the relation mentioned above, viz. 0 must not be exceeded on 
any section of the block. 

In Fig. 293 the earth surface is sloping at .an angle a to the 
horizontal, and a// and fd are at the same s;lopc, //c and ad being 
vertical. The stress will be given by • 

A=- > ”---z-:= rcy cos a lb. per .square foot.(3) 

■'' area of top face a/; t 

It is evident that /],/, acting on ai and cd respectively balance 
each other, neglecting the weight of the block; hence /.j and must 
balance independently, and must therefore act in the same straight 
line. It therefore follows that/.^ must be parallel to ab. parallel to 
be and p.^ parallel to ab are called conjugate stresses. is determined 
by the same consideration as before, viz. 0 must not be e.xceeded. 
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of oh)i(|iii(y of stress. 

From Fig. 294, wc Iiiive 


Ih Fig. 294, OA and 01 ! represent principal stres.ses /, and 
respectively, and the construction is shown for obtaining the stress p 
on a section OK (p. 261). ON 
is perpendicular to OK, NP and 
MI’ are parallel respectively to 
the principal axes of stress OH 
and OA, anj I’O is the stress 
on OK. P lies alwa).s on the , 
circumference of the (frcle de- I 
scribed oji MN as diameter. ; 

The angle of obliipiity of p as ' 
shown is PON; the maximum 
angle of obliquity will occur 
when 01’ is tangential to the 
circle NPM as shown by O P. 

The angle (X)'l' will correspond '' 
with tlie value of </> in earthwoik problems. 

. , OT 

sm./.^0(: 

ii/i+Zj) 

^/’i - A. 

A+Aj’ ■' 

Pressure on retaining walls by Bankine's theory. T he foregoing 
principles may be applied to give a .simple gra])hical solution for the 

earth irrcssure on retaining 
walls. In Fig. 295 XY is 
the vertical earth fiice of a 
retaining wall, the earth sur¬ 
face being horizontal and level 
with the top of the wall. 
Produce the horizontal base 
of the wall and select a 
point O on it. Draw OA 
vertically and make it equal 
to /j = rr'H lb. per square 
foot. Draw OT, making the 
angle <p with OA. Find, by trial, a circle having its centre C 
in OA, to pass through A and to touch OT. Phis circle will cut 
OA in B, and will correspond to the circle NPM in Fig. 294. 


( 4 ) 
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Make OD equal to OB, and 1)0 will represent the other principal 
stress/^. The stress will be transmitted horizontally through the 
earth along OX, and an equal stress will be produced on the 
wall at X. Make XE equal to and join YE. The stress diagram 
for thf face of the wall will be YXE. The average stress will be 
Ip.,, and if one foot length of wall be taken, the total pressure P 
P = i/2Hlb. 

P will act at a point IjH from the foot of the wall. 

Hg. 296 illustrates the procedure if the earth surface is surcharged, 
or inclined to the horizontal, at an angle a. Draw XO ‘parallel to 

the earth surface. Draw 
O.'V vertically, and make 
0,\ e{|ual to /, - rfdl cos a 
(p. 280). Draw OM per¬ 
pendicular to XO, and 
draw also OT, making the 
angle (/> with OM. Find, 
by trial, a circle having its 
centre C m (.)M, to ])ass 
through A and to touch 
OP. This circle cuts OM 
in M and 11 , and will 
c(jrrespond to the circle 
NPM in Fig. 294. Join 
MA and HA; these will 
correspond with NP and PM in Fig. 294; hence the principal 
axes of stress will be parallel to MA and HA respectively, and the 
principal stresses will be represented by OM and OH respectively. 
Draw OD and OF parallel respectively to BA and AM; make 
OD etiual to OM and OF equal to OH. 'I'he ellipse of stre.ss 

passes through D and F, and cuts XO produced ip F. Hence FO 
is the value of />y The quarter DFF alone'of the ellipse need be 
drawn. 

Draw the stre.ss diagram for the wall by making XG equal to 
and joining GY. The average stress v<ill be and for one foot 
length of wall we ha^e p ^ j.[ 



Fio. 296. - K.irth pressure on a wall, earth biirf.ice - 
charged, by k.inkine'i theory. 


P acts parallel to the earth surf?ce, and is at a height JH^above 
the foot 'of the wall. 

If the earth surface be not surcharged, a simple formula may be 
obtained for the stress on the wall at any depth : 
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And 


Eet p^ = wh = ^\v: eartli pressure on a liori/ontal foot at a 
depth h feet. 

/.j = the pressure on the wall at the same depth. 

Then, from e(|uation (4), p. 281, 

A -A 
Px +A' 

. -P\ ^ P \, 

• I - sin i/> , 

, u'h. 

If the earth surface is sureh.iri^ed at an .ingle to the hori/onlal 
eipial to </i, then /, re//1 os'/>, and it ni.iy he shown lhat the olher 
conjugate stress, p.,, is eijual to /, and ads on the wall at an angle >/> 
to the horizontal. 

If the angle of surdiarge is <1, the following eiiualion may he used 
in ordet to liiul the value ol : 


sin 1/) = 

I + sin i/> 

[ - sin'/) 


= n’h cos a \ 


I cos (t - vAos-a - cos-’i/'j 
\cos tt 4 - v/cos"« -- cos-</.J 

Wedge theory of earth pressure, i.et Al! (log. 297) he the 
vertical face of a retaining wall, and let AC he the surfaie of the 
earth; also let HC be a plane ^ 

making the angle with the 
horizontal. Considering the 
wedge of earth 1 !A(.', imagine 
that its particles are cemented 
together so as to form a solid 
body. Under this condition, 
the wedge woiSd Ju.sj rest 
without slipping on the •in¬ 
clined plane HC if the wall 
were removed; in other 

words, so far as the wedge „ . , , ^ u 

BAG is concerned, there is 

no pttssurc on the wall. Again, considering an indefinitely thin 
wedge ABA', at rest between the ])lane BA' and the wall, as its 
weight is negligible, there will be no pressure on the wall. Hence 
the pressure on the wall, being zero for the inclined planes BC 
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and BA', will attam a maximum value for some plane such as‘BD 
lying between B(1 and BA'. If the wall were removed, the earth 
would break away at once along the section BI) and the wedge ABI) 
would fall, subseciuently weathering would remove the wedge DBC. 
BI) i.'i called the plane of rupture; the force acting on the wjill may 
be obtained by considering the weight of ABI) and the reaction 
of the earth lying under the section BI). . 

The force B which the earth communicates to the wall m.ay he 
assumed to be horizontal, thus ignoring any friction between the 

C 



vertical face of the wall and the earth; also I’ may be as.sunied to act 
at ,jH from the base of the wall (Fig. rpS). W is the weight of the 
wedge ABI), and is c.alculated by taking account of one foot length 
of the wall. 'The reaction Q of the earth underneath BI) acts at 
the angle <f> to the normal OE to the section Bl>. 'These three force.s 
meet at 0 and are in equilibrium. If 0 is the angle DBC, the angle 
between the lines of \V |)roduced and (2 will be eqiial to 0. abc is 
the triangle of forces for \V, 1>, and Q, from which we have 



or P = W tan ...(i) 

Draw T)K and AI^, each perpendicular to BC. Then, if w is the 
weight of the earth in lb. per cubic foot, 

W = area iVBD X rf • 

= (area BAG - area BDC)w 
= {iBC.AL- ’.BC.DK)fn 
= >.BC(AL- DK). 
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I;et DK be called .t 

Then 

U’-.|f(d!C(Ah-.r). ....* 

Also, 

„ DK X 

'‘''"^=BK = BC-KC’ 

and , 

K(' -- I )K ('ot (</> - «) 


.X (’Ot {'/j ' '(). 

• 

Hence, 

/I -v 

tan u - .. , , ,. . 

I 5 ( .\ cot («/> - a) 

Substitute the vahu 

s of (2) and (,t) in (1), givini 

P 

'.re.BC. ')'■ .. 

IK, .veot(./. a) 


(2) 


■ • (3) 

■ .(4) 


T'h(' whole of (lie (|ii,intiUcs iinohi'il in (Ins e\|)ii'ssloM, wilh ihe 
oxceplion of .v, ;uc ('on'ilalU lor a given w.ill, file eatlli having a 
known value for </> and a given slope at the siiihue. The niaxiniiini 
value of I' may he found hy differentiating the right haud side and 
eiiuating the result to zero. Thus, 

J I AL.a- -.v- I 
dx (H(i -- .veot {<!• -11)/ 

(.\ly - 2.V) (l!(i - .veot {<!’ a)I + (Al- ..V - .v-) eot (</> ^«) 

I lie - .V i ot {'/) - a)] - 

This will be zero when the numerator is zero. Hence, 

AL.liC - AL..V col (</< - a| “ 2.V .l!(i + z.V'Cot (1/) - a) 

- Ah ..V eot (</) a) + .V- eot ('/< - a), 


AL.hh -z.v.lifi - - .r-eot(i/< - a), 

Ah. lit i - .rlit.i -.V. lie - .v-eot (</< - a) 

--^.v j l!(i - .veot {<!> - a)). 

liy reference to Fig 298, it will he noticed that this may be written 
Ah. B(:-.v.li(:-.v.l!K, 
or 2AA1K;- 2/ lil)C= 2/.1)KI!, 

or * • aBA1) = a1)KB.( 5 ) 

The condition for the maximum value of P is therefore that the area 
of the triangle B;\l) should he e(|ual to the area of the triangle DKB. 

From (i), *’ -\Vland 

= 7f' .A BAD. tan«d 
^ . A BKI). tan d 


-7(1. .'.BK ..r. 


BK 


.( 6 ) 
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Oraphical solutions by the wedge theory. The following geo¬ 
metrical constructions may be used for the determination of x: 

Case i. — Eartn suifaee level with the top of the wall. Reference is 
made to Fig. 299. Draw BC making the angle </> with the horizontal. 
Draw BE perpendicular to BC and cutting the earth surface pro<;juced 



FlCr, 299.—Graphical solution, wedge theory, earth surface level. 

in E. Make EF equal to EA. Then BF is equal to .r. Draw FD 
parallel to BC and join Bl); Bl) will lie the plane of rupture. Bwill 
be found by measuring BF -x to the same scale as that used in draw¬ 
ing the wall and inserting the value in (6). Apply P horizontally at 
JH from the base. 

Case 2.—Earth surface surcharged at an angle a. 1 )raw BC (Fig. 300) 
making the angle </) with the horizontal. Draw BE [)er[)cndieular to 



Fig. 300.—Graphical solution, wedge tVory, earth surcharged. 

BC and cutting the e&rth surface produced in E. On BE describe a 
semicircle, and draw AF perpendicular to BE. Make EG eqjial to 
EF; tbcti BG Vs equal to x. Draw GD parallel to BC and join DB; 
DB will be the plane of rupture. .Calculate the value of P and apply 
it as in Case i. 
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In Fig. 301, draw 


0 \SE 3. —Eartli surface surcharged at the angle </) 

BE [lerpendicular to the earth Mirface and 
cutting it produced in E. I'hen liJC is 
equal to .r. 1’ is calculated and applied 

as before. 

C.\*SE 4. —Earth surface surcharged at an 
angle a and friction between the earth and 
the wall considered. Draw lit' (Fig. 302) 
at the angle </> to the hori/onlal to cut 
the earth, surface in ('. On BO as 
diameter describe a scniiciicle. .Make 
Al) equal to .All, and diaw l)F (ler- 
(lendiciilar to BO. Make BF e(|ual lo BK, and draw Ft) parallel to 
•Al). Make FK e(|ual to Ft). Join lit;. 'I'lien the pressure I'on one 
foot length of the wall is eipial to the weight of the piisni of earth 



Kiirih Mirfact* surcharged 
>i( 4 ‘, "f'lKC ilitoiy. 


c 



Fir.. 302.— Wedge theory; solution when friction of c.irth on w.aII is t.nken account of. 

having an area igi square feet eipial to the area F'tiR and a length of 
one foot. P will act a 3 ',11 Iroin the base of the wall, and will he 
inclined at an angle </. to the hori/ontal. 'I'he plane of rupture is BG. 

It is assumed in the last case that the value of 4 > is the same for 
earth sliding upon earth and*for earth sliding uiion masonry. 

Distribution of normal pressure on the base ftf the wall. Having 
found,? by application of one qf the above methods, the resultant 
pressure on the base of the wall may be lound in the •manner shown 
in Fig. 303. W is the weight of one foot length of the wall, acting 
vertically through its centre of gravity G. P and W intersect at 0 , 
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and R is their resultant. For stability, R should pass within* the 
middle third I)E 6f the base of the wall (p. 239). 


A 



Fm., 3o3.'-Resiihaiit pressuie on wall Fig. 304.— DislnlMiiiou of normal 

b.isf. Stress on ilie wall base. 


In Fig. 304, F is the point in which R intersects the ba.se of the 
wall, and 0 is the middle of the base. R may be resolved into two 
forces, Rv and Rh ; tlie latter produces shearing stress on tlie base, 
having a .somewhat indefinite distribution; the former produces 
normal stress. To determine the latter, shift Rv from F to O, and 
apply a com|)ensating couple RvxFO = M. Rv acting at O will 
produce a uniform normal stress /j of value given hy 
R R 

/■.=-. -r. lb. per sipiare foot. 

■' ‘ area of wall base lit. 

M will produce a stress which will vary from a push at C to an 
equal pull />., at B. These may be found from 

m 


where m is -JBC and I is the moment of inertia of i foot length 
of the wall base taken with reference to the axis [Vtssing through O 
and perpendicular to the plane of the pap^-r. ‘ 
j r X lit? 

12 


Hence, 


Rv X FO 



^Rv.FO 
BC'- ■ 


A stress diagram CBEl) is drawn in Fig. 304, in which 


CO =/, and BE =/, -/j- 
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Eankine’s theory applied to foundations. In Fig. 305 is shown a 
wall the weight of which i.s supported by a verticil reaction coming 
from the earth on which it rests. Consider one foot length of the 
wall, and find its weight W lb. The vertical stress oti tiie earth 
will be tv 

* area oi base AB 

'V ,, 

= - . lb. per S(|uare foot. 

AB 

Tbe hori/ontal stress actitig on the rertical ftiees of ;i small 

rectangulat block of ettrth immediately under the foot of the wall 
will be found from the con¬ 
sideration that the angle </> 
mu.st not be evcecdcd by 
the obli(luity of the stress. 

Make OC to represent /, ; 
draw OT nuiking the angle 
<f> with OC , find by trial a 
circle C I'F havtng its centre 
E in OC. passing through C 
and touching OT ; make OG 
equal to OF; then GO is 
etiual to Bart of the 

ellipse of stress has been 
drawn, although this is not 
required in the construction, 
tally thiough the earth, and will act on the vertic.al faces of a small 
rectangular block of earth at K. '1 here will be a stress/,, acting on 
the horizontal faces of this block atid ctiused by the weight of the 
column of earth resting on the top face of the block. /^ is found 
by a second ap[)lication of the same construction. Make KH ecjual 
to/.^; draw KE making the angle <!> circle HEM ha.s 

its centre in KH, passes through H and touches KE. Make KN 
equal to KM, when NK will be etiual to/j. 

Eet 1 ) be the depth of the foot of the wall below the earth surface, 
and let w be the weight of tlje earth in lb. per cubic foot. I hen 
/3 = t(il) lb. per square fcot; 

. .-. D-^3f«;t. 

7V t 

This result gives the minimum depth of the foundation, and 
represents the case of the earth surrounding the wall being just on 



The stress /^ is transmitted horizon- 
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the point of heaving up. The actual depth of the foundation may 
be obtained by application of a factor of safety. 

D may be found by calculation from e(|uati<)n (4), p. 281. Thus, 

.<'> 

I - sin ./> 2/,3 p.l 

.w 

Also, sin = ; 

A.+A 

. , . /I - sin c/)\ , , 

•• ^»^^'^(.TsinW . 

' ‘ \l +Slll'/>/ ’ ' 

Again, 

IV rcVi+smi/i/ 

_ W /i ~.sin</)y 2 s 

7 £'. AH \i + Jtin (/»/ . 


Example. A wall carries a weight of 800 tons. Tlie area of the foot 
of the wall is 200 square feet. Find the minimum depth of foundation if 
the weight of the earth is 120 lb. pei cubic fool and if </> is 30”. 

, 800 ^ 

/^,tons per square foot. 


w 


/l - sin if>Y 
\ I +sin <}jJ 


4x2240/1-iV 
120 \i+V 


= 8-^ feet. 


EXERCISES ON CHAPTER XII. 

1 . Given principal stresses of 6 tons and 3 tons per square foot, both 
pushes, find the angle of greatest obliquity of stress. 

2 . A retaining wal. for earth, I3 feet high, has its earth face vertical. 
The surface of the earth is horizontal and is level with the top of the wall. 
Find the total force per foot length on-‘he wall by Rankine’s theory, taking 
the weight of the earth as 110 lb. per cubic foot and <f> as 40°. 

3 . Answer Question 2 if the earth surface is surcharged at 20" to the 
horizontal. 
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4 . Answer Question 2 by applu aijon of the wetlj^c^llicoiy. 

5 . Answer Question 3 by application of the wed^c ihcoiy. 

6. Answer Question 3 by the wedge iheoiy, tabtng account of (he 
friction between tlie eailh and the w.dl. It may be assumed that </> 
has tlie same value foi eaith sliding on caith ancl for eaith sluling on 
masonry. 

7 . A masoniy letaining wall for eaith has its eaith face veilical, and 
the earth is s»jrch.irgcd at an angle of 30^ to the hoii/ontal. i'he wall 
is 9 feet high, j feel Inoad at the top, and 5 feet bjoad at (he liase. The 
earth weighs I to lb pei cubic foot and </» is 30'. Kind the total eaith 
piessme on the wall by the wedge theory. 

8. In QuoslHm 7, the masoniy weighs 1 jo lb. per < ubic foot. I md the 

icsultant piessuieon the hoii/onl.d b.ise of the wall. Does it pass w ithin 
the middle thud of the l.iase ^ [■ md the m-isimum and minimum noimal 

siiesses on the b.ise, and diaw a diagi.im showing (he disinbulion of 
nonnal sticss. 

9 . A wall and the load which it < ai 1 its piodu< e si 1 ess of 3 tons per 
square foot on tlie eaith underneath the w.dl li the weight of iMith is 
no lb per cubic foot and if </j is 35", hiul the minimum depth oj the 
foundation below the suif.ice of the eaith. 

10 . A biK k wall 25 feet high, of unifuim tim kness and weiglimg 120 lb. 

per cubic foot, has to withstand a wind piessme of 56 lb. jiei sqiiaie foot. 
What must be the thickness ot the wall m oidei to salisty the (ondilion 
(hat theie shall be no tension m any joint of the bi u kwoik ? (l.t .K.) 

11 . la)iKieI(“ everts on caith at the bottom of a trendi a downwaiil 
jiressuie of 2 tons per sipi.ue fool ; the eaith weighs 130 Ib. |)Ci < ubic foot 
and Its angle of leposc (in Kankme’s theory) is 30'; what is the least safe 
depth below' the caith’s natuial siirfa<c of tlie bollom of the (omicle? 
Why arc we unable to make much piaciu-d use of the llicoiy of eaith 
picssure(IkE.) 

12 . .A (oncrete letaining vvall is tiape/oid.d m cross sedion, 24 feet 

high ; thickness at top, 3 feet ; at base, 10 feet ; the bark fa< e, which is 
subjected to caith pressuie, being vciitc.il. The wall is not sunhaiged. 
If the com rete weighs 140 lb. per ruhu foot, the caith-lilling behind the 
wall 125 lb. per cubic foot, and if tlie angle of re|)ose of liic eaith is 
22 dcgices, investigate the sl.ibility of the wall. (ll.E.) 

13 . Give the assumptions upon whicli Rankine’s theory of caith pics¬ 
sure IS based. Sliow that the intensity of hori/.ontal picssuic on a 
retaining vvall at a depth </ fe.'t below tlie hoiizontal eaith suifacc is 

r-sin</> , 

- ~ Tdr, 
i+sin^ 

where w is tlie weight of i < iR>ic foot of earth and </> is the angle of 
repose of the earth. A practical rule takes the pressure ns equivalent 
to that given by a fluid weiglmig 20 lb. per cubic foot. Find the angle of 
repose t^rresponding to this, assumyjg 7t/ equals too lb. per cubic foot. 



CHAPTER XIII. 

TE.STING OF MATERIALS. 

Wires under pull. A .simple apparatus is illustrated in Fig. 306 
and will enable the elastic properties of wires under pull to be studied. 

Two wires, A and Ji, are hung from the same 
support, which should be fi.xed to the wall as high 
as possible in order that long wires may be used. 
One wire, B, is permanent and carries a fixed load 
\V,, in order to keep it taut. The other wire. A, 
is that under test, and may be changed readily for 
another of different material. The test wire may 
be loaded with gradually increasing weights IV. 
The extension is measured by means of a vernier 
1), clamped to the test wire and moving over a 
scale E, which is clamped to the permanent wire. 
The arrangement of two wires prevents any droop¬ 
ing of the support being measured as an extension 
of the wire. 

Expt. 15.— Elastic stretching of wires. See that 
the wires are free from kinks. Measure the 
Kic. 306-Apparatus for length E in inches from C to the vernier. Measure 
teiibiie teas on wires. diameter of the wire. State the material of 

the wire and also whatever is known of its treatment before it came 
into your hands. Apply gradually increasing loads to the wire A, 
and read the vernier after the application of each load. Stop the 
test when it becomes evident that the extensions arc increasing more 
rapidly than the loads. Tabulate the readings thus; 

Tkn.sion Test on/a Wire. 


Load, lb. Vernier reading Extension, inches. 
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I’lot llie loads in cohmii\ i as ordinates and tlio rorrt'.s|K>nding 
extensions in coUnnn 3 as abscissae (Fig. 307). ft will be found that 
a straight line will pass through most 
of the points between 0 and a [)oint 
A, after which the line turns towards 
the jight. 'I'he point indicates the 
break-down of Hooke's law. 

Let W, ■= load in lb. at in F'lg. 307. 
r/ = the diameter of the wire in 
inches. 

Then, • 

Stress at elastic break down 

W, ,, . , l•■u„ 3.,7.--0™|>li ..ra l.i.,il. lol 

'' I, }" *' "" ■' 

Select a point 1 ’ on the straight line 0 .'\ (I'ig. 307), and measure 
and ( from the diagram. 

Let \V2.= t()ad in Ih. at I’, 

c —extension in inches at I’, 

L -length of test wire in im lics. 

Then, Young’s modulus ^ L ---'7,. 

" strain .jira- t 




Fifi. 308.—Apparatus 
for testing wires to 
rupture. 


.Several wires of different material slaaild bo 
tc.steil m a similar manner. 

Ill Fig. 308 is shown in outline a simple form 
of machine for testing wires to breaking; the 
machine is fitted with an arrangement whereby an 
autogiaphic diagram is produced, >./•. a diagram i.s 
drawn by the apparatus showing the loads and 
corresponding extensions. 

All is the test wire, fixed at A and carrying a 
rcce|)tacle 1 ! at its lower end. The load is 
applied by means of lead shot, stored in another 
rece|)tacle (i, which is fitted with an orifice and 
a control shutter at its lower end; I) is a shoot 
for giiidii^ the shot into 11. C i.s hung from a 
helical spring K, which is extended when C is full 
and shortens uniformly as the weight is removed 
by the shot j'tiiming out of C. A cord F is 
attached to E, passes round a guide pulley and 
also two or three times round a drum G, and 
has a small weight H attached in order to keep 
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it tight. A piece of paper i.s wrapped round G, and circumferefitial 
moveinent.s of thi.s paper will be proportional to the load removed 
from C and applied to the test wire. A small guided frame carrying 
a pencil is attached to the test wire at P ; vertical movements of the 
pencil will indicate the extensions of the portion of test wire between 
A and P. In.action, a curve is drawn on the paper which shows 
loads horizontally and cxten,sions vertically. , 


Exi’f. i6.— Tenaile test 
fit the test wire; .see th.at : 

Load 


to rupture. Arrange the apparatus and 
til the arrangements are working jrroperly. 
Draw the lines of zero extension and zero 
load by rotating the drum for the first 
and by moving the pencil frame vertically 
for the .secoml. Measure the diameter of 
the test wire and the length from A to P. 
Allow the shot to run into li until the 
test wire breaks. T'o obt.ain the breaking 
load, weigh the receptacle li together with 
its contents. 

Let \V' = breaking load in lb., 

rf-diameter of the wire in inches. 
W ... 

Then, Pjreaking stre.ss = , lb. per .sipiare inch of original cross- 
t™' sectional area. 



Fig. 309.—Autot^raj'hic record of 
a teit on copjicr wiie. 


In Fig. 309 is given a reproduction of a 
diagram after removal from a machine of this 
kind. The scale of loads m.iy be found by 
placing different weights in (’ and observing the 
resulting movements of the paper on the drum. 
The diagram shown is for cop|)er wire, and the 
point of elastic break-down may be stated 
roughly from it. 

Experiments should be made on several 
wires of different materials, such as copper, 
brass and iron. 

Wires under torsion. Apparatus by means 
of which may be measured the angle of twist 
produced in a wire by a given torque is illus¬ 
trated in F'ig. 3 TO. AB is a test wire, firmly 
fixed at A to a rigid clamp and carrying a heavy 
cylinder at B. The cylinder serves, to keep the 
wire tight, and also provides means of apply¬ 
ing the torque. The torque must be a[)plied 
as a couple in order to avoid bending, and is 




Fig. jio.—Apparatus for 
lorbioii ie.si5 oil wire*. 
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pro'duced by means of cords wound round Ji; these cords pass over 
guide pullers, and carry equal weights W, and W., at the ends. 
Pointers C and 1 ) are clamped to the wire, and move as the wire 
twists over fived graduated scales Is and F. The angle of twist 

produced in the portion Cl) of the wire i.s thus indicated. • 

• 

ExI'T. 17.—Torsion tost on wires. Arrange the apparatus as shown. 
State the material of the wire; measure its diameter r/and the length 
L between the pointers (' and I), both 111 inches. Measure also the 
diameter 1 ) of the cylinder H, in iiuhes. Apply gradually ineieasiiig 
loads, anj read the scales F. and F after each loail is applied. Tabu¬ 
late the readings. 

Fxi'KHIMKNf ox TwI.stiNO. 


I.a.ii|, 

IilltplC, 

1 uf twist, 

W^.^Ws, 11, 

W,l), 11, •iiiehr'. 1 

tlcRffCS. 


1 



Tonjii 


Plot the toripies in column 2 as oidinales and the corresponding 
angles of twist as abscissae. A tyiiical diagram is given in Fig. 311, 
from which it will he observed that the graph is practically a 
straight line, indicating that the angle of 
twist is proportional to the toniiie. Select 
a point P on the straight line, and measure 
the toi(|UC T Ib.-iiiches and the angle a 
from the diagram. If the diagram is 
plotted 111 degrees, convert a to radians. 

The value of the modniiis of rigiility of 
the material may be calculated. 

Let 

'r=-=tbe tonpic, in Ib.-inches ; 

L= the length of the wire, in inches ; 

R = the radius of the wire, in inches ; 
a - .angle oT twist, jn radians ; 



6i<- a.->1 

Fk*. 311.—(»r.iph of .1 torsion test 


C = the modulms of rij;idity, in lb. per square inch. 
Then, from equation (.t), p. 255, we have 
2 rL 

* “"irR'C’ ^ 

2TL 


C = 


rrR<' 


Several wires of brass, copper and steel should be tested. In each 
case, any information regarding the previous history ol the wire 
should be noted. 
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Helical springs under pull The extensions of a helical spring 
under pull may be investigated by use of the apparatus illustrated in 
Fig. 312. A is the spring under test; it is hung from a hook at the 
top of a stand. A graduated scale B is hung 
from the spring, and carries a hook on which 
loads W may be placed. T'he vertical move¬ 
ments of the scale indicate the extensions of 
the spring, and are read by means of a telescope 
at C. 

Fxpt. 18. —Extensions of helical springs. 
Make a helical spring by coiling round a round 
bar, or m.andril, some wire for which you 
have found C |)rcviously, .as directed on p. 295. 
Tc.st this .spring under gradually increasing 
loads, noting the extension produced by each 
load. Plot loads and extensions ; these should 
give a str.aight line if the extensions arc pro¬ 
portional to the lo.ads. Select a point on the 
plotted line, and read the load W lb. and 
the corre.s|)onding extension ( inche.s. 

Let 

l)--^the mean diameter of the helix, inches; 
r/=the diameter of the wire, inches; 

N ^ the number of complete turns in the 
helix. 

Then, from eijuation (5), [i. 267, 

_8VVD3N 

8WI)’N 

C = per square inch. 



Calculate the value of C from this ecpiation, .and compare it with 
the value of C found by the direct method of .aiiplying tonjiie. 

Other springs made of wire of circular section are (tupplied. Make 
similar experiments, and find the value of/,! for each spring. 

Springs of material having a .square section are also .supplied. If 
the side of the square is i in inche.s, find the numeric.al values of the 
coefficient c for each spring by inserting experimental values in the 
following equation ; ^ VV1)3N 

f = C - 

Maxwell’s needle. A useful piece of apparatus for making vibra¬ 
tional experiments on wires is the Maxwell’s needle shown in 
Fig. 3J3(n). The wire Al! is fixed firmly at A and is clamped at B 
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to'a brass tube C. Four inner tuIics I), I'i, F and G of etilial len);ths 
can be pushed into (i; the total lenjith of the fi'ur tubes is equal to 
the lengtii of C. T«o of the short tubes are empty, and the other two 
are closed at the ends and are 
loaded with lead shot. Experi¬ 
ments arc made by first having the 
loaded tubas at 1 ) and G and the 
empty ones at Is and F. A few 
degrees of twist are given to the 
wire, and the needle is then allowed 
to oscillate hori/oiUally. 'The tune 
taken to execute, say too vibra- 
lion.s, is observed, and hence the 
tune of one vibration is obtained. 

The tubes are then ext hangeil by 
])lacing the loaded pair at E and F 
and the empty pair at 1 ) and G, 
and the experiment repeated in 
order to find the time of one vibration. The distribution of mass in 
the system has been altered without altering the actual (|uantitv of 
matter, and the second time will be found to be shot ter than the first. 



Fu.. 313. - Maxwcll’i) needle. 


Let 


Then 

E^pt. 


/j --the time in seconds to execute a xibralion, the needle 
starting from the end ol a swing and coming back 
again to the same |)osition, lo.ided tubes at 1) and (1. 
A = the coiresponding tune in .seconds when the loaded 
tubes are at E tmd F. 

OT, = the mass in pounds of one loailed tube. 
w, = thc mass in pounds of one empty tube. 
a -= the half length of G in feet. 

I.-the length of the test wire, in inches. 
rt'=*the diameter of the test wire, m inches. 

,g=lhe aci'eli^ration due to gravity - 32-2 feet per second 
per second. 

C = modulus of rigidity of material of w ire, lb. per s(|. inch. 
1 5 jfnrEn'^ ' 


C" 




. . ig.—Determination of t; by Maxwell's needle. Test several 

wires of different materials by this method, and calculate (' for each. 
If wires of the same material have been tested for the values of C 
by other methods, compare the results. 
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Torsional oscillations of a helical spring. Maxwell’s needle may 
be used for determining the value of Young’.s modulus for a wire of 
given mateiial. The wire is first wound into a helical spring and 
arranged as shown in Fig. where (’ is the Maxwell’s needle. 

Take the same symbols as before, with the addition of the following: 

R the mean radius of the helix, in inches. 

N --- the number of complete turns in the helit. 

F ^ Young’s modulus, in lb. per .S(iuare inch. 


'I’hen 


E = 


6 RNff“ 



ICxi’T. 20.—Determtuation of E by torsional oscillations of a spring. 
Twist the needle through a small horizontal angle, taking care not 
to raise or lower it while doing so. On being released, it will 
execute torsional oscillations. Ascertain the times as before for the 
loaded tubes in the outer position and also in the inner position. 
Measure the dimensions reijuired, and calculate E from the above 
equation. No correction is retpiired for the mass of the spring in 
this experiment. 


Longitudinal vibrations of a helical spring. Using the same 
apparatus, illustrated in Fig. 313 (/^), the value of the modulus of 
rigidity may be found for the material of the spring. 'I'hc spring, 
loaded with the needle, is pulled downwards a little and released; 
it will then execute vibrations vertically. 


Let 


Then 


fi-Aimc in seconds to execute one vibr.ation from the 
lowest position and back to the starting-point. 

M = the mass of the needle, or other load, hung on-I-one- 
third the mass of the spring, in pounds. 

N -the number of complete turns in the helix. 

R-the me.an radius of the helix, in inches. 
r/=the diameter of the wire, in inches, 

C = the modulus of rigidity, lb. per square^mch. 

P fiqTT-MNR^ , 


Expt. 21.—Determination of C by longitudinal vibrations of a spring. 
Use a spring made of wire which has been tested already for the 
value of C by the direct method of torque (p. 295), and also by the 
method of torsional oscillations (p. 297). Find C for the material 
by application of the method desetibed above, and compare the 
results by the three methods. 


The direct determination of Poisson’s ratio, - 5 -, and also of the 

m 
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bulk modulus K for a material itresciits considerable difficulty. 
'I'hese may be calculated easily from the known e.x|)crimental values 
of E and C by u.sc of the following relation.s: 

„ . , .1 E-2C 

1 oisson s ratio “ ’ ,. • 

. m 2t_ 

• Hulk modulus K- r 

Take the lesults for Is and C which you have obtained for wiies of 

the .same material, and calculate - and K for each materi.il. 
m 

Examim.K.. a series of tests on steel wiies g:i\e average r.ilues as 
follows: ]•:=-13,500 and C-5500 tons per scpi.aic inch. Kind the values 
of Poisson’s ratio and of the liulk modulus. 

I ^K-2C 
I'l 2C 


_ 13,500-I i,ooo_ I 
~ 11,000 4'4 

EC 

, 3 ( 3 C-E) 

_—i,3,5°ox 55°° . ,,^8250 tons per sq. inch. 
3(3x3500-13,500) —i- 

Elastic bending of beams. The apparatus shown in Eig. 314 is 
capable of giving very accurate experimental results on the elastic 



—Apparatus for elo-slic bending of beams. 


bending of beams. The test beam A rests on steel knife-edges 
supported by blocks B, B. 'I'he Ijlocks may be bolted at any distance 
apart on a lathe bed C. The load W is applied by means of a 
shackle D having a steel knife-edge which rests on the beam. I he 
piece E, carried by the shackle, is pierced by a hole which is covered 
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by a piece of transparent celluloid having a line line ruled on it. 
Thi-s line is observed through a micrometer microscope F, and will 
travel over the eyepiece scale as the beam deflect.s. The value of a 
scale division of the eyepiece .scale may be ascertained by use of a 
scale.engraved on the vertical pillar of the microscope; a rack and 
pinion movement permits of vertical movement of the microscope up 
or down the pillar. , 

For testing beams fi.\od at the ends, the knife-edges at B, B are 
removeil; these are merely dropped into V grooves on the to[) of the 
block.s. The test beam now rests on the top of the block.s.(Fig. 315), 
and is held down firmly at each end by a strong cast-iron cap and 
four studs. 

The angle of slope at any position of the beam may be measured 
by means of the arrangement shown in Fig. 316. A is a small three- 

Fig. 315.—Test beam fixed at ends. Fic 316 —Appmatus Tor measuring 

ihe slope ofu bc.iiit. 

legged stool carrying a mirror and rests on the test beam. B is a 
reading telescope having a hair line in the eyepiece, and is used lo 
observe the re.ading of a scale C reflected to the telescope by the 
aid of the mirror at A. 

The apparatus maybe used fora large number of e.xperiments; 
the following indicates .some of the more simple. 

Fhxi'f. 22. Take a bar of mild steel of rectangular section about 
2 inches x i inch and about 3-5 feet in length. Arrange it as a beam 
simply supported on a span of 3 feet and loaded at the centre of the 
span. A]>[)ly gradually increasing loads, and measure the deflection 
at the centre of the s[)an after the apiilication of e.iCh load. Verify 
these readings by removing the loads, oije ,at a time, and observing 
the deflections after the removal of each load. Tabulate these 
readings, and plot loads and deflections. If the resulting diagram is 
a straight line, then the deflections of /he beam are proportional to 
the load. Select a point on the plotted line, and note the load \V lb. 
and corresponding aeflection A inches; also let F be the span in 
inches Calculate the value of Young’s modulus for the niaterial, 
using tljc equation given on p. 169,'viz.: 

48EI 
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For the given section, breadth 1! and depth 1), both in inches, 

I 2 

. 4EliD3’ 

WTr’ 

O'" « *’' ^4Aijiy* s'l'iA'c inch. 

Expt. 23. Use the same piece of material (n) as a cantilever, (/>) 
as a beam fixed at botli ends. In each case measure the detlei tions 
for loads‘gradually increased and gradually diminished. Tint the 
results and determine Young’s modulus, making use of the following 
equation for case (a): 

(l>- '('»)■ 

\VI ■* 

For case (/') use A=.- (i). 17S). 

I 92 l'.l ‘ ' 

(,om[)are the values of JC obtained by the three methods emi>loycd. 

Exit. 2.t. .Arrange a test bar as a cantilever (Fig. 317). I.et the 
load be applied at B, and arrange the three-legged minor stool at (I, 



a scale divided decimally in inches at If, and a reading telescope at E. 
On loading the cantilever a certain angle of slo|ie will occur at B; 
as there is no load, and consequently no bending moment between 
B and C, whatejjer slope exists at B will occur uniformly between B 
and C. Hence the slope measured at C will be the sloire at the 
point of application of B. *'J'he slope at B may be calculated from 

^VE- 

hi = -i--r radians (p. i68). 

• 2^1 

If the piece of material used in the previous»lrending experiments 
is employed in this c,\|)eriment, E is known, and hence f„ may be 
calculated for any given load. 'Bo verify the calculation, observe the 
scale readings for gradually increasing and gradually dinlinishing 
loads; plot tlie results, and select from the diagram the value of t’u 
corre-sponding to the value of W used in the calculation. 
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In reducing the scale readings to radians, it must be noted that if 
the mirror at C tilts through an angle i, the ray of light CD will 
travel through an angle of magnitude 2/'. Let a be the change of 
scale reading due to an increment of load, and let h be the distance 
from the mirror to the scale, both in inches. The angle turned 
through by the ray Cl) will be 

DCD' = radian ; 
b 

. a 

^' = 7 / 

i=% radian. 

20 

Ten-ton testing machine. In Fig. 318 is shown in outline the 
principal parts of a testing machine constructed by Messrs. Joshua 



Fit;. 318.—Ten-ton Bucklon tebiini; in.icliine. 


Biickton to the design of Mr. J. H. Wickstced. AS illustrated, the 
machine is arranged for applying pull. TCe test piece. All, is held 
by grips in two crossheads C and 1 ); I) is guided by the main column 
L of the machine, and may be drawn downwards by means of a screw 
F and a wheel G; the latter serves as a*nut for F, and is prevented 
from moving verticalljr. The rotation of G is effected by gearing and 
belt drive from some source of power; open and crossed bells permit 
of either direction of rotation being given to G. The belts are under 
the control of the operator by means of striking gear. The upper 
crosshead C is hung from a knife-edge H fixed in the beam K. The 
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beam is supported by a knife-edge L testing on the lop of the 
column E. Its movement in a vertical plane is limited by spring- 
bulTer stops M and N. A counter-poise 1 ’ can be mo\cd along the 
beam by means of a screw and hand-nhecl unilcr the contiol of the 
operator until the pull transmitted through the test piece to tin; beam 
is erfftilibrated. The magnitude of the [tull is sho«n by the position 
of the counterpoise in relation to a scale of pounds whu h is allai hed 
to the beam. 

For applying puih to the test piece, the machine is mo<hficd as 
shown in^hig. 319. I he specimen Ali is placed biUwecn ciossheads 



Q and R, the former being connected to the screw F and the latter 
being hung from the beam. 

In carrying «jt bending tests, arrangements are made as shown in 
Fig. 320. The test beanj AB re.sts on supports T, V, which in turn 
are carried by a beam S secured to the crosshead K. The weighing 
beam on the machine thus supports the beam under test. A central 
load is applied by means of a ram attached to the crosshead (,) and 
drawn downwards by means of the screw F. • 

Simple shearing tests are carried out by means of the api>liance 
illastrated in Fig. 321. The pi^ce X may slide inside W; the test 
piece AB is pushed into cylindrical steel dies carried by \V; X has 
another steel die which bears on the central portion of the test [)iece. 
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The machine is arranged for pull as in Fig. 318 ; \V is attached to C 
and X to I), On operating the machine, the test piece is put under 
double shear under much the same conditions as a rivet in a 
double-strapped butt-joint (p. 102). 

Fig. 322 shows an appliance which may be used for 
punching testa. The upper block a can move vertically 
relative to the lower block /;, and is guided by pins c 
and d. a carries a punch Y and h has a die Z. 
AB is the test piece. The machine is arranged for 
compre.ssion as shown in Fig. 319, and the jnmehing 
appliance is [ilaced between the crossheads Q and R. 

The same machine may be used for torsion testa, 
but it wilt be found more convenient to have a 
separate torsion machine. One such is described on 


[j 


r IG. 3*3.— Flat 
test piece 


p. 3:0 


A flat bar tension test piece is shown in Fig. 323. 
The enlarged ends ensure that fracture shall not take place in 
the grijjs. Fig. 324 shows the pair of steel wedge grips used for 
holding each end of this test piece. The gri|)s have serrated 
faces for gripping securely the specimen. Round test i)ieces may 
be gripped in a similar manner, but a better plan is to have each 



end of the specimen A screwed into a holder B (Fig. 325); the 
holder has a nut C resting in a spherical seat formed in D, and 
permits of better alignment of the specimen in the machine than is 
possible with wedge grips. Both pattern? of grip are used for ductile 
materials. * 

For holding hard non-ductile materials like cast iron, the holder 
shown iri F'ig. 326 is emidoyed. 'I'Fie specimen A is round, and has 
each end enlarged as shown at B. A split nut C screwed into the 
holder D supports A, 
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The arrangement shown in Fig. 327 will be found to give satis- 
ictory working in compression tests. 'I'he ends of tlie s[x;cimen AB 
re screwed into holders C and 1 >. Hard 
teel balls are placed at Is and F in conical 
.epressions, and enable the load to be applied 
ery Clearly avially. 

Columns jnade of cycle tubes provide a 
irge range of useful tests. The arrangement 
i’hen both ends are rounded is shown in 
•'ig. 328* Conical hard steel plugs C and 
) are inserted in the ends of the tube AB 
.nd bear on hard steel seats F and F. It 
rill be found useful to carry out a series of 
ests on specimens having a range of ratios 
)f I, to k. The breaking loads lor the.se 
hould be plotted in the manner described 
in p. 235. (ireat care should be taken in 
irder to secure initial straightness, and the 
oad should be applied as smoothly as possible 
n order to avoid shocks which would pre- 
lipitate rupture. 

Autographic recorder. The aiitograiihic 
ecorder fitted to the machine in the laboratory at iVest Ham was 
lesigned by Professor Barr of Glasgow University, and is shown in 
outline in Fig. 329. AB is the test piece under pull, 
and has two claniiis I) and E attached to it at a 
measured distance apart. A cord F is attached to I), 
passes over a pulley at E and thence to a drum C. 
Any extension of the test piece between D and E 
will be shown by rotation of the drum. The drum C 
has a paper wrapped round it on which the diagram 
Lif (oat^s end extensions is drawn by a jiencil G. 
Horizontaf distances on this paiier will represent 
extensions of the portion 1 >E of the test piece. 

'I'he pencil G is given vertical movements propor¬ 
tional to the load on the specimen by means of 
the following mechanism. The counterpoise of the 
machine is driven along the beam by means of the 
operating wheel H and gearing connecteck to the 
ipindle K. The same spindle is connected also by gear wheels L to 
i screwed spindle M, on which is threaded a guided frame N carrying 


Fig 327.—'r«st pifce arranged 
for compiessiDii. 
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Fig. 3a8f—Tubular 
te&t column. 
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the pencil G. Vertical movements of the pencil will therefore'be 
reduced copies of horizontal movements of the counterpoise, and 
thus will represent to scale the load on the specimen. 

In testing ductile materials there are generally two points where 
the piece stretches so rapidly that the beam of the machine is certain 
to drop on to the lower buffer-stop; these are the yield point' and 
the part of the test where local contraction is occurring preparatory to 
fracture. Should the beam drop on the buffer-stop, a portion of the 



diagram will be lost, as the load on the specimen is no longer re¬ 
presented by the position of the counterpoise on the beam. To 
obtain the complete diagram, a special spring Q is suspended from 
the end column of the machine (Fig. 329). Adjustable lock nuts 
are provided at R, and a bracket S is fixed to the end of the machine 
beam P. 

As the beam descends, S will come into contact with R and 
the spring Q will extend, thus removing some of the load from 
the test piece. The movement of the beam while extending Q is 
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utiRsed for lowering llie pencil G by an amount proportional to the 
load removed from the test specimen. The screwed siundle M is 
capable of vertical morement, and i.s held up in normal circum¬ 
stances by means of a le\er T and balance weight W, the collar U 
thus being pressed against the fixed bracket V. A lod is con¬ 
nected to the lever T, and has its end hooked lo engage a pm Y 
fi.xed to a lever Z which is secured to the machine beam 1 ’. As the 
beam descends, S comes into contact with R and V anises at the 
hooked end of X simultaneously. Further movement of the beam 
will exteiid () and losver M, and so will lower the pencil by an 
amount proportional to the load taken off the specimen by the spring. 

It will be evident that the a|iparatus can be used loi the produc¬ 
tion of an aiitograiihic record of any of the tests made in the machine; 
the cord ss liieh rotates the drum is connected in cai li case to the 
part the movements of which are to be lecoided as hori/.ontal dis¬ 
tances on the paper. 

Extensometers. In tension tests sshich do not exceed the elastic 
limit, it is necessary to attach some form of cxtcnsometcr to the 
specimen for the [lurposes of detec ting and measuring the very small 
extensions which occur. The instrument devised by .Sir J. A. Kwing 
is probably the most useful in general prai tiee, and is shown in outline 
in Fig. 330. I'he test piece AR has clam|)ed to it two blot ks or levers 
C and D, by means of pairs of pointed pinching screws at 1 C and F. 
C and D are connected by a bar G which is jiivotcd to 1 ) at 11 and 
is pulled against C at its uiiper end by means of a spring M ; the 
end of G has a ball K formed on it which beds in a conical recess in 
the end of the micrometer screw T. At the other end of C is sus¬ 
pended a rod N having a ball at its up[ier end; this ball is pulled 
upwards into a conical recess by means of a light spi ing f). The lower 
end of N is guided by pins on 1 ) and carries a fine hair line at P. 
This hair line is observed through a micrometer microscojie Q. 

Suppose that*thc test piece extends under pull and that the rod G 
remains unaltered m length. The hair line P will be dis[)laced up¬ 
wards relative to the microscope, and so will appear to travel over 
the eyepiece scale. Each .scale division represents approximately one 
five-thousandth of an inch, and it is easy with a little cx|)erience'to 
subdivide each division into ten parts, thus enabling readings to be 
taken.to the nearest fifty-thousandth of an inch. 

The precise value of a scale division of the microscoix; is ascertained 
as follows : After focussing the instrument and reading the scale, the 
micrometer L is given one complete turn. As its pitch is 0-02 inch, 
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the effect is to change the length of G by this amount. The arm's of 
the lever C on either side of the specimen are equal; hence P will be 
moved relative to the microscope by 0 02 inch. The microscope 
scale is read again, and the difference between this and the original 
reading corresponds to a movement of P of 0-02 inch. Now 
in use, G remains unaltered in length, and the movement offP is 
produced by the extension of the specimen; the effect of the levers 
is to produce a movement at P equal to double the extension of the 
specimen. Accordingly o-oi inch extension of the specimen will 
produce a movement of 0-02 inch at P. Hence the scale divisions 



movement in the microscope found as directed above correspond to 
0-01 inch extension. Once focussed and calibrated, the instrument 
requires no further adjustment during the Eest unless the extension is 
sufficiently large to run the risk of moving the hair line beyond the 
limit of the microscope scale. In this event, it may be brought to a 
working position again by giving the micrometer L one turn, when 
the test will proceed as before. The loads are applied best in equal 
increments, and the reading of the microscope taken after application 
of each increment. The following record of a tensile test may assist 
in indicating the methods of noting the observations and of reducing 
the results : 
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Tensile Test on a Mii-d-Steel Specimen. 

I-aboratory No. A, M.S., 14.10.10. 

Form of test piece ; round, with swelled ends ; ends rough turned 
to 0-75 inch diameter; body turned and polished. A length of 
10 isches of the body was marked off at i inch intervals by light 
centre punch dots. 

Diameter of specimen, 0-445 "'cb. 

Area of cross section, 0-1556 inch. 

Elastic test with Ewing’s extensometer. 

(Ai.ihraiion oi- Insirument. 


^flc^0lncte^ scrov\ 

M 

iciGM ojn: 

r. 


Oiigni.il 

liii.tl 

Dirttrcntc 

1 turn 


77-2 

47'2 

1 tuin 

50 

97 2 

47' = 

I tuin 

40 

87 2 

47-2 


47-2 microscope scale divisions are e(|uivalent to an extension of 
0-01 inch. 

.. I microscope scale division = ^ j’.,^ = 0 0002118 inch. 

The load was applied in increments of 100 lb. A number of these 
readings arc omitted in the following table in order to economise 
space. None of the omitted readings depart from the plotted curve 

(%'• 331)- 

Loc. OP 'I’est. 


I.o.Td, lb. 

MicroAcupe stale 

l.....d, lb. 

Microscope scale. 

100 

30-0 

4700 

65'3 

500 

33'0 

4800 

66-1 

I lOQ; 

37-9 

4900 

67-1 

1600 

• 419 

5000 

68-0 

2000 

4*4-8 

5100 

68-8 

3500 

48-3 

5200 

69-3 

3000 

5-", 

5300 

70*2 

3500 

56-0 

5400 

. 7I’l 

4000 

59-8 

5500 

72*1 

4500 

63-8 

5600 

73-0 

4600 

64-6 * 

5700 

74-5 

creeping to 

83-5 
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The loads and scale readings are shown plotted in Fig. 331. It 
will be observed that the line ceases to be straight at A, which point 
accordingly indicates the break-down of Hooke’s law. 

Load at elastic break-down, 4700 lb. 

Stress at elastic break-down =-“t—?- „ 

0-1556x2240 

= 13-48 tons per S(|. inch. 

Ix)ad at which creeping started = 5700 lb. 


Stress 


^_ 5T°° _ 

0-1556 X 2240 

= 16-35 tons per sip inch. 


The creeping of the hair line in the instrument marks the com¬ 
mencement of a stage in wliich the lieam of the testing machine 
would exhibit a tendency to descend slowly towards the lower bulTer- 


Lb 
6000 

6000 

4000 

3000 

2000 

1000 

0 

30 40 50 60 70 80 90 

Microscope scale 

Fig. 331.—Elasiic limit tensile test; mild steel. 

stop while a constant load is maintained on the specimen. When 
this stage is developed fully, the material is said to be in a plastic 
state, and the point is called the yield pevnt. The autographic record 
(Fig- 332) shows the ,vield point clearly. 

To determine Young’s modulus ; 

From the diagram (Fig. 331), a load of 4000 lb. produced ^gn ex¬ 
tension corresponding to 29 microscope scale divisions. 

Extension of specimen = 29 x 0-0002118 
= 0-00614 inch. 
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Gauge points of extensomeler arc 8 inches apart. 

.. . 0-00614 

Strain = ---=-0-000768. 

o 

Stress = = 25,700 lb. per sri. inch. 

0-1556 ow 1 1 

» • 

Young’^moduUis = Is == 33,500,000 lb. per .sq. inch. 

= 14,900 tons per sep inch. 

Test to maximum load. The e.xtcnsnmeter being removed, the 
autographic recorder was connected to the si)eciinen .at lo inch 
gauge points, and the load was increased from zero until the tdst 
jriece began to form a neck prcparatr)ry to breaking. The resulting 
diagram is shown in Fig. 332, and gives the yield load as 6600 lb. 
From this we calculate 

, 6600 

Yield stress^-,— -- = 18-93 tons per sci. inch. 

0-1556x2240 ‘ ‘ 

The maximum load which the specimen could carry was 9600 lb. 
Hence, 

T, , . 9600 . , 

Breaking stress --'-= 27-5 tons per sii. ini h. 

0-155^ X 2240 

The autographic record (Fig. 332) shows an interesting point 
regarding the effects of overstiain (i.e. straining beyond the yield 
point) on the elastic properties of 
the materiial. After the specimen -L'l. 

had been stretched 1-2 inches on loooo- ___ 

a length of 10 inches, the load i 

was removed. Reappli&ation of BOOO- / 
the load aaused the diagram lo J 
rise from zero along a [iracjically 6000 - 
straight line until the former 
curve was reached again at a ->000- 
load of about 9500 lb. Yielding 
along the curse then continued 

as before. 'I'he overstmining had _ 1__ 

hardened the material an 5 raised 0 10 2 0 3 0 

the yield load from 6600 lb. to Inches 

about 9500 lb., t>. only slightly -''“S'.'Llr'*'^ 

below the ultimate load. * • 

The test piece was removed from the machine and the lengths of 
the intervals between the centre punch dots were measured ; also the 
diamSters at each dot. From .these the curves in Fig. 333 were 
plotted. It will be noted that both extensions and 'diameters vary 
considerably, and illustrate the necessity for stating the distance 
between the gauge points as well as the percentage extension of a 


Fiu. 332 —Autogra|>hic record; mild steel 
uiKler icnsion. 
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test [)iece. A good method is to measure the total extension on a 
length of 10 inches, also the extension on the 2 inches interval 

Inches 



Fi<3, 333.—Dimen.sious of a mild steel specimen afier a tension lost 


which includes the fracttire ; the difference between these will be 
the general extension on the lemaining S inches of the specimen. 

These extensions, expressed as per- 
l-k centages, give useful information re¬ 

garding the ductility of the material. 
Another measure of the ductility may 
be obtained by mcasuiing the cross- 
sectional area of tlie fracture. The 
loss in area may be found from this 
measurement, and may he expressed 
as a percentage of the original sectional 
area. 

Fig. 334, copied from the autographic 
record of a speyimen of Delta metal 
under pull, 'is given as illustrating 
totally different characteristics from the 
mild-steel diagram shown in Fig. 332. 
In particular, the absence of any yield 
point will be noticed. 

Bending tests. The records ^dven 
. ' in Figs. 335 and 336 illustrate an 

instructive test made on a mild-steel bar having a span of 36 
inches, breadth 2-01 inches and depth 2-015 inches. The bar was 
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arranged as shown in Fig. 3?o and bent by application of a central 
load until the deflection was 2-6 inches. The record (Fig. 335) 
shows that yielding was reached at about 7200 II). The test was 
arrested at about 2-1 inch deflection, and the load brought to zero 
and then reapplied; the diagram shows that the new yield l»ad is 
abouf 9000 lb. 

Then the .load was removed entirely and the bar turnetl over; 
central loading was applied again so as to straighten the bar. The 
diagram given in Fig. 336 shows the result. There is practically no 
part of this test where the elastic law is followed, a fact winch wtll 
be understood readily when it is reali.sed that the bar came out of 
the former test badly overstrained both oti its compression side and 

U lb 



Ftc. 335. —Mild <ttcel bar under bending ; Fk.. 336 —Mild mccI bar under beinling ; 

firs,! lest. stcoffd iti-l 

on its tensile side, and, in the effort to recover some of the deflection 
imposed on it, the material became self-stres.sed throughout. The 
second test began therefore with the material in a complicated state 
of stress. This test was also arrested at about 2-2 inch deflection. 
On reappheatiun of the load, a yield load of about 10,000 lb. will be 
observecl in the diagram. • Had the bar been anticaled after straighten¬ 
ing, it is probable that a diagram somewhat resembling Fig. 335 for 
the first test would be obtained. The tendency of the annealing is 
to remove self-stressing from the material. 

Fig. 337 has been copied from the autographic record obtained in 
testing a cast-iron bar under bending. 'I'he bar was rectangular in 
section, 2 inches wide and i .j'.j inches deep, span 20 in«hes. . Rupture 
occurred with a central load of 3200 lb., the maximum deflection 
recorded being 0*2 inch. It w'ill be noted that the load and 
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deflection remain approximately proportional up to fracture. 'The 
contrast of the ductile and brittle materials is rendered clear by 
inspection of Figs. 335 and 337. The mild-steel bar could not be 
broken by bending; the cast-iron bar could take a very small 
deflection only. 

1 he usual test for timber is by bending under similar conditions 
to those noted above. The specimens should be of. as large size 
as is possible, then the effect of any local flaws such as shakes and 
knots will not be emphasised, as would be the case with a smaller 
specimen containing the same flaws. In Fig. 338 arc giveti copies of 


Lb. 

4000 H 



o 0-2 0 4 - Inch 

Fig. 337.—Casi-iron test b-ir tiiuler bending 


IV 



records of bending tests on yellow deal, teak and oak. The yellow 
deal specimen was arranged with the annual rings nearly horizontal, 
and failed by shearing horizontally along the fibres and round the 
annual rings. The dimensions and results are given in the following 
table: 

Bknding Tests on Thkee Ti.mber Speo.mens. 


Material. 

Span X breadth x depth, 
inch units. 

Central breaking* 
load, lb. 

Deflection at 
centre, inch. 

Yellow deal - 

24x2-9 X3-4 

,, 12,600 

0-8 

Teak - 

^ 6 ox 3-14 X 4-26 

6,720 

092 

Oak - 

24 X 1-35x2-25 

3,500 

— 


In reducing.the results of tests on cast-iron and timber specimens, 
it is usual to state the value of the coefficient of niptare. This 
coefficient represents the value which the maximum stress at rupture 
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due to bending would have if Hooke’s clastic law were followed 
throughout. For a beam of rectangular section supported at the 
ends and having the loatl ap])lied at the middle of the .s[)iin, the 
calculation will be as follows : 


Let 


Then 


and 


\V ^ maximum load, in lbs. 

L = the .span, in inches. 

/.’ = the breadth, in inches. 
rf=the depth, in inches. 

m 

\VL / luO fbr- 
■ 4 ' U' 12 ■ 6 ’ 

•’ tVL 

(Coefficient of rui)lurc==/- 


Shearing tests. Autographic records of two sheaiing tests carried 
out in the aiiparalus de¬ 
scribed on p. 303 are given 
in Figs. 331} and 340. 'I'lie 
former is for a mild-steel 
specimen and the latter is 
for a S|)ecinien of gun- 
metal. It should be noted 
that pure shear is not oh 
tained with this apiiaratus, 
the specimen being under 
bending as well as shearing. 

In Older to min.imise the 
bending effect, the speci¬ 
mens should be turned to 
fit the bored holes in the 
dies. The resiflts of the 
tests are given below. * 


lb 

IbOOO- 



12000- 


0 

c 

8000 ■ 


8000 



6000 

4000 


4000 



2000 


r 


0 01 02 fncA 

Fig. 3^9.--Mild steel under 
shearing. 


0 Inch 

F:g. 340.—Oun'ineul 
iiixJer shearing. 


Shkaring Tests. 


Material. 

« 

Diameter, 

inch. 

Cross-veciional area, 
square inch. 

Shearing load, 
lb. 

Slienring strength, 
cons per sq. inch. 

Actual. 

Under shear 

Mild steel • 
Gun-metal 

0*496 

0*500 

0-194 

0.196 

0-388 

0-392 

16,400 

10,190 

18*9 

11-6 
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Punching tests, in punching a hole in a piece of material, 
the action of the punch is first to increase the [iressure on the 
ij. material until tlie plastic stage is reached; 

in this stage, some of the metal flows from 
under the punch into the surrounding plate, 
the plate immediately under the punch be¬ 
coming thinner. This effect continues until, 
partly by the increasing force on the punch 
and partly by the diminishing thickness of 
the plate, the rupturing shear stre.ss on the 
material is attained and a wad is pushed out. 
The following results of a punching test may 
be of interest; the autographic record is 
given in Fig. 341. 

Punchi.no Ttsr on .4 Wkouoiit-Iron 
Plate. 

Melt Thickness of the plate = 0-265 

Fig. 141-Punciimg Ksi on Diameter of the wad punched out = 0-38 

wrotiylit iron ilich 

Area under shear stress = Trdt=Tr x 0-38 x 0-265 

= 0-317 square inch. 

Maximum load on the punch = 15,750 lb. 

Maximum shearing stress = —L 5 aZ 51 ?— = 22-2 tons per so. inch. 

0-317 x 2240 ‘ ' 

Thickness of the jilate round the hole after punching = 0-268 inch. 

Thickness of the wad = 0-257 inch. 

Ixiss of thickness of material in the wad = 0-008 inch. 

Gain of thickne.ss of material round the hole = 0-003 inch. 

Total work done in punching the hole, represented by the area of 
the autographic record, is about 8ro inch lb. 

Avery torsion marChine. An outline diagram of^ this machine is 
given in Fig. 342, where AB is the test piece. The end B is con¬ 
nected to a worm wheel C, which may be rotated by means of a 
worm D and hand wheel E. The wheel C has 90 teeth ; hence each 
(quarter turn of the hand wheel twisl,s the specimen through one 
degree. The torque is measured by means of a system of levers 
FG, MK and NP, connected to the end A of the specimen. NP 
carries a counterpoise Q, which may be run along the lever b)»means 
of a saew afld hand wheel, and shows the torque by its position 
relative to a scale attached to the lever. The scale reads from zero 
to tooo Ib.-inches; to obtain higher torque the counterpoise is run 
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back To zero, and a load R is suspended from the end of ihc lever 
and is sufficient to give a torciue of looo Ib.-inches, The test then 
proceeds to 2000 Ib.-inches by traversing the counterpoise. 'This 
process repeated enables 5000 Ib.-inehos torque to he obtained, the 
lever MK resting on the knife-edge M during this stage. 'I'o increase 
the torque further, the knife-edge M is lowered and L is raised 



simultaneously by means of a lever; the effect of this is to double 
the value of the scale divisions on the lever Nl’. 'The effects of the 
loads at R also are doubled. 'I’o reset the tor<iue at 5000 Ib.-inches, 
hang two weights at R (erpiivalent now to 4000 Ib.-inches) and set 
the counterpoise at 500 (equivalent to 1000 Ib.-inches). The test 
then proceeds as before, the capacity of the machine being now 
10,000 Ib.-inches. 

In testing a pffice to destruction, readings are taken of the torques 
and of the corresponding migles of twist by counting the number of 
teeth passed by the worm-wheel ; each tooth represents 4 degrees of 
twist. Plotting these readings will give a curve such as is illu.strated 
in Fig. 343. The principal results of this test are given below. • • 

Torsion Test on a Mild-Steel Specimen. 

Labefratory No. 6, M.S., 22.3.111. 

Original diameter, 0-756 inch. * 

Original length, 5-625 inches. 

Diameter after fracture, 0-754 inch. 



318 


. MATERIALS AND STRUCTURES 


Length after fracture, 5-750 inches. “ 

Yield torque, estimated by the dropping of the beam, 2000 
Ib.-inches. 

Breaking torque, 6400 Ib.-inches. 

Angle of twist at yield, 3-5 degrees on 5-75 inches length. 

Aligle of twist at breaking, 1896 degrees on 5-75 inches length. 
Mean torque, from diagram, 5650 Ib.-inches. * 

Total work done in fracturing specimen, 187,000 im;h-lb. 

Work done per cubic inch of material, 74,200 inch-lb. 

Lb-inche 3 



The form of the test specimen is indicated at AR in Fig. 344 ; the 
same diagram also illustrates an appliance whereby angles of twist 



Fic. 3,^/.—Apparatus for nicaMiniig 2».gles of twist wiihia the elastic limit.* 

within the elastic limit may be measured. C and D are two pieces 
’ of wrought-iron steam tube turned and bored at L to an easy fit. 
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Thrfee steel pinching screws nip the specimen at E and other three 
screws engage it at F. The angle of twist is measured on the length 
of the specimen between E and F. C carries a micrometer micro¬ 
scope G, balanced by means of a weight K, and 1 ) carries a rod 
having a small piece of transiiarcnt celluloid at H. A radial line is 
scratched on the celluloid, and is sighted through the microscope. 


* Lb-inches 



r'lG. 345 —(Iraplj of an elasuc torsion lest, miltl steel. 


'I’he circumferential movement of the line is given by the scale 
readings of the miiro.scope; the.se reduced to inche.s, and divided by 
the radius of the mark sighted on the scratched line, will give angles of 
twist in radians. These numbers may be ])lotted as shown in Fig. 345, 
which illustrates the results obtained in testing the following specimen. 


Ei.astic Torsion Tksi- on a Mii.d-Steei, Si'ecimen. 

Laboratory No. 2, M.S., 17.2.10. 

Diameter, 0-753 inch. 

Gauge points, 7-5 inchc.s. 

Value of one scale division of the microscope, 0-000377 radian. 

Hooke’s law broke down at 1750 lb.-inches of torque (|)oint A in 
Kg- 345 )- 

Angle of twist at break down of Hooke’s law, 0-0358 radian. 

Maximum stress at break-down of Hooke’s law, 9-3 tons per 
square iffeh. 

From the diagram, torqiie T= 1650 Ib.-inches, when the angle of 
twist o is 0-0336 radian. 

Hence, 

Modulus of rigidity = C S = 5200 tons^per square inch. ' • 

“Creeping” of the specimen was noticed first distinctly when the 
torque*was 2000 Ib.-inches, i.e. al,this load the machine beam would 
begin to show an inclination gradually to droop under'a steady load. 
The point is marked U in Fig. 345, and, as will be seen, occurs a 
considerable interval beyond the point A of elastic break-down. 
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The total work done up to the elastic limit will be found by taking 
the product of the mean torque and the angle of twist, and is 30-3 
inch-lb. 

lo obtain the resilience, i.e. the work done per cubic inch of 
material, divide the total work by the volume of the specimen 
between tlie gauge points. The result is 9-3 incli-lb. 

• 

Cement testing. Portland cement is ntade by mixing chalk and 
fine clay in certain proportions, burning the mixture at a clinkering 
temperature, and finely grinding the resulting [)roduct. Cement of 
this kind is much used for making concrete for constructional pur¬ 
poses. Concrete consists of an aggregate of clean broken stones, 
etc., to which sufficient clean sand is added to fill completely the 
voids between the stones. A quantity of Portland cement is inti¬ 
mately mixed with these, sufficient to coat the surfirce of every stone 
and every particle of sand with cement. W'ater is added, and the 
whole is mixed thoroughly in order to produce a plastic mass, which is 
rammed into moulds prepared to give the rerjuired structural shape. 

1 he qualities which Portland cement should pos.sess have been 
laid down by the Engineering Standards Committee, and the tests 
should be carried out in accordance with the terms of their specifica¬ 
tion,' a copy of which should be in the hands of the experimenter. 

The fineness to which the cement has been ground is of great 
importance, and is tested by means of sieves, one having 5776 holes 
per .square inch and another having 32,400 holes per square inch. 
These sieves are made in a S|)ecial way of wire having standard 
diameters in terms of the specification. The residue left on the first 
sieve should not exceed 3 per cent., and on the latter 18 per cent. 

The specific gravity of the cement is taken now in place of 
weighing the cement in bulk. This may be ascerttuned by use of a 
specific gravity bottle having a graduated stem and containing a 
measured quantity of turpentine (cement will not set in turpentine). 
A measured weight \V' of cement is introduced ;>ito the bottle, 
and its volume V may be observed from the rise in level of the 
turpentine in the stem of the bottle. T'hen 
\V = Vrep, 

where w is the weight of a cubic unit 8f water and p is the specific 
gravity of the cemenf. The specific gravity should be not less than 
3-15 for cement freshly burned and ground. 3-10 is permitted at a 
period not- les^ than four weeks after grinding. 

' Bn/nh Standard SpeciJiLatim for Portland Cement^ Crosby, Lockwood & Son, 
Revised 1910. 



The strength of cement is determined usually by means of tensile 
tests, although cement in practice is generally under compression. 
Tensile tests may be earned out in a comparatively small machine, 
while compression tests reiiuire a machine cajiablc of c.serting great 
pressure, When compression tests arc made, the test briquettes are 
geneiHlly cubical; briipicttes for tensile tests are prepared in moulds 
having a shepe in .accordance with that laid down in the standaid 
specilic.ation. ('onsiderable esperience is required in order .satisfac¬ 
torily to gauge or miv the (•.■ment inlemled for test briquettes. The 
quantity «of water to be used depeiuls on the kind of cement, and 
gieatly infliiem es the sliength of the cement. The student cun 
test this easily by prepaiing .scveial briqinttes having water per¬ 
centages of from i.S to ::5, and testing these for tensile stiength. 

The moulds should lest on an non jilate while being filled ; no 
severe meehaniial lainining should be lui ess.iry if the correct per¬ 
centage of water has been used. During the llrst 2.4 hours after 
filling, a damp i loih .should be placed over the moulds. The 
briquettes are renuned from the moulds then and placed in clean 
w.ater until the strength test is caiiied out. The tempeiature 
throughout shoiiUl be near 60° Fall. 'I'he tensile strength of neat 
cement briipicttes (t.e. briipicttes made of cement alone, without sand 
or other material) at 7 days lioin gauging should not be less than 
400 lb, per square inch, liriquettes consisting of one part by weight 
of cement to three paits by weight of Leighton l{u/,/ard sand, priqiared 
in accordance with the teinis of the standaid specification, should 
have a tensile strength of 150 lb. [ler square inch at 7 days after 
gauging. 

The setting time is tested by means of a standard needle having a 
flat point one millimetre square and having a total weight of 300 
grams. The cement is t.aken as .set when the .application of the 
needle fails to make an impre.ssion. 

The soundifess of the cement is tested by the Le (ihatelicr method. 
A eylindric.al mould hawng an axial split and lurnished with two 
long pointers is filled with cement, .as directed in the standard 
siiecification. This is kept in water for 24 hours, and then the 
distance between the ends of the pointers is measured. The m<)»ld 
and cement are then boiled for 6 hours and Jllowed to cool. The 
distance is measured again, and the increase should not exceed a 
stated amount. * , 

Cubical cement and concrete blocks, bricks and stones are tested 
under compression. It is best to prepare the top and bottom 



322 


MATERIALS AND STRUCTURES 


surfaces by smoothly coating them with plaster of Paris in order to 
give level parallel surfaces for the testing machine plates to bear 
upon. Generally, the fracture is by shearing on planes roughly at 
45“ to the horizontal. Broken cement compression briquettes 
generally resemble two square based pyramids standing apex on apex. 


EXERCISES ON CHAPTER XIII. ' 

1 . The following is the experimental record of a test on a specimen of 
cast iron. The object of the experiment was to determine the compres¬ 
sion value of E for the material: Ewing's extensometer was-employed. 
The specimen was turned and polished. 

Diameter of specimen, 0-474 inch ; gauge points, 8 inches ; calibration 
of extensometer, i scale division = 4 Ao inch. 


Eoml, 11). 
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.Scale readings, \ 
lo.ad increasing / 
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00 
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Sc.alc readings, \ 
load decreasing J 

500 

48 2 

470 
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440 

42 0 

401 

385 

372 

361 


P'incl the value of E. 


2 . Tensile tests were carried out on a turned and polished specimen of 
gun-metal. The following observations were made : Diameter of speci¬ 
men, 0*534 inch ; gauge points, 8 inches ; calibration of Ewing’s ex-ten* 
someter, i scale division —inch. The extensometer leadings are 
given below: 
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Creeping was first observed at 1600 lb. load. 

rind the value of K. What is the stress when Hooke’s law breaks 
down for this material:^ How much permanent set was given? 

3 . Tlie gun-metal specimen given in Question 2 was tested to breaking 
under tension after five weeks rest. The following observations were 
made: 

Breaking load, 5480 lb. ; load at which the beam of the machine 
dropped, 3600 lb.; stretch on a length of 8 inches, 0*85 inch ; stretch on 
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a It'ngtb of 2 inches, including the fracture, 0-3 inch ; diameter at fractuie, 
0*479 Reduce these obscivations, following the piocedure indicated 

on p. 311. 

4 . A miid-stcel bar of square section 2 inches x 2 inches was arranged 
as a beam of Txd inches sp.in, simply supported ; the load was applied at 
the middle of the span, and the dertcctions at the load were mcasified by 
mean? of a micrometer microscope, the (alibration of which gave one 
eycpiece-scalc division-0-065 ^ following obscivations were 

taken : 


3500 
M9 7 


Load, 11 ). 

3700 

3800 

3900 

4000 

4100 

4210 

F)Oj)u-ce-s(Mlt‘ 
du isioiis 


■53 5 

> 5^5 

■635 

1692 

■75 5 


Find the value of K for the matciial, aKo the maximum stiess m tlie 
bar when Hooke’s law broke down. 

6 . A mild-steel bar 1-478 inches l)road xock;i inch deep was airanged 
as a cantilever, die load being 16-3 inches from the support. Dedcction 
and slope at the load were measuied by means of the apparatus illustrated 
in Figs. 314 and 317. 'I’he calibration of the micrometer micioscope used 
for observing the deflections gave one cycpicce-scalc division = o-6 mm. 
In the slo[)e obscivations a scale of millimetres was used ; distance from 
the minor to the scale —566 mm. 'I'he following observations were 
taken 


Load, lb. j 0 j 2 
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■4 

DonwliMii sailc 1 793 1 763 
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6 1 j 

5S 

1 

Slope scale 103 2 [ 102 5 
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101 1 
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98 2 


The beam theory gives for the latio of deflcciion to slope of a cantilever 
carrying a load its free end : 

2KI 2 

/ fEl^WL^ 3' 

Compare the experimental ratio of A ; / with that calculated. 

6. A cast-iron test bar wtft tested under bending ; span 36 inclres, 
simply supported ; breadth i 02 inches ; depth 2-c*, inches. The obser¬ 
vations gave the central breaking Ioad = 4r20 lb. and the maximum 
central^deflection=o*5 inch. Find the coefficient of rupture. 

■ 7 . The following particulars r^ate to tests on a model reinforced 
concrete column. Height of column 24 inches; section square, of 
3 inches edge ; main reinforcement, four mikl-stcel bars, each 0*31 inch 
diameter, arranged at the coi ners of a s^juare of i} ^ inche^ edge ; secondary 
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1 

i 5 ‘» 
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reinforcement, thirteen horizontal lacings of iron wire, 0-067 inch clian.cter, 
about 2 inches pitch. Concrete mixture, cement 7 lb., granite chips 14 lb., 
water 3 lb. The column was made in a wooden mould, removed live days 
after making and tested fourteen days after making ; it was kept damp 
throughout this time. 

Observations taken ■ Hooke’s law broke down sensibly at 9000 lb. load ; 
8000 lb. load shortened the column to the extent of o oi 54 inch ; the 
column ruptured when the load reached 20,670 lb. 

'laking 15, find the stress in the steel and in the concrete when 
Hooke’s law’ broke dow’n. Assuming the clastic laws to hold up to 
rupture, find these stresses at rupture. What is the value of E for the 
complete column ? 

8 . The following obscivations were made dining a loisionTest on a 
mild-steel specimen : Diameter of specimen, 0-714 inch ; gauge points of 
strain indicator, 7-81 nnhes; ralihiation of mdicaloi, one scale di\ision 
—o04 dcgiee twist. 


j T<ii(|Ue, ll).-inchcs 

^ 1 

:o:> 

j '1CK> j 

()00 j 

.Soo 1 

lOOO 

1 Scale (liMbions 

576 

360 

1 5'’-= 

1 

554 1 

5 lb 

53 S 

Tntijllt*, 11). ItK lies j 

; 1100 

1200 

1500 1 

l.jOO j 

1450 

1500 

Scale divisions 

.04 

530 

326 1 

520 1 

.O? 

5'4 ! 


p'ind the value of C.; also the stiess at brcak-ilown of ll()oke’^ law and 
the resilience m inch-lb. per cubic inch of inatenal. 

9 . A test was made m order to determine C foi a coj)pci wiie by the 
torsional oscillation method, using Maxw'ell’s needle. Panploymg the 
symbols explained on p. 297, the following ubseiwations were taken 


»;/|, poiiinis 

w_., poiintK 

a, fc-tt. 

f/, inch 

niches 

/l . SCL 

9. 

0457 

00,0 

05 

OO4S 

25 

4 3 

2 73 


hmd the value of C for tins material. 

10. U sing the same Maxwell’s needle, paiticulars of whicli are given in 

Question 9, the follow'ing observations w’eic made (lining a lest for the 
tlcteimin.'iiion of E for steel wiie by the torsion.il oscil]t\<ions of a helical 
spring. Diameter of w'ire, o-o8l inch ; mean ladius of lielix, 0 4945 incli ; 
numbet of complete turns in helix, 133 4-21 seconds; /.) = 2-666 

seconds. Find the value of E. 

11 . T he sprint; given in Question lo was tested by the longitudinal 
vih-ition method in older to determine' C. Mass of load hung from 
spring, I'SyS pounds umass of spring, 0-6048 pound ; time of one complete 
vibration, 0-631 second. Find the value of C. 

12 . Use the results obtained m Questions to and 11, and calculate the 
value of the bulk modulus K for the material of the spring; 6nd also 
the value of Poisson’s ratio. 
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MACHINES AND HYDRAULICS. 

CHAl’TRR XIV. 

WORK, KNEKC.Y, POWER, .SIMPLE .MACHINES 

Work. Work is said lo ho done by a Ibrre when it acts Ihroiigh a 
distance. If a body A (Fig. 346) is at rest under the aelion of two 
ei)ual foiTcs P and R, no work is being done by either lorce ; if the 
body IS mo\ing with constant speed towards the light, work is lieiiig 
done by P against the ressislance R. W'ork is nieasiired by the pro¬ 
duct of the m.agniliide of the force and the distance through which it 
acts, tlie latter being measured along, or parallel to, the line of the 
force. In the aise of a car travelling along a level road (Fig. 347) no 



Fig. 346. Fio. 347. Fig. 348. 


work is donei'y the weight W, nor by the leactions of the ground, as 
none of these forces adva^icc through any distance in the directions of 
their line.s of action. Work is done by the weight of the car in 
descending an incline (Fig. 348). If the total height of descent is H, 
then the work done by W.will be WH. Or, the solution mty^be 
obtained by resolving W into com[)onents V and Q res|tectively, 
parallel and at right angles to the incline. Q does no work while the 
car i^de.scending ; P does workjo the amount P x AB. 

The unit of work in general use in this country is* the foot-pound, 
and is performed when a force of one pound weight acts through a 
di.stance of one foot. The foot-ton, inch pound, and inch ton are 
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used occasionally. Metric units of work are the grani-centinietre, 
the kilogram-centimetre and the kilogram-metre. 

Energy. Isnergy means capability of doing work, and is measured 
by stating the units of work capable of being pei formed, 'rhere are 
many different forms of energy, such as potential energy, said to be 
possessed by a raised Irody in virtue of the fact that its weight may 
perform work while the body is descending; kinetic energy, which a 
body pos.sesscs when in motion anil gives up while coming to rest; 
elaatlc energy, possessed by a body under strain and given out while 
coming back to its original form or dimensions ; beat energywhich a 
body may give up in cooling to a lower tem|)eiature , chemical energy, 
which may be present in a substance owing to its constituents being 
capable of combining in such a way as to liberate energy in the form 
of heat; electrical energy, ])ossessed by a body by virtue of its 
electric potential being higher than that of surrounding bodies. 

Conservation of energy. The e\|ierience of all observers shows 
that the following general law is true : Energy cannot be created nor 
destroyed, but can be converted from one form into another form. This law 
is known as the conservation of energy. If no waste of energy were to 
occur during the conversion, a given (|tiantity of energy in one form 
could be converted into an e(|iial quantity in a different form. Exact 
equality never is obtained in practice ; there is always waste, sonie- 
times to a very large extent, for example, in converting the energy 
available in coal into mechanical work by means of a steam boiler 
and engine, it is common to find wasted 90 per cent, of the energy 
available, only 10 per cent, tqipearmg in the desired form. 

In measuring heat energy, the ISntish thermal unit may be used, 
one such unit being the quantity of heat required tc; raise the tem¬ 
perature of one [loiind of water through one degree l''ahrenheit. 'I'he 
pound-calorie unit is likely to be used more extensively in future, 
and is the ipiantity of heat reiitiired to laise the temperature of one 
pound of water through one degree (,'entigrade. The exiieriments of 
Dr. Joule and others show that .an expemfiture of yy.S foot-pounds 
of energy will produce one liiitish thermal unit; 1400 foot-pounds is 
the energy equivalent to a potind-caloiie unit. Mechanical energy 
may'be converted in^o hetit without very laigc waste occurring (for 
exam|>le, in mechanically stirring water), but the reverse operation is 
always accompanied with great waste. 

Power. Power means rate of doing work. 'J’hc British unit of 
power is the horse-power, and is de\eloped when woik is being done 
at the rate of 33,000 foot-pounds per minute, 'i'lie horse |)ower in 
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any given case may be calculated by dividing by 33,000 the work 
done per minute in foot-pounds. 

'I'he electrical power unit is the watt, and is the rate of working 
when an electiic current of one ampere flows from one point of 
a conductor to another, the potential diffeienee between the. points 
being one volt. The jiroduct of am])eres ami \olts gives watts. 
746 watt.s lyc c(|uivalent to the mechanical hoise power. A\'hen the 
amperes and volts arc slated, we have 


Mechanical horsepower 


ani|)eres x volts 
746 


The Board of Trade unit of electrical energy is one kilowatt main¬ 
tained for one hour. One horse-power maintained for one hour 
would produce 33,000x60 or i,().So,ooo foot-pounds. The kilowatt- 
hour would therefore produce energy given by 
Ivnergy-- 1,480,000 x 

- 2.65,(,000 foot-pounds. 


Machines. A machine is an arrangement designed toi the piiipose 
of taking in energy in some definite form, modifying it, and delivering 
it in a foim moie siiit.able for the |)urposc 
in view. Machine.s for raising weights arc 
arranged conveniently in most mechanical 
laboratories, and experiments on such are 
very in.striictive. Fig. 344 shows, in outline, 
a small crab which may be taken as a type 
of such m.achines. .A load W lb. is suspended 
from a cord vvrap[)etl round a drum, and is 
raised by the action of another load I* lb. 
attached to a cord coiled round an operating 
wheel. The wheel and drum aie connected 
by moans of toothed wheeks, so that V descends as \V ascends. 

'I'he velocity ratio of such a machine is tlefined as the ratio of the 
distance movTd by 1’ while W ascends a measured distance. I.et H 
and h be these distance.^ respectively in inches (Fig. 349): they may 
be measured direct in the machine. Then 



X’eloi'ity ratio ” ^ “ 3, ■ ■ ') 

» 

Let F be so adjusted that it will descend with steady speed on 
being started by haiul, thus raising a load W. ']’he mechanical 
advantage of the machine is defined by 

• Mechanical advantage• • ■ (2) 
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By the principle of the conservation of energy, if no waste-of 
energy occurs in the machine, the work done by P would be equal 
to the work done on the load. Suppose, in these circunistance.s, 
that the same working force P is employed, a larger load IV, lb. could 
be raised than would be the case in the actual machine. W, may be 
calculated as follow’s : • 

Work done by P = work done on W,, , 

PH = W,//, 

IV, = P ” = PV 
* h • 


P X the velocity ratio.(3) 

The effect of frictional and other sources of waste in the actual 
machine has been to diminish the load from IV, to IV. Hence, 

Effect of fWctlon = F = IV, - IV 

= PV-IV.(4) 

Efficiency of machines, 'i'he energy supplied to the machine is 
PH inch-lb. (Fig. 349), the energy actually given out by the machine 
is IV 7 ; inch-lb. 'i'he efflciency of the machine is defined by 

Efficiency = 

energy supplied 


\V7^ _ AV I 
P H - P V 


(S) 


mechanical advantage 
velocity ratio 


The efficiency thus stated will be always less than unity. Itfficiency 
is often given as a percentage, obtained by multiplying the result 
given in (5) by 100. too per cent, efficiency could bu obtained only 
under the condition of no energy being wasted in the machine, a 
condition impossible to attain in practice. 

From equation (3), we have , 


w, 

"'1 

P 



c 


• (<■') 


A result which shows that the meohanloal advantage of an ideal 
machine having no waste qf energy is equal to the velocity ratio. 

For machines of the type described above, the following equation 
may be stated: 

Energy supplied = energy given out -f energy wasted in the machine. 





Occasionally machines have to be considered in which there are 
internal springs or other devices for storing energy. In such cases 
the equation becomes; 

Energy supplied = energy given out + energy stored in the machine 

+ energy wasted in the mtfehine. 

A machine is said to be running light when no eneigy is being 
given out. If no energy is being stored in a machine running light, 
then the etiergy supplied must be sufticient to make good the energy 
wa.sted in overcoming the resistances in the mac hme. 

Eeverlal of machines. A machine m which the fiictional re¬ 
sistances are small m.iy reverse if P is removed. 'I'o investigate this 
point, consider the machine when \V is being raised (h'lg. .pt';): 

Energy supplied =PI 1 , 

Energy given out = \V//, 

Isiiergy wasted - I’ll-W/'. . .(7) 

Now let P be removed and let the conditions be such that \V is 
just able to reveise the machine. l.et W de.scend thiough a height h. 
Ihen I'inergy siiiiplied and wasted in the machine\\ 7 /.(,S) 

Assuming that this waste has the same 
value as when W is being raised, we 
have, from (7) and (<S), 

P 1 I-\V//--\V 7 /, 

PPi = 2 iV 7 t. 

Or, Efficiency = = * • 

PH 2 

Hence, when,\V is being raised, the 
efficiency will be 50 per cent, (or reversal 
to be po.s.sil)lc if P is removed. Any 
value of the efficiency exceeding 50 per 

cent, would've accompanied by the tic.. 350.- A Mnaii lifting crab, 
same effect. * 

The following record of tests on ;i lifting crab will serve as a 
model for carrying out experiments on laboratory machines. 

• 

ExPF.UIMKNT on a S.MAt.l, EiI'TINC Oraii. 

* Hate of test, loth February, 1911. 

The machine used was constructed by sttidents in the workshops 
of the West Ham Technical Institute. Its general arrangement in 
“singlegear” is shown in Fig. 350. A weight \V is suspended from 
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a cord wrapped round a drum A. Motion is communicated to A by 
means of toothed wheels B and C ; these are of gun-metal with 
machine-cut teeth. Energy i.s supplied by a descending weight P, 
which is attached to a cord wrapped round a wheel I). 

The object of the experiments was the determination of the 
mechanical advantage and efficiency for various loads. 

By direct measurement of the distances moved hy P and the 
velocity ratio was found to be V = 8-78. • 

The weight of the hook from which \V was suspended is 1-75 lb. 
The weight of the scale pan in which were placed the weights 
making up P is o-66^ lb. ^ 

The machine having been first oiled, the weights and P were 
adjusted so as to secure descent of P with steady speed. The 
results (rbtained are given below. 

Rkcorii Of Exi'krimknts and Rksui.t.s. 


(0 

W lb , 
iiKliittiiii; 
weight of Imok 

1 

. 

1 IllLluitilip 
i weight of 
scale pan. 

U) 

Lo.ad Wj if no 
frictional 
resistant es, 
Wi=PV lb. 

(4) 

j Effect of 

1 fricuon, 

K = (W,-\V)lb 

(5) 

Mechanical 

advantage, 

W 

P' 

(6) 

Efficienry, 
per cent , 
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“Curves are plotted in Fig. 351 showiiig the relation of P and W 
and also that of F and \V. It will be noted that these give straight 
lines. Curves of mechanical advantage and of efficiency in relation 
to W are shown in Fig. 352. It rill be noted that both irferease 
rapidly when the values of IV are small and tend to become constant 
when the value of IV is about 120 lb. The* efficiency tends to 
attain a constant value of 86 per cent. 






Fig. 352 .— Oraphs of t;niciciii.%’ and mechanical advantage for a sniall crab. 


As both of the curves sliowinj; tlic relation of 1 ’ and of F with W 
are straight lines, it follows that the following eciuations will represent 

these relations: l’ = a\V + /j,. . .(i) 

F-aV + ;/,.(2) 

where <r, />, c and d are constants to be determined. 
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Select two points on the F\V graph, and read the corresportding 
values of P and W. 

P= 3-5 lb. when ^V= 2 2 7 lb. 
l’= 16 0 lb. when \V= 120 0 lb. 

Hence, from (I), 3.5 = 22-70 + /;, 

16= 1200 + ;^. • 

Solving the.sc simultaneous equations, we obtain 
a ^ - 0-128, 

/■= 0-64 ; 

-'. P - o-i 28\V+ 0-64. .. .*..(3) 

Similarly, 

Wbcnl'= 8 1 b., W= 20 lb. 

When K= 18 lb., W=ioolb. 

Hence, from (2), 8= 201' +o', 

18 = : 00c + d . 

The solution of lhe.se gives 

C=0-125, 

"'= 5 - 5 - 

Hence, l'' = o-i25W +5-5.(4) 


Fig. 753.—Pulley 
Llocks. 


Suppose the machine to be running light, then 
W = o, and the corresponding values of P and F obtained from 
(3) and (4) are P = 0-64 lb., 

l''=.S- 5 lb. 

'Pile interpretation is that a force of 0-64 lb. is required to work 
the machine when running light, and that, if there , 

were no frictional waste, a load ot 5-5 lb. could be ; 

raised by this force. 

Hoisting tackle. The fact that the mechanical* 
advantage of a machine, neglecting friction, is equal 
to the velocity ratio, enables the latter to be cal¬ 
culated easily in cases of hoisting tackle. A few 
such appliances, which may be found ^in most 
laboratories, are here given. 

In the puUey-blook arrangement shown in I'ig. 353, 
l£t. n be the number of ropes leading from the 
lower to the up])e» block. Neglecting friction, 

I 

each of these ropes will support - of \V, and this 
will al.se be the v.alue of P. Hence, 

AY W’h 


V = - 



\V 


Fig 3<;^.-'We6ion\ 
difTcrt-nlial blocks. 
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A*set of Weston's differential blocks is shown in outline in ]''ig, 354; 
the upper block has two pulleys of different diameters, and a chain, 
shown dotted, is used. The links of the chain passing round these 
pulleys engage with recesses which prevent slipping. Neglecting 
friction, each of the chains A and li will support fW. Tuking 
momcTits about the centie (' of the u])per pulleys, and calling the 
radii R and *• respectively, we have 

.1 \V X Cl) (P X CF) + (. 1 W X Ch;), 

MV(R-x)=^PK; 



2 R 
R r 


Instead of R and r, the nunibei of links which can be fitted lound 


A 



the circumferWices of the pulleys may be used : evidently these will 
be numbers proportional U) R and r. 

'I’he wheel and differential axle (Fig. 355) is a similar contrivance, 
but h.as a separate pulley A for receiving the hoisting rope. Taking 
moments as before, we have* . 

PR* + J\VR„=i\VRc, * 

, RR* = i\V{Rc-RB); 



Rc - Rb 


A set of SeJJpal blocks i,s gbpwn in outline in Fig. 356. A is 

■* 
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operated by hand by means of a hanging endless chain and rotates 
a worm B, which in turn advances the worm wheel (' one tooth for 
each revolution of A. If there be teeth on C, then A will rotate 
times for one revolution of C, and P will advance a distance 
«cLAt which is equal to times the length of the number of links 
of the hanging chain which will pass once round A. The* chain 
sustaining the load \V is fixed at E to the upper block, •[rasscs round 
P", and then is led round I), which has recesses fittitig the links in 
order to prevent slipping. Let Ld be the length of the number 
of links which will pass once round I). Then in one revolution of 
I), W will be rai.sed through a height equal to , 1 L„. Hence, 

«cL*_ 

'T I 

oivD 

Exft.s. 33 to 37. Experiments on the hoisting appliances de¬ 
scribed above should bo carried out and the results reduced by 
methods similar to those explained for a small crab 011 [). 329. 

Diagram of work. Since work is measured by the product of 
force and distance, it follows that the area of a diagram in which 
ordinates represent force and abscissae represent distances will 


’//inrmni'iiuini/k 

P I ' 

A.maumammm. 


O; 


-0“- 


Fig. 357.--P1.1gr.Tm of work 
done by .i uiufornt force. 



o 0 

Fig. 358 —Di.Tgr.Tm of work 
done by rx varying force 


represent the work done. A uniform force P pounds acting through 
a distance I) feet does work which may be represented by the area 
of a rectangle (Fig. 357). 'Po obtain the scale of the diagram : 

Let I inch height represent / lb.; 

I inch length represent d feet. * 

Then one square inch of area will rei)«esent pd foot-i)ounds of 
work. If the area of the rectangle is A square inches, then 
Work done=/rfA foot-lb. 

"A the case of a ^varying force, the work diagram is drawn by 
setting off ordinates to represent the magnitude of the force at 
different intervals of the distance acted through (Fig. 358). A fair 
curve drawn through the tops of the ordinates will enable the force 
to be measured at any stage of the distance. The work done is the 
product of the average force and the distance, and as the average 
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force is given, to scale, by the a\erago height of the diagram, and 
the distance, to scale, by the length of the diagiani, we have, as 
before, the work done represented by the area of the diagram. 
Using the same symbols as before, one square inch of area re[)resents 
pd foot-pounds of work, and the total work done will be given by 

Work done-/i/A foot-lb. 

The area A may be measured by means of a jilanimeter, or by use 
of any convenient mensuration rule (p. 6). 

The case of hoisting at steady speed a load from a deep pit is of 
interest (Fig. 359). Let W, lb. be the weight of the cage and load, 
and let \V._, lb. be the total weight of the vertical rope when the cage 
is at the bottom, a depth of H feet. At first the pull 1 ’ lb. rei|uired 
at the top of the rope will be (W, -I- W^) lb. 1 ’ will diminish gradually 



Fl(.. 359.—DiAgram of work 
done in howling a load. 



Flo 360,—Work done 111 raising 
a body. 


as the cage ascends, and will become etjual to Wj when the cage 
is at the top. , The work diagram for hoisting the cage and load alone 
is a rectangle ABC!), BC and AB representing W, and H respec¬ 
tively; the diagram for hoisting the rope alone is DCE, in which 
W.^ is represented by CE. From the diagrams, we have 

Total work do.ie = (W'j -h VVV'j) H .foot-lb. 

Work done in elevating a body. It will be shown now that the 
work done in raising vertically a given body may be calculated by 
concentrating the total weight at ihe centre of gravity. Referring to 
Fig. 360, let. zti,, w.^ etc., be the weights of the small particles of 
which the body is composed, and let etc., be their initial 
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heights above ground level, and let h(y Ju, etc., be their final 
heights. Then 

Work done on j = (/;/ - //,) 

and Work done on = - /t^), etc. 

Hcmcc, 

Total work done ='(?«»,//',' + wj/.i + etc.) - + ar//., + ett.) 

= "^wk' - y,wh. 



Let G and G' be the initial and final positions of the centre of 
gravity of the body, .situated respectively at heights H and H', and 
let W b§ the tptal weight of the body. Then 

WH' = 27 t'//(p. 49) 

WH = 2 wh. 


and 
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'Hence, Total work done = \VH' - \VH 

Therefore the total work done in raising a body may be calculated 
by taking the product of the weight of the body and th6 vertical 
heig^it through which the centre of gravity has been raised. This 
method ih etptivalent to concentrating the total weight at the centre 
of gravity. 

Indicated work and horse power. An indicator is an instrument 
u.sed jn obtaining a diagram of work done in the cylinder of an 
engine. The essential parts of an indicator aie shown in Tig. 361. 
A small cylinder A is fitted with a piston 11 , which is controlled by a 
helical spring C. Connection is made at I) to the engine cylinder; 
li is a stop cock. The piston 1 ! is connected by means of a piston 
rod to a lever .system having a pencil fixed at 1'; the function of the 
lever system is to guide P in a stiaight vertical line, and to give it an 
enlarged copy of the motion of the piston B. As the spring follows 
Hooke's law, it follows that the movement of P will represent a 
definite [iresstire in pounds per sipiare inch for each inch of vertical 
travel. The pencil moves over a jiicce of jiaper wrap|icd round a 
drum F. The drum is rotated in one direction by means ol a cord 
G, and is brought back again by means of an internal spring. 'I'he 
cord G is actuated by some reciprocat¬ 
ing part of the engine which gives it 
a reduced copy of the motion of the 
engine piston. Hence a diagram will be 
drawn on the [laper showing pressures 

in the engine^cyliiider by its ordinates, - - 

and distances travelled by the engine tie. jSj.-Work donedunnstiie 
piston by its abscissae (Fig. 362). The foiwjid,Mroi.c. 

curve it//f 1-1 for the forward travel of the piston, actuated by the 
steam or other pre.sstiic, and the curve ci/f is for the backward travel, 
and shows the exhaust.' 

The work done during the stroke may be found by first obtaining 
the average height of the^diagram inclosed by the curves in inches 
and multiplying this by the scale of pressuie; the re.sult gives the 
average pressure on the piston in pounds per scjuare inch. 

l^t A = the effective area of the piston, in sriuarc inches. 

Lf=the length of tin? stroke, in feet. . 

/,„ = the average pressure, in lb. per stjuarc inch. 

Then Work done per stroke AT fctot-lb, 

• V 



D.M. 
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In the case of a double-acting steam engine, the diagram of work 
for the other side of the piston will resemble Fig. 363. 'I’he effective 

area of one side of the piston (Fig. 364) will be and of the other 
^ 4 

side ^(l)--r/-). Let be the average pressure for the latter side 

of the piston. Then 


\\’ork done per revolution - f /’m”'* (L 

I, 4 4 


- - r/2)] 1 


) 1, ft.-lb. 


'I'hc work done per minute will be obtained by multi|)lying by N, 
the revolutions per minute, and the indicated Horse-power, written i.h.p., 
by dividing the result by 33,000. 

Rough calculations are made often by miglccting the piston rod ; 

thus A will be a.ssumed as for each side of the ])iston. A mean 
4 

pressure p is taken as and used for both sides of the 



Fkj. 363 - Work iltine <liiriiip the 
rettii I) stroke 


—*— 




b 



_ 

1 


U 


_i_ 



■ 


Fi(.. 364 — Dtmhle-actiHK steam 
engine cyliiiiler. 


piston. The calculation for indicated horse power will be given 
appro.vimately by \1 N 

i.it.l'. ^ - 

3,)Ooo 

where N, as before, is the revolutions per minute. 

In the case of a gas or oil engine, in which one side only of the 
piston is used, the other side being open to the atm pherc, the 
indicator diagram (Fig. 365) is used in the same manner to obtain 
the mean pressure. The work done during the cycle will be given 
f\’ork done=/AL. 

Let N|, = number of explosions per minute. 


Then 


/ALN|, 
33000 ' 


The indicated horse-power may be taken as a measure of the 
energy given to the engine ])iston during a statccT time. A fraction 
only of this can be given out by the engine, the difference represent- 



BRAKE HORSEJ’OWER • 


ing liorsc-powtT CNpcndcd m diixing tlic engine itscll'and overcoming 
the friclional ren'itances ot meclunism. 



Brake horse-power. l’ro\idcd the engine is not too large, the 
hor.se-l)OHer uliich the engine is capalile of giving out in doing 
useful work may be measurr-d by means ol a brake The result is 
called the brake horse-power, written ii.n.p. It is evident that the 
efficiency of the engine mechanism will he given by 

power gi\en out 
power su|iphed 


Mechanical effii iency 


n.ii.i’. 

• i.n.i*.' 

Ihis may he expressed as a pcicentage by multiplying by too. 

1 he horse |H)wer expended m oveicoming the frictional resistances 
of the mechanism will be 

‘’ii.i’, wasted in the engine-- i.h p. - ii.ii.i'. 

Work done by a couple. Let ciiual forces 1 ’, and 1 ’., Ih., forming 
a couple (I'lg. 366), act eu a body free to rotate about an axis at O 
and let tffe body make one revolution. As P, does not advance 
through any didanctf, it does no woik. 1'., 
advances througli a distance zird feet, where d 
is the arm of the couple in ii'ct. Hence, • 

W'ork done by the couple per revolution • 

= P.i % 2Ttd 

^ P 4 X 2 ir 

= moment of couple angle of rotation 
in radians. 

The units of thisVesult will be foot-lb. if the moment of the couple 
is stated in Ib.-feet units. It is evident that'any axis of rotation 



Fic. -^66.—Work done 
• by a (Sjui)Ie. 
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perpendicular to the irlane of the couple may be chosen without 
altering the numerical result, because a cotqrle has the same moment 
about any point in its plane (p. 59). Since the work done will be 
proportional to the angle of rotation, wo have 

Work done = (moment of couple in Ib.-feet x a) foot-lb., 
where a is the total angle turned through in radians. 

Let N ^ revolutions per minute, 

T = moment of couple, in Ib.-feet. ■' 

Then Angle of rotation -= 2a-N radians per minute ; 

Work done per minute=^'rx 2irN foot.-lb. 

Advantage is taken of this result in estimating the brake horse¬ 
power of an engine. 

Brakes. In the more usual form of brakes, frictional resistance is 
applied to the flywheel of the engine by means of a band. Rotation 
of the band is prevented by means of pulls applied by dead weights, 
or by spring balances. From the ob.served values of the [lulLs, the 
moment of the applied couple may be calculated. This, together 
with the revolutions per minute, enables the work done per minute 
and the horse-power to be calculated. 

As the work done against the frictiontil resistance of the band is 
transformed into heat, and thus -will cause the temperature of the 
wheel to rise, it is often necessary to adopt some means of cooling 
the wheel. 

Rope brakes. A sim[)lc form of brake is shown in Fig. 367, and 
consists of two ropes passed round the wheel and pi evented from 
slipping off sideways by means of wooden brake block.s, lour of which 
are shown. A dead weight W is applied to one end of the ropes 

and a spring balance applies a foice P to the other end - The net 

resistance to rotation will be (W - P), and this constitutes one force 

of the cou|)le. 'I'he other eipial force is Q, and arises from a pressure 
applied to the wheel shaft by its bearings. The forces W and P are 
a])pli-,' at a radius R, measured to the ce.itre of the rope. Hence, 
the moment of the coup'i'e applied is (W - P)R. 

Let IV = dead load, in lb. 

■ . P = spring balance pull, in lb. 

R = radius to the rope centre in feet. 

N --'fevolutions per min. 
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■'riien Work done per revolution = (\\' - l’)R . 2n- fool-lh. 

„ „ min,-(W-l') 2 )rRN foot-lb. 

I, , I (W-I>)2^RN 

Hmkc liorse-powcr - - 

In using a brake of tbi.s pattern, it is advisable to have I\' attai lied 
by a louse rope to an eyebolt lived to the floor. This dcMce will 
prevent any accident should the brake jam or seize. 



In cases when the jiower is small, it may be bettia to pass the 
ropes lonnd half the ciretimrerenee ol the wheel only (Fig. ^fi.S), 
using a spring balance at each end. The brake horse power may be 
calculated from 


J,50o° 

This plan has an advantage m the fact that 
both spring balances are assisting to sustain the 
weight of the wheel, ^nd thus partially relieve 
the shaft bearings of piessnro. Hence there 
vs ill be lower frictional resistances in the engine 
and a slightly improved*mechanical effici(;ncy. 
A leather strap may be substituted lor ifipes 
in this kind of brake. 



3 Loolmg of the wheel may be effected by ta-j69.-Arraiij:em5nt for 

u • • r 1 1 ZT-" z- V , tooling the brake wheel. 

having Its nm of channel section {I’lg 369) and • 


running cold watej- in through a pipe A having a regulating valve. 
Centrifugal action maintains the water in the* rim recess, provided 
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the speed of rotation be sufficient. 'I'he heated water is removed 
gradually by means of a scoop pipe 1! having a sharpened edge, 
and thus a continuous water eirculation is maintained. 

BaJid brake. An excellent form of brake has been designed by 
Professor'Mellanby of the Royal 'I'echnical College, Gla.sgow. An 
application of this brake to the fl)’wheel of a steam engine of about 15 
horse power in the author's laboi.atory is shown in Fig. 370. A number 
of wooden blocks A are arrangerl round the circumference o1 the wheel, 



and are held in position by hoop iron bands ]i, B. The brake bands 
are in halve.s, connected at C by means of long adjusting bolts fitted 
with lock nuts, and at I) by means of toggle joints, by use of which 
the tension of the bands may be adjusted. ,, A dead load I\' is hung 
from a pin E, which is at'.ached to the brake hoojis by four rods. A 
spring balance applies a pull P through a similar arrangement on 
the other side of the brake. There is a short column C fixed to the 
floor and .slotted at its top end so as to restrict the movements of the 
])in F. Details of the toggle joint are showp separately. Two 
blocks K, and K, ai;e connected by four links II and pins to the 













HICH-SPEED BRAKE 




bvake bands li. 'I'lie blocks K, and K, may bo made tt) approach one 
another and thus shorten the brake bands Iry means of the long bolt 
and the hand wheel M ; a feathei key in K, prevents rotatioti of the 
bolt. Helical s|)rings N, N assist the adjustment. 

In use, 1 ’ and \V are adjusted \ery easily so as to be eipiaf. Hence 
a p*ire coujile is applied to the hIiccI, ,ind the shaft bearings aie 
relieved* of carrying any of the dead load W. The toggle joint 
adjustment is very good, and enables the fiii tional resistance ol this 
particular biake to be adjusted within reiy fine limits. In the on- 
ginal*large form, a dash jiut is introduced at (1 to subdue oscillations 
of the brake. 'I'liis has not been lotind lui essary in the smaller 
brake u.scd by the author. 

It will be noted that both 1 ’ and W offer resistance to lot.ition. 

Let d^ hori/onlal distani'e between I’ and W m feet. 


I hen r.. n.i' = - - , 

,j,;ooo ,5,1000 

provided I’ and \V aie adjusted so as to be eijiial. If they are not 

exactly equal, then tlieir mean, I('V+ I’), should be taken, giving 

i ( W + I') 2ir,/N 

11 . 11 . 1 ’. ■- -- -- 

3,;ooo 

(IV'+L)irf/N 


33°o° 
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on the second motion shaft of a l)e I^ival steam turbine, and runs 
at 3750 revolutions per minute. The brake blocks A, A are made of 
wood, and are pressed to the wheel by means of two bolts B, B fitted 
with wing nuts and helical springs C, C, the Latter rendering it easy 
to adjust and maintain the desired pressure. A steel band I) is fi.xed 
to the brake blocks, and serves to keep the parts together when 
the brake is removed and also for the ap[)lication of the loads Wj 
and Wj. 'I'he whole contrivance is balanced when W^, and \Vj are 
removed (leaving the suspending rods F, F in position); hence the 
effective force is (W, - \\'„) lb. at a nadius R feet. 

(W, - \V.,)2irRN 

B.H.P. = --- . 

33000 

Other methods of estimating effective horse-power. Hydraulic 
brakes have been used for fairly high powers. The principle of 
such brakes is to fit a badly designed centrifugal pump to the 
engine shaft, 'i'he punt]) wheel and casing are so constructed as 
to set up violent eddies in the water, with the result that there is 
considerable resistance ojiposed to rotation of the wheel. 'I’he [lump 
casing is capable of rotating with the wheel, but is [irevented from so 
doing by an .attached lever and dead weight. The moment of this 
weight gives the couple required for the cstim.ation of the energy 
absorbed. Brakes of this type w-ere introduced by Professor Osborne 
Reynolds, and in his hands served not only for determining the horse¬ 
power of the engine, but also for the determination of the mechanical 
e<;|uiv.alent of heat. The latter e.\|)erimcnt W'.as carried out by 
observing the (lu.antily and rise of temperature of the water p,assed 
through the brake in a given time. 

'I'he brake or effective horse-pow'cr of very large engides cannot be 
determined experimentally by use of a brake. If electrical generators 
are being driven, a close estimation may be made from the electrical 
energy delivered from the generator, making allowance foL- electrical 
and mechanical waste in the machine. « 

In electrical installations driven by steam turbines, the electrical 
horse-power alone can be measured, as no indicator diagrams can be 
obtaiiwd from turbines. , 

Shaft horse-power, 'b'here turbines arc adopted on board ships 
for driving the propellers, the shaft horse power is measured, and corre¬ 
sponds to the brake horse power. The method consists in measuring 
the angle'of twiiit in a test length of the propeller shafting by means 
of a torsion-meter. The test length is calibrated carefully before 
being placed on board, and should be re-calibrated at intervals, so 




that a curve is available showing the moment of the couple required 
to produce a given angle of twist. The turning moment on the shaft 
is obtained from the angle of twist indicated by the torsion-meter. 


Let 

T = turning moment, in Ib.-foet. 


N revolutions per min. 

• 

Then* 

Shaft horse-power = — 


33 °oo 


Shaft calibration In Fig. 372 is shown the method eiu|)loyed 
at th<; Thames Iron Works engine department for calibrating the 



test length of shaft; the view is a plan. The shaft AB has 
flanged ^mds solid with the shaft, and is bolted at A to a 
very rigid bracket a bearing at I) supports the other end. A 
beam KF is bolted to the end B of the shaft, and cou[)les may 
be applied by means of the upward pull of a 5 ton Denison 
weigher at .E, and the ^qual downward force applied byvpiacing 
weights in a skip hung from F. GH, Kf, and MN are balanced 
arms fixed to tbe shaft, and have verniers and scales at the ends 
L and N which serve to measure the angle of twist inde¬ 
pendently of. the torsion-meter. The arm GH is bolted to the 
flange at A, and indicates any yielding of the bracket C or of the fix¬ 
ing of the shaft to the bracket. The diffcrenc* of the readings at L 
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and N will give the angle of twist of the shaft between the arms KL 
and MN, and will not he affected by any yielding of the braokct or 
other fixings. 

The torsion-meter is fixed to the shaft at OP, and is of the 
HopkinsoVi-Thnng type; the lamp and scale are situated at Q. In 
log. 373 is shown the arrangement of the torsion-meter. C -is a 
sleeve made in halves and clain|)ed to the shaft AB, which if grips at 
its left-hand end. 1) is a collar, also made in halvc.s, and clamped to 
the shaft. The angle through which C. twists relative to 1 ) is 
measured by means of a sintill mirror at Is. I'he mirror may totate 
slightly about a radial axis on the collar 1), and is controlled by a 

short rod attached to the sleeve 
(.' at K. .\ ray of light from the 
lamp II is reflected and changed 
111 direction hori/ontally by the 
miiror. Two miirois are u.sed 
at li, placed back to back, and 
tile ray is reflected to the scale 
when Is ariives at the top and 
also when it is at the bottom; 
when at the lo[i, the ray is re¬ 
flected to the left part of the 
scale, and is reflected to the 
right part when K arrives at the 

„ ,, , -. k ■ . • , bottom. Owing to the raiiid 

Fig. 37J. — Kopktnson 1 hriiig toision-meler fc- * 

rotation of the shaft, these inter¬ 
mittent rays produce practically a continuous light on the scale. A 
sepai.ate fixed mirror (not shown in the illustration) is aWached to the 
sleeve and serves as a zero pointer on the scale. 'J'he scale and lamp 
are carried on trunnions to facilitate the preliminary adjustment 
required in order to secure that both zero mirror and movitl'le mirror 
give the same scale reading when there is no toj'que on the shaft. 

The following records were obtained by Mr. C. H. Cheltnam 
during a calibration test with the a|iparatus described above ; 

C.VLIUR.XTlDN Ol-' A PrOI'ICI.I.KK SlIAI-T. 

External diameters of the shaft between the vernier arms ; 

12-25 inches for a length of 6 inches; 

ir-375 inches for a length of 24-75 inches; 

11-25 inches for a length of 134 inches. 

Diameter of the hole m the shaft, 6-75 inche.s. 




SllAl-T CALIBRATION , .147 

Distance between the (i.un|)ing planes nf the \ernier aims, 164-75 
inches. 

Radius of the vernier arms, 114-6 inches, 

(Since one radian57-5 degrees, a movement of ; inches at the 
vernier reiireseiits one ilegree twist on a length ol sh.ift nf 1(14-75 
inches.) 

K^ternal di.imeter of the sh.ift at ihe torsion meter, 11-25 inches. 
Diameter of the shalt hole at the torsion metei, 6-75 inches. 
Distance between the (lamping planes of Ihe meter, 55-6^5 ini lies 
One (liMsion on Ihe torsion-meter sc.ile cotri-sponds to an angle of 
> twist of „ '^ degrees. 

l,o(. 01 'I'l-.si 


of lu i.sl, ilrRir* 
liV' \ ft nil IS ! 


1 or'iii'', 

111 fed 

\ Cl niLi ic.kIuius, nil In s 

.NS, 

l6,Hoo 

0 07 5 

0 ^00 

33,C)00 

o-r5o 

0 610 

50,400 

0.225 

0915 

67,200 

O'300 

1-225 

84,000 

0 380 

1-585 

100,800 

0-460 

1-850 

117,600 

0545 

2-i6o 

134,400 

0 620 

2-480 


T'he tori|nes and angles of twist obtained from the vernier readings 
are plotted in Fig. 574; in Fig. 375 the torsion-meter readings and 
torques have been plotted ; both give straight lines. 
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Fio. 374 —Grnph of the vernier readini’\ 
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To check the meter readings, the modulus of rigidity is calculated 
(a) from the vernier readings, {/>) from the meter readings. 

(a) The torque at No. 6 is 100800 x 12 = 1,209,600 Ib.-inches, and 
gives an angle of twist of 0-6950 degree = 0-01213 radian. Using 
equation’(5) (p. 255) for the angle of twi.st of a hollow shaft, viz. 


■ ri 




-(-) 


and modifying it to suit the ca.se of a .shaft of three different external 
radii Ru, R;,, R,., and corresponding lengths L„, Lj, Lt, the same 
torque being applied throughout, we have 

2Tr,„ 2Tr.„ 2TL, 

“ TT (- R./) C IT (lUd - R,/) (r ^ (R„< - Rd) C’ 


h, 


f-s 


' Tral lV --R./^lV-Rd 

2x12096001 6 

jr X 0-01213 I 6-125' - 3 


u,. 

'IV- IV 

.1 + 


24 - 7 .'; 


'.i4 


75 ' 5-f>S7*- 3-375* 5-<J25‘-3-375 




From (i), 


=. 11,774,000 11). per sipiare inch. 

{/i) 'I he t<)r<iuc at No. 6 is 1,209,600 Ib.-inches, and gives a scale 
reading on the meter of 92-5. Hence, 

o = ^X 92-5 X - ' - =0-00253 radian. 

63S ^ ^ 57-3 
C= 

)r(R,<-R./fa 

2 X r 209600 X 33-625 
" 72(5625'-3-375') X 0-00253 
= 11,742.000 lb per square inch. 

The agreement of these values of (.1 is close enough tffitimony to 
the accuracy of the meter. To obtain the shaft horse-power constant, 

we have ,, 

„, , , 1 X 2irN 

Shaft horse now-er =- , 

3JOOO 

• 

where T is the torque in*lb.-feet and N is the revolutions per minute. 

At No. 6, the torque is 100,800 Ib.-fect and the meter reading is 
92-5 scale divisions. Hence, 

• 'Portiue for one scale division =• 

92.5 

= 1090 Ib.-fect. 
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Txt the meter reading be n scale divisions. Then 
T= logon ll).-feet. 


Hence, 


Shaft liorsc-powcr 


I 090 « X 2 rrN 


4-»2 


J3000 

«N. 


Example. At tlie steam trial of the vessel to wim h tins shaft was 
fitteti, tlie nieiin inelei ic.uling w.is 98 sc.ilc dnistons at 300 leiohitions 
per nihuite. KiikI tlic sliaft lioisc-powei. 

Shaft lull sc pou ei = ' «N 

4-82 

98 X 300 
482 
= 6100. 


Transmission dynamometers arc sonietinies used 
the horse-power rciliiired to drive a given machine, 
the Fronde or 'I'horneycrolt dynamoineter is shown 
in Fig 376. A is a pulley on the line shaft; 1 ! is 
a pulley on a shalt connected to the machine to be 
driven. A drites I! by means of a belt [lassing 
round pulleys C and 1) winch are mounted on a 
frame pivoted at F. When power is being tians- 
mitted, the pulls I',, 'I', of the belt are greater than 
T._>, r.,; hence a foice P applied to the frame at (1 
is necessary in older to |)reserve eiiiiilibritim. Taking 
moments about F, we have 

Px1;F-(2T, xJ'(')-(2T._,xF1)). 

The arin.s FC and FI) are iistially equal. Hence, 

^ Pxf;F = iF(.:('iv-'r.,), 

OF 


r|-‘f,-.iPxj,^,. 


for estimating 
'he principle of 



Fi<. 176—I'lDutlcor 
'J hiiirifv rufl dyiia- 
inomtTcr 


J.et 


Then 


R - the laditis of pulley li in feet. 
N revs, per min. of pulley li. 

('F, - 'l'.,)2a-RN 

i.p. = -- - - 

3.1000 


The more usual method now' adopted is to drirc the* machine 
direct by means of an electro-motor and measure the electrical 
horse-power consumed. ' 
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EXERCISES ON CHAPTER XIV. 

1. Calculate wliat useful work is done in pumping roco gallons of 

water to a height of 6o feet. If this work is done in 25 minutes, what 
horse*pover is being developed.^ Suppose that tlie efficiency of the 
pumping arrangements is 55 per cent., and (ind what horse*power must be 
supplied. • 

2 . A load of 4000 ll>. Is raised at steady speed from the bottom of a 
shaft 360 feet deep by means of .1 rfipe weighing 10 lb. per yard. Calcu¬ 
late the total work done, and draw a diagram of work. 

3 . A loaded truik has a total weight of 15 tons. Tiie frictional 
resist.inces amount to 12 lb. per ton. Calculate the work done in hauling 
it a dist.uicc of half a mile (ii) on a level track, (/') up an incline of 
I in 80. 

4. Find the price in pence per 1000 fooi-!b. of energy purchased in 
the following c.ises : 

(a) Coal, of healing value 15,000 Piitish thermal units per pound, at 
16 shillings per ton. 

(/>) Petroleum, of healing value 19,500 Ibitish thermal units per pound, 
at ick/. per gallon weighing 8-2 lb 

(<■) (las, of heating value 520 Ibitish thermal units per cubic foot, at 
2*25 shillings })cr 1000 cul)ic feet. 

{(f) Electricity, at per Hoard of Trade unit. 

5 . In a machine used for hoisting a load the velocity r.ilio is 45, and 
it is found that a load of 180 Ib. can be raised steadily by application of a 
force of 12 lb. Find the mechanical advantage, effect of fiiction and the 
efficiency. Would thcie be any danger of reversal if the force of 12 lb. 
were removed ? 

6. A load of 1200 lb. is raised by mc.ans of a rope provided with an 
arrangement for indicating the pull at any instant. The following obser¬ 
vations were made : 


Heightabovegroimd, \ 
feet J 

Pull in rope, Ih, 


0 ; 

10 

1 

20 

35 

50 . 

■ 65 

80 

2000^ 

1950 1 

1 1880 

I 1800 j 

1750 

1650 

1500 


Find approximately the woik done on the load. 

7. 1 he cylinder of a steam engine is 30 mclies m diameter, and the 
stroke of the piston is 4 feet. The piston rod is 5 inches m diameter. 
Suppose the mean pressure for both sides of the piston to be 65 lb. per 
square^nch, w'hat will be U^e horse-power at revolutions |.er minute? 

8. A rope brake is fitted to a flywheel 3 feet in diameter to the rope 

centre and running at 220 revolutions per minute. It is desired to absorb 
7 brake horse-power. What sliould be the difference m the pulls at 4 he 
two ends of the rope ? • 

9 . A shaft 6 inches in diameter runs at 180 revolutions per minute 
and transmits 900 horse-power. Assume the toreju^ to be uniform, and 
calculate its value. * 
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10. In Question 9 a toision-metei is lilted to a shaft at |)(>in(b 6 feel 
apart. Takinj^ C to be 5500 tons j)er square inch, what anj^le ol twist, in 
degrees, will be indicated by the instrument? 

11. In calibrating a projicller sh.ifi 1 )y use of the apparatus illustrated 
in Tig. 372, the following observations were made . K\lein.il an^I internal 
diameters of the hollow shaft, 7 inches ami 4017 imhes respe< lively ; 
dishujce between the cl.imping pl.incs of the vernier .inns, 51 inches; 
distance between the cl.imping jil.ines of the lorsion-metei, 25'5 inches ; 
radius of the veniieraims, 105 im hes. 24,000 divisions on (he nielci scale 
correspond to .m .angle of twist of i radian. 


. 


1 >lll<'K ll> C 

111 \ f-rmer 
r* .uliiiu--, 

Ilf (vv iM 


.\iiglcof tw iM 

'I'cil No 

1 

III -Jiii-lies 

.111 .c 1< iit:tlH)l 
51 iin.lif'., 

1 orsu n mi-(*T 
re,llllllg^ 

on .1 leiiglh of 
- 2 S V inches, 



inches 

li) vrrmeiN, 

1.sell.in 


hy meter, 
radian. 

I 

0 

0 0000 


0 


2 

80,640 

0-1725 


19-85 


3 

108,864 

0 2300 


2 (> 7 S 


4 

181,440 

0 - 3^75 


44 f>o 


5 

254,016 

05425 


62 65 


6 

338,688 

0 7200 


82 75 


7 

431.4:14 

0 9250 


105.50 



Fill in the bl.ink columns, blot iii) tonpic and angle of twist by 
vernicis, {b) torque and angle of twist l.iy metei. Find and compare the 
torques required to piodiice o-ooi ladiaii twist on a lengtli of 51 inches, 
(<■) by verniers, id'' by meter, (c) find llie modulus of rigidity fiom the 
vernier readings ; (/) lind the shaft iioise-powcr constant fiom the meter 
readings. On steam trials the mean loision-mcter lo.idtng was 98-5 and 
the revolutions per minute 665 ; (<') find the shaft horse-power. 

12 . Kslimatc in ton nuhes the m.iximum torsion of a sliafl driven by 

an engine of 5(X) at a speed of 200 revolutions per miiuitc, allowing 
an efficiency of 85 per cent, and a i.itio of ina\iimim to mean turning 
effort of ]‘2j. (I.C.E.) 

13. A destroyer has a solid cirrul.ir propeller shaft, ()h inches in 

diameter, which makes 400 revolutions per minute. A torsion-meter, 
fi.xed to the shaft, shows that the angle of twist ovei a length of 20 inches 
is t ^ modulus of rigidity is 5000 tons per squaic inch, find the 

horse-pmver transmitted through this shaft. (ikE.) 

14. Explain how the’ work clone by a varying force ran be measured by 

means of an indicator dt.igrani. The prcssuie on a piston P working in 
a cylinder A 15 of length 3 feet is pioporiional to its distance fiom A. If 
the pressure on the piston:>;it B is 150 lb. weight, draw a cliagrant sliowing 
the pressure in any position, and find the done as the piston moves 
from B to A. (LU.) 

. 15 . Describe a differential pulley block. The diameters of the two 
grooves arc 12 and 11-5 inches, what is the velocity ratio? Experiments 
are made on jhis pulley block vvlien a load W is lifted by «n effort E. 
When W was 600 lb. E was 26 11 ), and when W was 3(X) lb. E was l8 lb.: 
what is E probably when W is 800 Ib.^ WTat is the efficiency when W 
is 800 lb.? ' (B.E.) 
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16, An electrometer lifts 8o tons of grain loo feet Ingh ; the electric 
energy costs 40 pence at the rate of 2 pence per unit. How much electric 
energy is used? What is the efficiency of the lifting arrangements? 

(li.E.) 


CHAPTER XV. 


Fig. 377.—Force of friction. 


FRICTION- 

Deflnitlons. When two bodies are pressed together it will be 
found that there is a resistance offered to the sliding of one upon the 
other. This resistance is called the force of Motion. The force which 
friction offers always acts contrary to the direction of motion of the 
body, or, if the body is at rest, the force tends to prevent motion. 

Let two bodies A and 15 (Fig. 377 (a)) be pressed together so that 
the mutual pressure perpendicular to the surfaces in contact is R. Ixt 
15 be fixed, and let a force P, 

parallel to the surfaces in |.r ,j,R 

contact, be applied. If P is ^ p ^ ^ 

not large enough to produce 777 tt -m. m - r r rrm^ r<“ 

sliding, or, if sliding with B JB 
, steady speed takes place, B wy 

will apply to A a frictional f,c. 377-F0rc.0rfric.i01>. 

force F equal and opposite to P (Fig. 377 (^)). The force F may 
have any value lower than a certain maximum, which depends on the 
magnitude of R and on the nature and condition of the surfaces in 
contact. If P is less than the maximum value of F, sliding will 
not occur; sliding will be on the point of occurring when P is 
equal to the maximum possible value of F. It is found that the 
frictional resistance oiVered after steady sliding conditions have been 
attained is less than that offered when the body is on the point 
of sliding. 

Let F, = frictional resistance in lb. when the body is on the 
point of sliding. 

Ft = frictional resistance in lb. when steady sliding has 
been attained. 

R = perpendicular pressure in lb. betwe'en the surfaces 
in contact. 


n.M. 
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Then 



H-k = 


Ft 

R’ 


are called respectively the static and idnetlo coefficients of ftlctlon. 

Friction of dry surfaces. For dry clean surfaces, experi"ients 
show that the following laws are complied with a|)pro,\iniately : 

The force of friction Is practically proportional to the perpendicular 
pressure between the surfaces in contact, and is Independent of the extent 
of such surfaces and of the speed of rubbing, if moderate. Another way 
of expressing the same laws is to .say that for two given bodies, the 
kinetic coefficient of friction is practically constant for moderate pressures 
and speeds. It is very difficult to secure any consistent experimental 
results on the static coefficient of fiiction ; it is roughly constant for 
two given bodies. 

'I'he value of the coefficient of friction in any given case depends 
on the nature of the materials, especially on the hardness and ability 
to take on a smooth regular svirface, atid on the state of the rtibbing 
surfaces as regards cleanliness. Rubbing sui faces .are made usually 
of fair shape and are well fitted to one atiother. If cleati and dry, a 
film of air may be [irescnt between the surfaces and [irevent actual 
contact. I’res.sure and working may squeeze this film out, and the 
bodies will then adhere strongly together, or seize. Seizing takes 
place more rapidly with bodies of the same than with those of 
different m.aterials. 

Considerable increase in the speed of rubbing and also heating of 
the bodies tend to lower the value of the coefficient of friction. For 
this reason, the frictional force produced by the applkiation of the 
brakes to the wheels of a locomotive running at high speed is higher 
during the first few seconds than is ultimately the case after the 
temperature has risen owing to the conversion of mechanical work 
into heat. The coefficient rises again when tlye speed becomes very 
slow, and may become sufficiently high to cause the wheels to skid 
just before stopping. 'I'he coefficient of friction for light pressures 
on large areas is a little greater than for heavy pressures on small 
areas. • 

'I he value of the coefficient of friction to be expected in any given 
case cannot be predicted with accuracy on account of the erratic 
nature of ,the conditions. The follo.ving table gives average values 
only; experimental results will often show considerable variance 
with the tabular values. 
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AVERAGE VALUES. 


Metal on metal, dry. 

0-2 ; oiled continuously, 0 05. 

Metal on wood, dry. 

0-6; greasy. 

. 0-2. 

Wood on wood, dry, 

0-2 to 0-5 ; greasy, 

01. 

Memp ro[)es on metal, dry. 

0-25; greasy. 

01 5. 

Leather belts on iron pulley: 

5, 0-3 to 0-5. 


Leather on wood. 

0-3 to 0-5. 


Stone pn stone. 

0 - 7 . 


\^ood on stone, 

0-6. 


Metal on stone. 

O'S- 



Fluid friction. For lujuids siicli as water and oils flowing in a 
pipe, the following laws are followed appro.'iimately : 

The frictional reelstance is Independent of the pressure to wbloh the 
liquid is subjected, and is proportional to the extent of the surface wetted 
by the liquid. 

The resistance is very small at slow speeds ; below a certain critical speed 
the motion of the liquid is steady and the resistance is proportional to the 
speed; at speeds above this, the liquid breaks up into eddies, and the 
resistance is proportional approximately to the square of the speed. 

The critical speed depends on the nature of the liquid and on its tem¬ 
perature. Else of temperature of the liquid diminishes the resistance. 
The resistance is independent of the material of which the pipe or channel 
is made, but the wetted surface should be smooth; rough surfaces increase 
the resistance. 

Friction in machine bearings. The friction.il l.iw.s for lubricated 
machine bearings are intermediate between those for liijuids and for 
dry surfaces. ’I'he ideal bearing would have a film of oil of uniform 
thickness, and would run at constant temperature, 'i'here would be 
no metallic contact anywhere, and the resistance would be that of 
metal rubbing on oil. In such a bearing, the laws of liquid friction 
would jjp followed, and the resistance would be inde[)endent of the 
load and proportional, to the speed of rubbing. In ordinary bearings 
the resistances experienced depend on the success which is achieved 
in getting the oil into the bearing and in preserving the oil film ; 
the working load is keptbsufficiently low to,avoid the dangai of the 
film being st|ueezed out and seizing occurring. 

Friction of journals. The value of the coefficient of friction to 
be* expected in any given case depends largely on the method of 
lubrication. Jn Beauchamp ‘I'ower’s* experiments, one method 
of lubrication ad»ptcd was to have an oil bath under the journal 
* Ftoc. Inst. Mechanical Engineers. and 1884. 



Fig. 378). Remarkably steady conditions were obtained, and it was 
bund that the coefficient of friction could be expressed by 

c-Jv • / , 

'' = 7-’ . 

vhere r is a coefficient the value of which depends on the kind of 
ubricant used, v is the speed of rubbing in feet per second, p is '.he 
pressure [)er stjuare inch of [)rojected area of the journal. 




Fio. Oil l»nth lubrication. Fic. yjcp .—Projected area of a journal. 

Let P = the total load on the bearing, in lb. 
d = diameter of bearing, in inches. 

L- length of bearing, in inches (Fig. 379). 

Then Projected area of bearing = </!., 

p 

/ = lb. per sq. inch.(2) 

u JL 

The following table gives some of Tower’s results : 


JouRN.xt. Friction, Oil-Bath Lubrication. 


Lubricant. 

lb. per s<]. inch. 

feel per sec 


r, 

mean value for ran^e 
of loads and speeds given. 

Olive oil - 

(520 
\ 100 

2 -6 i 

7-85 

000081 
0-0089 ^ 

0-29 • 

Lard oil - 

/520 

2 -6 i 

0-0009 \ 

0 

00 

C/^ 

\ 100 

7.85 

0-009 ) 

Mineral grease 

(625 

U 53 

2-6i 

7 -B 5 

0 ' 9 pi 1 

0-00831 

0-425 

Sperm oil 

| 3 io 

1100 

2-61 

7-85 

0 0011) 
0-0064/ 

0-205 

Rape oil - • 

/415 
' 053 

2-61 

7-85 

0-00091 
0-004 / 

0-215 

Mineral oil - 

fSio 

\(00 

2-6i 

6-99 

o-ooi4\ 
0-0073 ^ 

0-27 
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It will be noted in (i) above that the coefficient of friction is 
inversely proportional to /, and hencl is independent of the total 
pressure P on the bearing with oil-bath lubrication. It also follows 
that the frictional resistance of the bearing will be constant for all 
working loads, and will vary as the square root of the speed. Thus, 
referring to Fig. 380 : 

Let F = the frictional resistance of the bearing, lb. 

P = the load on the bearing, lb. 

"I'hen, from (1) and (3) above 

_ F _ F’ _ c\lv , 

V~pd\r p ’ 

V =cd\j\lv, .:.{3) 


an expression which is independent of P. 

With less perfect .systems of lubrication, there is a tendency for the 
oil film to be broken iiartially, and higher coeliicients of friction are 
obtained. In some cases the coefficient may 
reach values from 0-03 to o-o8. 

Heating of journals. W'ork is done against 
the frictional resistance and is converted into 
heat. Referring to Fig. 380, in which 1 ) is the 
diameter of the journal in feet, we have 
F = /iP lb. 

Work done in one revolution = jiil’jrl) foot lb. 

„ per minute = /ilVl)N foot-lb., 

where N is the number of revolutions per minute. 



Fig. 380.—Friciion of a 
journal. 


Heat produced = British thermal units per minute. 


This heat is dissipated by conduction and radiation, but the 
temperature of the bearing will ri.se during the early period of 
runniiiji^ At higher tempeiatures the oil posses.ses lower vlaooilty, 
i.e. it flows more ecaly and offers less resistance to rubbing; hence 
le.ss work will be done, and conscriuently less heat Will be produced 
as the temperature rises. The tendency is therefore to attain a steady 
temperaturt, in which c^mdition the heat jleveloped will bt exactly 
balanced by the heat carried away by conduction and radiation. It 
must be noted, however, that the lower viscosity [xissessed by the 
oil at the higher temperatures^ increases its liability to be squeezed 
out; hence, if steady conditions are to be attained, the load must not 
be too great and the oil must be of suitable quality. 100° Fahrenheit 
may be regarded as a safe limit of temperature under full workii^ 
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load. Occasionally the bearings are made hollow, and a water 
circulation is provided in order to keep the temperature low. Bearing 
pressures up to 3000 lb. per square inch are used, depending on the 
nature of the materials, method of lubrication, means of cooling, 
speed of rubbing, and on the consideration of whether the load 
always pushes on one side of the bearing or is alternately push asid 
pull. Forced lubrication is often used, the oil being supplied under 
pressure to the bearings by means of a pump.* 

Friction of a flat pivot. The case of a flat pivot or foot-step 
bearing (Fig. 381) may bo worked on the assumption that the 
coefficient of friction n is constant for all parts of the rubbing surface; 
the resultant frictional force F will then be found from 
F = /<P lb. 

If it is assumed that the distribution of bearing pressure is uniform, 
we have , ]> 

Load per unit area = - , 

' j-R- 



Fk,. 381. —Flat pivot bearing. Fi«'/. 383. 


Consider a narrow ring (Fig. 382) having a radius /■and a breadth Sr. 
Area of the ring= 2)r/'.(5/-. 

P 2P 

Load on the ring = - . 27//-.S/-=—;;./•. 5 /-. 

jtK" K" 

Frictional force on the ring =./•. 8/". 

2 Pm ' 

Moment of this force --rnr 


To obtain the total moment, this expression should be integrated 
over the whole rubbing surface; thus: 


Total frictional moment = 


2IV 
IR.^P 


r^.dr = 


2IV 


1^3 

3 


..(i) 

V) 

* An excellent discussion of the theory of lubrication and design of machine f>eat- 
ings will be found inPart L, by Prof. W. C. bnwin. Longmans, 
1909. 
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It is seen thus that the resultant frictional resistance F may be 
taken to act at a radius equal to two thirds the radius of the bearing. 

The frictional moment of a flat pivot may also be solved on the 
assumption that the wear is uniform and is proportional to the 
product pVy where p is the bearing pressure in lb. pcr-stiuare inch 
and V IS the speed of rubbing at any given pait of the lubbing 
surfaces. 1 hus, constant. 

Also the velocity it at any point varies as the radius r. Hence, 
pr~^ constant ~ a say ; 


. .-. p= • 

r 

Considering the narrow ring (Fig. 382): 

Load on the ring --p. irrr.Sr - 2ira.Sr. 

Friction on the ring -= 2ir/«r .Sr. 

Integrating over the whole rubbing surface, we have 


Total frictional resistance- F'- air/m 
— 27rpuR. 


f' 


dr 


...(2) 


Again, 

Moment of the friction on the ring2)r/vu .r. Sr. 

'I'he total moment will he obtained by integration of this expression 
over the whole nibbing surface , thus : 

R2 


'I'otal moment of friction 


— 2Jr/(a 
= TrjxaK- 


. ["r.u’r^ 

Jo 




F'X R (from {2)) .(3) 

. (3') 


It is probable that the actual value of the moment of friction will 
fall between the limits expressetl in (F) and (3). 

In the case of a collar (Fig. 3S3), no great error will be made by 
assuming that F' acts at the mean radius (R, + RA. Hence, 

Moment of F' 1 /‘R(R, -f R.A lb. inches.(4) 

Tovar's expelinients on collar friction show that /i is independent 
both of speed and jVressure unless the pressure 
is very small. The average value of /x found 
was 0-036. The bearing pressure should not 
exceed 50 ib. per sqiiarginch. J 

Tower also experimented with a flat pivot 
bearing 3 inches in diameter. If 'I'ower’s 
results obtained tor the moments of friction 
be reduced from equation (i),*thus; 

M - mdVnent of F x — ,Vrr> 

^ 2 PR 



♦ Fig. 383.—Collar bearings. 
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values of n are found which vary from about 0 015 at 50 revolutions 
per minute and 40 lb. per square inch, bearing pressure to about 
o-oo6 at 350 revolutions per minute and 100 lb. per square inch 
bearing pressure. 

Schiele pivot. In the Schiele pivot (Fig. 384), the bearing is 

curved so as to secure uni¬ 
form axial wear all over the 
^ surface. There is thus less 

'' likelihood of the oil film 

being sriueezed out. 

Supposing the bearing to 
wear so that the point F 
descends ultimately to E, 
then EF is the axial wear, 
and is constant for any point 
on the bearing. EG is normal 
to the surface at E and FG 
is parallel to the tangent EH 
at E. The normal wear is 
EG, and may be assumed to 
be proportional to the speed 
of rubbing. The intensity of 
normal pressure at E is /; it 
is assumed that / is constant for all points on the surface. The 
velocity of rubbing v feet per second at any point evidently will be 
proportional to the radius r. Hence, 

EG xv<xr', 

EG = /(•?-, 

where ^ is a constant. The triangles EFG and HEK are similar. 
Hence, • 

EG“EK“ r ’ 

■ . EGxEH /fr-.EH 

r r 

= .^.EH =a con.stant.!.(i) 

Hence EH is constant; a curve such as AB having this property 
is called a traotrii. 

Considering a narrow ring having a radius r and a horizontal 
breadth (Fig. 384), we ,’iave " 

Horizontal projected area of the ring = 27 rr.Sr. 

Actual area of the ring = 2jrr.Sr.-^^- 

■" sm V 

_r^^EH_EH. 

t sin^ EK r ’ 



Ftu. 384 —Schiele pivot. 


Also, 
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Actual area of the ring = aa-.Sr. EH. 
Normal pressure on the ring=/ x 27r.5r. EH. 


Friction on the ring = 2ir./’it.Sr.,EH. 

Moment of this friction = 2!ry>/r, EH .r^Sr. 

Total moment of friction = 2Jr/>/iEH f r.dr 

Jk, 

= >7»,rEH(R.'^-R,0. ...( 3 ) 

.\gain, (2) gives 

Normal pressure on the ring = 2)r/.EH .ir. 

The vertical component of this = 2?r/. EH.Sr. sin 9 

= 27r/.EH.6/-.?-5 

1^/rl 

-2Tp.r.?>r. .(4) 

The sum of the vertical components for all the rings composing 
the curved surface of the bearing will be equal to W'. Hence, 

f"' 

\V = 2iry>| r.dr 


- R/) 


= rr/(Rp-R;-).( 5 ) 

Substitution of this in (3) gives 

Total moment of friction ^ /rW. KH.(6) 


The Schiele pivot is not much used in practice on account of the 
difficulty of manufacture. 


Bolling friction. In rolling friction, such as that of a wheel or 
roller travelling on a flat surface, the frictional resistances are roughly 
propordonal to the load and inversely projiortional to the radius of 
the wheel or roller.^ The resistance also depends on the hardness of 
the materials, and is conqiaratively small for very hard surfaces. In 
ball bearings, both balls and ball races are made of hardened steel; 
the races are best made Koncave, to a radius about o-66 theriiameter 
of the balls. This plan both reduces the resistance and enables a 
heavier load to be carried. In such bearings, the value of n is 
practically constant through wide ranges of .speeds and loads; 0-0015 
is an average .value 

Fig. 385 shows a heavy pattern of ball bearing made by The 
Hoffmann Co. and applied to a shackle B for’hol 'iing one end of a 
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test piece A undergoing both tension and torsion. The test piece is • 
screwed to the shackle, the end of which is furnished with a. nut C, 



Plan of Cage 


Flit. 385.— Hofl'minii thrust ha)! bearing 


which rests on the top ball race I). 
The bottom ball race E has its lower 
face made spherical to fit the corre¬ 
sponding spherical bottom of the cgp 
I'. This arrangement permits th% test 
piece to accommodate itself to any 
want of alignment. A cage G made 
of two thin plates, secured together-by 
means of four distance pieces, holds 
the balls in position and prevents them 
from coming into contact with one 
another; the cage also jtrevents any of 
the balls being lost when the bearing 
is taken to pieces. A similar bearing 
is applied to the other end of the test 
piece. The moment of friction is very 
small; with a tensile load of four tons 
and a test piece i inch in diameter, 
it is possible to rotate the whole by 
simply gripping the test piece with one 
hand. 

Eesultant reaction between two 
bodies. In Fig. 386 (a) is shown a 


block A resting on a horizontal table BC. The weight W of the 


block will be constant, and will act in a line perpendicular to BC. 


f 



Fig 386.—Reactions at the jurfaces in contact. 


Let a horizontal force P, be applied to the block ;.P] and VV have a 
resultant Rj. Fo/ eqbilibrium, the table must exert a resultant force 













on the block equal and opposite to R, and in the same straight line; 
let this force be Isj, cutting B(, in 1). Lj may be res{)lved into two 
forces, one Q per|)cndii ular to BC and the other F, alopg BC. Let 
<#>i be the angle which E, makes with Gl). 'I'hen 


F, 

Q 


Now, when 1 j is zero, and hence tan </)| will also be zero, and 
Q will act in the same hue as W. </s, will increase as 1 ', increases, 
and ti’ill reach a maxtmum value whcti the block is on the point of 
slipping. It is evident that (,l will always be etpial to W. J,et </< be 
the value of the angle when the block slip.s, and let E' be the corre¬ 
sponding value of the frictional force. 'I'hen 


Coefficient of fiiction —/i = 


E 


- tan (/i. 


There will be two values of tan </> corresponding to the static and 
kinetic coefficients of friction respectively. When the block is on the 
point of sliding, </> is called the Motion angle or the Uniting angle of 
resiatance; when steady sliding is occurring, </> is lower in value, and 
may be termed the angle of sliding Motion. 

It is evident from Fig. 3.S6 (11) that Pj and F, are alw.ays etiiial 
(assuming no sliding, or sliding with steady speed), so also are 
W and Q These forces form couples having etjual opposing 
moments, and so balance the block. The force 
Q acting at 1 ) will give rise to normal stress of 
a distribution as shown by the stress figure in 
Fig. 386 (/)). The action is iiartially to relieve 
the pre.ssure encar the right-hand edge of the 
block and to increase it near the left-hand edge. 

With a sufficiently large value of /r, and by 
applyinj^^P at a large enough height above the 
table, the block can bq made to overturn instead 
of sliding. 'I'he condition of overturning may 
also be stated by reference to I'ig. 387. Here Fk- 387.-C0ndit.0n that 
the rcsultant,R of P and may fall outside .the »I'luo** muy overturn, 
base AB before sliding begin.s. Hence F 2 , Vhich must act on AB, 
cannot get into the same line as R, and the block will overturn; 
For*overturning to be impossible, R must fall within AB. 



Example. A wall of rectangular section 2 feet thick'is subjected to a 
uniform normal pres'sure on one side of 50 lb. per square foot (Fig. 388). 
Taking the weight of material as 150 lb. per cubic^ foot and 71=0.7, find 
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whether sliding at the base is possible. For what height of wall would 
overturning just occur? 

Consider a portion of wall one foot in length, and let H feet be the 
height. Then 

W = 2H X i5o=30oH lb. per foot run, 

W’ 

.'. F=pW=07 X 300H 

- 210H lb. per foot run. 

This result represents the maximum pessible 
value of F. 

Again, P = ;oH lb. per foot run. 

Hence, as P will always be much less than the 
maximum frictional resistance possible, the wall 
will not slide. 

When overturning is just possible, the resultant 
of P and W will act through 0 , and the moments of P and W about 0 
will be equal. Taking moments about O, we have 

Moment of P = 5oH x ^ = 35H* lb.-feet. 

Moment of W=3ooH x 1 =30oH Ib.-feet. 

Equating these moments gives 

25H2=3ooH, 

H = 12 feet. 

Friction on inclined planes. In Fig. 389 (a) is shown a block of 
weight W lb. sliding steadily up a plane of inclination a to the 


k-Z'-sj 



10 


Fig. 388.—Stability of a 
wall. 




Fig. 3^—Friction on an incline; P horizontal. « 


horizontal, under the action of a horizontal force P lb. Draw AN 
perpendicular to the plane; then the angle between W and AfJ is 
equal to a. Draw AC making with AN an angle <l> equal to the 
angle of sliding' friction; the resultant reaction R of the plane will 
act in the line CA. The relation of P to W is’deduced from the 
triangle of forces ABC. 
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or 

R 


P BC , 

W = AB = “*"<“ + ‘^^’ 

^ tan g + tan ■/> , 

W I - tan a tan <}> ' ’ ' 

tan a + ji\ 

I - /j- tati u/. 

The case of the block sliding down is shown iti F'ig. 389 (i). 
acts at an angle <l> to AN, but on the other side of it. 


P = W 


P 

W 


BC 

AB 


= tan (</>-a), 


...(.) 

Here 


P _ tan <l> - tan a 
W I + tan a tan </>’ 


\i +/1 tan a/ 


(2) 


It will be noted in the last case, that if <l> is less than a, the block 
will slide down without the necessity for the application of a force P. 
Rest is just possible, unaided, if a is e(|ual to the limiting angle 
of resistance. 

When P is applied parallel to the incline, the forces are as shown 
in Fig. 390 (a) and (l>). For sliding up (Fig. 390(a)), we have 
P BC_sinBAC 
VV~AB~sin ACB 


sin (a +1/*) _ sin a cos ■(> + cos a sin (f> 
sin (90° - <i>) cos i/> 

= sin a + cos a tan </>; 

P = W (sin o + /«cos a).(3) 




Fic. 390.—Friction on an incline; P parallel to the Incline. 


For sliding down (Fig. 390 (i)), we have 
P _BC^sinBAC 
VV“AB“sin ACB 

sin (i/> - a) _ sin cos a - cos sin a 
■ sin (90“ - cos ^ 

' =tan</> cos a - sin a; 

P = W(/iicoso-sina).. 


(4) 
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Friction of a screw. The results for a block on an inclined plarie 
and acted on by a horizontal force may be applied to a square threaded 
screw. Such a screw may be regarded as an inclined plane wrapped 
round a cyknder. In Fig. 391 are .shown two successive positions 
A and li»of a block of weight W lb. being pushed up such an inclined 



Fig. 391, —Inclined jilane wrapped h'lG. 39?. - FrictiiJn ol a squ.iie threaded 

rutind a.LyliiK!cr. sciew 


plane by means of a horizontal force P lb. In the actu.il mechanism, 
the load is applied over a considerable portion of the surface of the 
incline (Fig. 392), and P may be assumed to art at the mean radius 
R inches of the screw. Let p inches be the pilch of the screw, and 
let one turn of the thread be developed as shown in Fig. 393. 

p 

tan a = —- 
2irl\ 

Using equation (t), p. 365, we have, for raising W, 



VI + /X ttln «/ 
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U ft = tan a, or if 2irR/i=/, V will be zero, and the load will be 
on the point of running down unaided. Running down with 
continually increasing speed may occur if tan a is less than /t, and 
may be prevented by afiplication of a force P given by (2) above 
and applied in the same .sense as for raising the load. IP rotation 
of the screw is produced by means of a force Q lb. applied to a 
spanner at a radius L inches, the nut being fi.'ced, we hate 

QT. = PR, 

, ' Q = .{.■♦> 

The abote solution is applictible to the case of a screw-jack 
(Fig. 411), the frictkin of the screw alone etiters into the ]itoblem. 

The efficiency of such an ariangenient may be calculated by con¬ 
sidering the screw to make otie retolutioii in raistng the load. Then 

. Work done on W W/ 
Isfficiency- “ Qx2n]: 


Also, 


(.) 


ITficiency 


R 


P, 

W/ 


P X 2lrl, 


W 

P 


J 

2irR' 


Effictency: 


Efficiency = 


(4) 


Substituting for W/P from etpialion (1) above, we have 
/2irR-/'/x\ / 

V/ -e 2 trRp/ 27rR 

If II be the ratio of the mean circumferetice 27 rR to the pitch /, 
so ih.at 27 rK = n/i, equation (4) may be written : 

* 

\ /i + iipjil n 
( H ~ fx\ r 

VI + /ifx/ n . 


(5) 


Example. In a certain square tlire.aded screw, «=to and (1=0-125. 
h'ind the efficiency while raising a load. 

Efficiency = (- 4 ?---°--'? 5 -.)-'- 

^ VI -L 10x0-125/ t® 

= 0-44 

= 44 per cent. 

In tightening a nut on a bolt.(I'ig. 394), not only has the moment 
of the friction of the screw to be considered, but also the friction 
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Let R, be the mean radius of the bearing surface in inches and W^lb. 
be the pull on the bolt. Then 

F = /.Wlb. ' . 



Fi(.. 394. —Friciion of a nut. Fir.. 395.—Friction of a V thread. 


Ixt P lb, be the frictional resistance of the screw, found from 
equation (i), p. 366, and let R be the mean radius of the threads. 

'I'hen QL = /xWR, + PR.(7) 

In V threaded screws (Fig. 395), the pressure between the bearing 
surfaces of tlie nut and the bolt threads is increased. If \V is the 
load, it should be resolved into a force S perpendicular to the thread 
section and another horizontal force. Then 


S = 


\v 

cos [i 


= W sec 


j8, 


where /3 is half the angle of the V. All the results found for square 
threaded screws may be used for V threaded screws by writing 
jn sec instead of ji in the equations. 


Friction circle for a journal. It is useful to consider the friction 
of a journal A resting on a loosely fitting bearing B (Fig. 396 {a)). 




Fig. 396.—Friction of a loose bearing. 

If there is i.o rotation, the load ^V on the journal will be balanced 
by an equal opposite reaction Q applied by the bearing. Let a 
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couple of moment T' be applied to the journal, of .sufficient magni¬ 
tude to produce .steady rotation in the direction shown (Fig. 396(1'')). 
The journal will roll up tlie bearing until the placp ot contact is 
at \vhicl\ steaily slipping will occur. The condition which fi.ves the 
position of /' is that the \ertical force Q acting at /' must make an 
anglt? '/'"with the normal n/', <!> being the angle of sliding friction. Q 
and W being still equal, form a louple of moment W x A', and this 
couple balances T, the couple applied. Hence, 

T - WxA'. 


Also, 


A- 

- -- tan 

<ii 


k 

ah 


very nearly; 


A'= <//'tan i/'= X tan </>; 

.. T WVlan./'. .(i) 

This will be in Ib.-feet if r is in feet and W is in lb. 

It will be noted that (,) is tangential to a small circle of radius/ 
drawn with centre n. I'his circle is calk'd the friction clrclo, and its 
radius is equal to k. Hence, 

Radius ol friction ciicle x tan'/i very nearly 

-- /'X feel, . (i) 

where /»“ tan c/', is the coefficient of friction, 

X- radius of journal in feet. 

The same result is true for a closely fitting bearing (Fig. 397). 
Here R lb is the resultant reaction ol the bearing, the components 
of which are (.), the resultant serlical reaction and F the resultant 
frictional force. R acts at an angle </' to Q for the direction of 
rotation as shown, or on the other side ol for 
the contrary direction of rotation In either 
case, R is tangential to the friction circle, and 
gives a moment R/ Ib.-fect oiiposing rotation. 

To obtain the work done, we have 

' Frictional couple - R/Ib.-feet, 

IVork done in one revolution = R/x 2Jr foot-lb. 

Let N = revolutions jier minute. 

Then Work done per ni'jiute = - 2irN RAfoot-lb., 

• , 2irNR/ • 

H. I’, wasted—■ 

330°° 

'the value of R is given actually by Kj<,. 397.— Friction circle 

R=s/Q‘ 41 «, . 

but as the of friction and hence the frictional resistance is 

very small for well* lubricated journals, no gre«.t error is made by 
taking R equal to Q, thf load on the journal 







370 


MACHINES AND HYDRAULICS 


Example r. In a machine for raising a load W the load is suspended 
from a rope wound round a drum A, 8 inches in diameter, to the rope 
centre (Fig. 398). The axle on which the drum is fixed has journals 
1-5 inches in diameter, and is rotated by a toothed 
wheel B, 18 inches in diameter, to which a force 
P IS applied. Find the mechanical advantage 
and efficiency of the machine, taking the co¬ 
efficient of friction of the bearings to be o-i and 
W to be a load of 500 lb. 

Neglecting friction, and taking moments about 
the centre of the drum, we have 
Wx4=:px9, 

W _9 

500x4 

'9 



^2-25. 


Fig. 398. —Friciion of a simple 


p== 


= 222-2 11 ). 


(■) 

(2) 


Taking account of friction, and assuming that R is equal sensibly to 
(P-l-W), we have, by taking moments about the centie of the drum, 

4W + {P + W)/= 9 P. 

Also, /*=fir 

^ I'o X 1 = -Iff '■'Cl'. 

2000 + (P-f500)j'5i = 9P, 

9P-AP = 2000-t-15|j'’, 


357 

= 228-3 lb.(3) 

Hence, Medianical advantage = -:r 

1 228-3 

= 2-19.(4) 


Let the drum make one levolution. Then 

Work done by P-Pxt. 18 inch-lb. 
Woi k done on W = W x tt . 8 inch-lb. 

87 rW 8 X 500 
i87rP~ i 8 x_ 28-3 


Efficiency- 


- 0-97 

= 97 percent.(3) 

Example 2. The meglianism shown in Fig. 399 consists of a ciank OA 
fixed to a shaft having 07 , for its axis of rotation. The crank is driven in 
the direction of rotation shown, by means of a slotted bar B ; a block C 
may slide in the slot, and has a hole to receive the crank pin. The force 
P pushes during the stroke from right to left, and pulls during the return 
stroke. Show by drawing how the turning moment on tlie crank, as 
modified by friction, .nay be obtained. Give the construction for each 
• quadrant, assuming /x— tan (f> is the same for both block and pin. 
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In an'iwcring tins question it is essential to jeincmlier that the force 
which the block ^ues to the crank pin must be (anf^entia! to the friction 
circle, and must act so as to oppose the motion of lolatum of the pin. 



Further, the force which the slotted l)ar ^ivcs to the block must act at an 
anjde </> to the noimal, and must be applied so as to oppose the sliding 
motion of the block. Foi ordinaiy values of (he roeflii lent of fiiclion 
these forces, shown by R m Fig. 400, will be very nearly equal to W 



Fi(i. 400.— Friction of li>e block and crank pin in Fig 3419. * 

The constructionstequired are shown in h ig. 400^^/) to (d). In the first 
and fouith quadrants {(/) the block is sliding upwards, and in the^ 
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second and third quadrants (//) and (r) it is sliding downwards. In each 
case the turning moment is RxOM, OM being drawn perpendicular to 
R from O, the centre of the crank sh.ift. 

Friction of the crank pin and the crosshead pin. Figs. 401 (a) 
and (i) show the application of the friction circle method to the 
determination of the line of thrust along a connecting rod, rwhen 
account is taken of the friction at the crank pin and the crosshead 
pin. The diameters of the friction circles at A and I! are calculated 
and the circles drawn. The line of thrust () will be a coinmon 
tangent to the.se circles for any given crank position. Dr.aw OM 
perpendicular to the line of Q; the turning moment on the crank will 
be Q X OM. No difficulty will be experienced in choosing the line 
of Q if it is remembered that tlie frictional moment.s at A and B both 
tend to reduce the turning moment on the crank; hence the common 
tangent which gives the line of Q must be so drawn as to make OM 



Fig. 401.—Friction of the crank pin and crosshead pin in a crank and connecting rod 
inechjiu.Mii. 


a minimum. Thus, in Fig. 401 («), Q touches the top of the circle at 
A and the bottom of that at B; in Fig. 401 {/>), Q touches the bottom 
of both circle.s. 'I'he change in the line of Q from the tO|) to the 
bottom of the circle at A take.s place when the crank makes 90° with 
the centre line O.A; in this position, the connecting 'lod makes its 
maximum angle with the centre lino OA and ha.s no angular motion 
for an instant, t.e. at this point the crosshc.ad pin is not rubbing in its 
bearing. The solution for other positions is given at Q in F’gs. 401 
(rt) and (/'). 

In Fig. 401 (/'), it will be noted that, as B' approaches the inner 
dead point, tlie line of Q' will [xa.ss through O. In this position there 
is no turning moment oci the crank. Further, the crank must rotate 
through a small angle beyond the dead point before the line of Q will 
pass above O. There will, therefore, be a small crank angle near 
each dead point in which there will be no turning moment tending to 
rotate the crank in the direction of rotation of the crank .shaft. These 
angles may be determined approximately as follows: In Fi’g. 402, O is 
the crank shaft centre and A is the crosshead pin at the end of the 




stroke. Draw the frietion circle at A; draw the lines of Q and (V 
touching tile circle at and [Hissing through 0 . Draw the friction 



Flo 403 —Anjjle of zero turning inonicnt <)iic to friotioii at the crank oml crossheail ; 
inner dead point. 


circles at H and I!', touching the lines of () and (f ; then l!OH' is the 
angle within which there is zero luniing moment near the inner dead 



Fif. 403 —.\ngle of rero turning moment due to friction at the crank and Clo^^head pins ; 
outer dead point 


point. The constrnction for the outer dead point is given in Fig. 
403, and will be followed readily. 

Friction If the crank shaft bearings. The loads [iroducing 
frictional resistances at the crank shaft bearings include the weight 
of the shaft and its attachments, belt 
[Hills o* other forces due to the driving 
of machinery and*a reaction owing 
to the thrust of the connecting rod. 

Considering the latter alone, and 
referring to<Fig. 404, Q*is the thrust 
of the connecting rod, making allow¬ 
ance for the friction of the crosshead 
pin and the crank pin as illustrated 
in Fig. 401 (ii). A force Q', equal, 
opposite arid parallel to Q is applied by the crank-shaft bearing to 
the shaft, Q and Q' together forming a couple which causes the shaft 



Fig. 404.—Friction of the crank-shaft 
bearings. 
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to rotate. During rotation, Q' will he tangential to the friction circle 
for the shaft and is .so .shown in Kig. 404. Draw OM perpendicular 
to (> and cutting the shalt friction circle at O'. The effective turning 
moment -will he A,) x O'M, and has heen diminished hy an amount 
(7 X 00 ' hy reason of the fiiction produced hy () in the shaft hearings. 

Near the dead ])oints, the effect of the friction at the crosshead pin. 
Clank pin and ciank-shaft healings is that there will he a .small angle 
einhracing each dead point within which no force, howerer gieal, 
along the piston lod will cause the shall to rotate if at rest. 'I'hese 



angles are called dead angles and are shown at l!OI!' in f igs. 405 and 
406. 'I'he constiiKtion is similar to that in higs 401(11) .md (/<), 
with the addition of the friction incle at O for the ciank-shaft 
hearings. 'I'he lines of the forces O and (V are t.ingential to the 
friction r ii( les at .\ and O, and the liiction circles at 11 and 1 !'are 
drawn to touch the lines of the lorces, piodnced if necessary. 



The student will note that the dead angles so found take account 
only of the friction at the crank shaft hearings [irodnced by the 
thrust of the conner'tmg rod. If at rest, the crank shaft will not 
commence rotation tnilil the turning moment x O'M (h'ig 404) is 
large ef.otigh to overci.sne the resisting Inoment dno to the total 
friction at the crank-shaft hearings together with the resistances 
offered by any machinery to be driven. 

Experiments on friction. K.xperiments have heen described in 
Chapter XIV , in which the general effect of friction in the complete 
machine was one of the factors to be determined. The following 
additional experiments may be performed usefully. 



EXPERIMENTS ON FRICTION 



Expt. 38.— Friction of a sUder. All is a wooden hoard or flat piece 
of metal haring' its top surface brought hori/.oiital b> means of a s|iirit 
level (Fig. 407). A slider of wood or metal, may be diawn along 
AK by means cf a bori/.ontal force 1* applied by using a 1 ord, pulley 
and scale pan. The upper * 

.surface of Al! and the uiuk'r 
surfAct'of (' .should be clean 
and dry. Weigh the shdei (( 
and also the scale |)an. R is 
the nerpendiculai reaction of 
the surfaces in contact, and 
is eipial to the weight of the 
slider together with the load 
placed on it. Add loads to 
the scale pan, tapping Al! gently after each load is applied, until the. 
slider is drawn sletidily along AH. H will be ne.irly e(|u.il to the 
weight of the scale pan together with the loads |ilaced in it, anil 
the kinetic friction F will have the saineralue. Calculate the kinetic 
coefficient of friction from 

F 

The c.sperinient should be repealed with several different loads on 
the slider, and F and K should be t.ibulated lot e.ich. I’lot I'and R , 
if this gives a straight hiU', lind the arcrage value of/< fioni the graph. 

Re|)eat the cspeiiiiient, using different materials lor the board and 
for the slider It is useful to have a set of shdeis, all of the same 
material, but having the uiidei sides cut away so as to give different 
areas of i onlacl. 

F.xi’T. 3<).—Determination of the angle of sliding friction. In Fig. 408 

AH IS a board vvhii h may be 
set ,it different angles to the 
hori/onlal. A bloi k (' is 
placevl on it, and the angle 
IS varied until the block will 
slide steadily down alter being 
assisted to start. Measure 
the angle HAD which AH 
makes with the horizontal; 
this will give the vaj,ue of the 
ang^e of sliding friction. Cal¬ 
culate /» from 

;r = tan HzVI). 

Repeat the experiment using different materials. 

Exrx. 40.— RoSing friction. In Fig. 409 is shown apparatus similar 
to that of Fig. 407, but having a small carriage mounted on vvbecis 



Fia. 408.—Apparatus for dctermmmg the angle of 
• sluling friction. 



1 ' 1'. 4''7 h TH ti"n (if a •.lidcr 
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having bearings constructed to reduce friction as’ much as possible. 
The board should be levelled carefully, and the tractive effort P 
required to draw the carriage .steadily along should be found for 
different loads on the carriage. It is useful to have three or four 
different loads for the carriage to run on; these may be of plate glass, 


_c 



i 



tW\ 

. 


A 


Fig. 409.—Apparaliis for rolling liiction. 

metal, wood and rubber. 'I'he effect of the varying degrees of hard- 
ne.ss should be contrasted by comparing the results foi the different 
road.s, and this may be done easily by plotting tractive effort and load 
for each road on the same sheet of squared paper. 

Exrr. 41.—Effect of speed of rubbing. In Fig. 410, A is a wheel 
which nitty be rotated at differctit speeds by some source of power. 
B is a block which is [iressed on the rtm of the wheel by means of a 
sh.ackle C and a load I). 'I'he block B is restrained from rotation 



by a cord and another load at E. The perpendicular pressure 
between,!,he block and ,the wheel will be kie weight of the block, 
together with those of the shackle, scale ])an and load. The force 
of friction will be nearly equal to the combined weights of the scale 
pan and load at E. Hence p may be determined for different speeds 
of rubbing. It will be observed that the friction is greater on 
starting with both wheel and block cold, and diminishes after a few 
seconds as the rubbing parts become warm. The experiment should 
be repeated with blocks pf different materials. 
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Expt. 42. —Friction of a sorow. Tile screw-jack shown in Fig, 411 
may be experimented on in the same manner as tliat explained in 
Chapter XIV. far other types of lifting machines. 

• 

Testing of lubricants. The mechanical testing of hihricants is 
performed usually by feeding the lubricant into a test bearing, which 
may *be’loaded and run at varying speed.s. I'roviston is made for 
measuring the tor(|ue re(]uired to rotate the shaft and ;tlso for 
measuring the temperature of the oil. There are many different 
form^ of machine. One which has given useful information in the 
hands of Messrs, \V. \V. K. Pullen and IV. T. Finlay at the South- 
Western Pohteclmic* is shown in Fig. 412. A shaft AB is loaded 



Flo. ^la.—Pullcn\ iibictiine fur tcsiiiiij lulriicaiitb. 


with two eijual flywheels C and 1); the central enlarged portion of 
the shaft rui» in a bearing and is lubricated by means of a loose 
ring G, which hangs freely on the shaft and dips into an oil bath ; 
the ling revolves slowly as the shaft rotates. The oil leaving the 
bearinjys spun off by collars F, F fixed to the shaft and having several 
sharp edges to prevent the oil travelling axially along the shaft; the 
oil is thus returned to the oil bath and is used again. K is a gauge 
tube indicating the quantity of oil in the bath. The temperature of 
the oil is controlled by £> U tube H, throui^'h which water jnay be 
circulated. A gas flame in the space J under the bath can be used 
to raise the temperature of the oil. The temperature is measured 
byM thermometer suspended in the oil. The machine is direct 
driven by an electromotor arrajiged as shown in Fig. 'J'he 

motor A has its bearings supported by rollers B, C and I), and is 
* s 

* /’> w . Inst . Meek . Enj ;. 1909. 
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therefore free to rock about its axis. A balance weight is fitted at E, 
and a counterpoise E serves to measure the torque. The shaft 
runs in the direction of the arrow, and the rotor of the machine 



Kit,, d I 5 —ArrAnj^cincnt of elt rir< 7 !iio(or for duving 
I’lilicH’s ni.ichiiie. 


aj)j)lies a torque of opposite 
sense to the stator; this torque 
is balanced by the’ccTunter- 
poise, and is e<jual to the 
torque required to drive the 
oil-testing machine. d’his 
type of machine is very useful 
for testing oils under steady 
load and under different con¬ 
ditions as regards speed and 
temperature. 


KXEKCISKS ON CHAPTER XV. 

1 . A shaft journal is 4 inches in diameter and has a load of 4000 lb. 
If the coeffn lent of friction is 006, find the torque resisting the motion, 
('.ilculalc also the energy absorbed m foot-lb. per minute m ovrrcommg 
friction; to what heat in 1? T.u. is this energy equivalent? The shaft 
revolves 150 times jicr minute. 

2 . A vertical shaft is supported on a flat pivot hc.uing 2 inches m 
diameter and r.imes a load of 150 )h. 'J’he sli.ift ie\ol\cs 300 times 
per minute, l ake |U -oo3, and calculate the moment of the frictional 
lesistance. {<r) assuming that the dr.liibution of bcai mg prcssuic is uniform, 
(d) assuming that the wear is imifoim. In each case calculate the horse¬ 
power absorbed by the pivot. 

3 . The thiust of a propeller shaft is taken by 6 collars, 12 inches 

diameter, the rubbing suifacc inner diameter l)eing 8 inches. The shaft 
runs at 120 revolutions per minute, 'lake /x=o-05, the bearing pressure 
60 lb. per square inch of rubbing surface, and find the liorse-power 
absorbed by the bearing. ^ 

4 . A block weighing W lb. is dragged along a .level table by a force 
P lb. acting at an angle 0 to the liori/ontal. 'I’hc coefficient of friction 
may he taken of constant value 0-25. Obtain the values in terms of W, 
(rji) of P, (d) of the work done in dtagging the Idock a distance of one foot. 
Give the results when 0 u? o, 15, 30, 45, 60, ai^d 75 degrees Plot graphs 
showing the relation of V and and also the relation of the work done 
by P and 0 . 

6. A block ueighing W ib. is pushed up an incline, making an angle 
0 with the horizontal. The coefficient of friction has a constant value of 
0-25. Find in terms of W (<r) the values of the force P lb., parallel to the 
incline, {/>) the woik done in raising the block through a vertical height of 
one foot. Give the tesults for 6 equal to o, 15, 30, 45, 60, 75 and 90 
^ degrees. Plot graphs for each case, (a) and 




379 


EXERCISES ON CHAPTER XV. » 


6. Answer Question 5 if P is horizontal. What is the value of 6 when 
P becomes infinitely great? 

7 . In a screw-jack the pitch of tlie smiare threaded scicw is 0-5 inch 
and the mean diameter is 2 inches. 'I’he force excited ou the bai^ used m 
turning the screw is applied at a radius of 21 inches. Kind tins foice if 
a load of 3 tons is being raised, 'l ake /c —0-2. What is the cfikicm y of 
this machine? 


8 . With the screw-jack given in Question 7, find the foi<c icqinicd at 
the end of the bar in ordei to louci the load of 3 tons. 

9 . Show tlial the hoii/ontal foKc icijuircd to move a weight W up .1 
plane whose slope is / is W'^ wheic //, is the coefficient of fnction 

A riglu- and left-hand scjuaic-tliHsided sc rew ('ptii h 025 inch, nnsin 
diameter of thread i im h) is used .is a slrainei. Kind the couple ie(|niied 
to tighten against a pull of 1000 lb. /i- 015. ( 1 C K.) 


10 . In a i-incli W’lnlworlli bolt and nut take* tlie dimensions as 
follows, pitch, 0125 inch; angle of the V' thread, Chj degiees , mean 
diameter of the thie.id, 08 inch ; me.in r.idius of the lieaiing siufacoof 
the nut, 0-9 im h. Take the (oefficieiU of liution to be 02 foi both the 
SCICW' and the nut. Kind the force recpiircd at the end of a spanner 
15 inches long m older to obtain a pull of 1000 lb. on the bolt. 

11 . A horizontal lever, instead of having a knife edge as a fulcrum, is 

pivoted on .1 pin 2 inches m diameter I he arms of the level .ite 8 imhes 
and 5 feet res|K‘ctivcIy. Ihc coetficicnl of fnction fi/r the pm is 02 
What load at the end of the short aim can be raised by a vcitu.il ])iill of 
100 lb at the end of the long arm ^ (B Is.) 


12 . 'I'he arms of .1 bent lover ACB are at right angles to one another; 
AC IS 12 Indies long and is horizontal , BC is 37 inches long, and li is 
vertically above C. 'i’he lever may turn on a lived shaft 3 inches in 
diameter at C. A load of 2000 lb is hung from A. Kind what horizontal 
force IS re<iuired at B (rz) if A is as< ending, (/z) if A is descending. 'Jake 
the coefficient of fnction foi the shaft to be o-i. 

13 . In the mechanism shown in Kig. 3<y9, the crank OA is 6 inches 
long and lias anli-clczckwise rotation ; the crank pm at A is 2 inches m 
diameter and the width of the slot in tlie bar is 275 inches, 'l ake the 
force P a" constant and equal to 1000 lb. ; find the turning moment on 
the craiiu in each of the four positions wlicn the crank makes 45 degrees 
with the line of P, (uVneglecting fnction, (^) taking account of friction. 
The coefficient of fnction lor all rubbing suifaccs may be taken as o-i. 

14 . In the crank and connecting-rod mechanism of ,m oidinary steam- 
engine, the cr^nk and conm^cting-rod arc 7 inches and 30 inches long 
respectively, 'llie diameter of the crank pm is' 35 inches and that of 
the crosshead pm is 3 inches When the crank has travelled 45 degrees 
from the inner dead point the total force urging the crosshead is 
3coo''lb Find the turning moment on the crank for this position, taking 
/i for the crank pin and crosshead ijin to be o-o6. Find both angles in 
which there is zero turning moment on the crank. 

16 » Determine an ’expression for the work absorbed per minute in 
overcoming the friction of a collar bearing. State the assumptions made 
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in deriving the formula. The thrust in a shaft is taken by 8 collars 
26 inches external diameter, the diameter of the shaft between the collars 
being 17 inches. The thrust pressure is 60 lb. per s(|uare inch, the 
coefficient of frutioii is 004, and the speed of the shaft is 90 revolution.' 
per mimite. Fiftd the horse-power absorbed by the friction of the thrust 
bearing. (L.U.) 



CHAPTl'.R XVI. 


vp:i.(K;n'v. .ai c'ki.kra’ikin. 

Velocity. 'I'lie Velocity of a liody may l)c tleliiied as tlic lale at 
which the body is changing its position, 'i'he lour elements which 
enter into a body's velocity are: (a) the distance travelled, (/', the 
time taken to travel this distance, (< ) the direr lion in whicii the body 
is moving, (r/) the sense along the line ol dnection , the sense may be 
described as positive or negative. A body having uniform velocity will 
travel equal distances in equal inteivals of time, and the velocity 
may be calculated by dividing the distance by the time. In the 
case of varying velocity, tlic lesull of this calculation will he the 
average velocity of the body. 

The units of lime em|)lo)ed are the mean solar second, minute, or 
hour. The unit of distance may be tlie foot, mile, centimetre, metre 
or kilometre, (lommon units of velocity are the foot per second, the 
mile per hour, the centimetre per second, and the kilometre per hour. 

Let ,1^'distance travelled in feet, 

^ / = time taken, in seconds, 

f' = thc velocity. 

Then v ° feel per second. 

This will be the ijeloeity at any instant if the rate of travelling is 
uniform, and will give the average velocity if the rate is varying. 

Distance-time dia.grams. In Fig. 414, the distances travelled by 
a given bodydiave been s^t off as ordinates pn a time base . 'I'hus 
IA is the distance travelled during the first second of the motion, 
2}i is the distance travelled in the first two seconds, and so on. 6F 
is the total distance travelled in (> seconds. Drawing AG, BH, CK, 
etc., horizontally, it is evident that BG is the di.'itance travelled 
between the'end ofdhe first second and-the bcf'inning of the third, 
CH is the distance travelled during the third second, DK, EL and 
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I'M are the distances travelled during the fourth, fifth and sixth 
seconds respectively. If all these distances were eipial, the lelocity 
W'otild be uniform and the line OF would be straight (fig. 415). A 
Feet 



velocity utiiforin. 


Feet 


straight-line distance-time diagram therefore represents the case of 
uniform velocity. 

Referring again to Fig. 414, the average velocity during the six 
seconds would be obtained by dividing 6F in feet by 6 seconds. 
'I'he average velocity during any second .such as the fourth may be 
calculated by dividing l)K in feet by i second. 

In Fig. 416, let and Fl)=^s\, be the distances in feet 

travelled during the times /, and /„ seconds respectively. Drawing 
AF [laiallei to Ol), the dislance travelled 
during the interval t,~t^ will be 
CE=^s.j-S|. Hence, 

Average velocity dining (he interval BI) 

b ,, 'r''’' 

The actual velocity at any instant of 
the inlcival may differ somewhat from 
this. If the interval be made vFiy small 
VIC may write the difference in the distances b^ the .symbol & and 
the dilTerence in the time by St. 

Average velocity during a smill interval = *1; ■ 


A/ 

--le i 


; 


- -Mrs 

■ LiL. 

il-k c 




Fk.. 416. 


Now let iV, represented by Bl) or AK in Fig. 416, be reduced 
indefinitely until finally it gives us the conception of an “ instant.” If 
i/t is its value when so reduced, and if t/s is the distance travelled, 
then, at the ins'ant considered. 


lis 
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The velocity of a body at any instant may be deseiibed as tlie 
distance which would be travelled during the next second had the 
velocity possessed at the instant considered remained uniform. 

The mathematical calculation inxolved in (1) aboVe is perfoimed 
by use of the rules of the differential calculus (p. ij). 


Exampi.k. Suppose the C(|U.ttion comiccting r .uul t for the motion of 
a given body to he f -.hr/* 

wherein is a constant, bind the xelocity at any uisl.int. 


ih 
■ ,// 


,/ 

,lt 


(hr/*) 


.- hr X 2/ 

-- ill. 

If the time up to the reciuired instant be inserted 111 this result, the 
velocity at that instant will be obt.iined. 


In dealing with a moving point in a machine the space time 
diagram may be drawn by setting out the mechanism in a ininiber 
of positions differing by eiiual intervals of tune, and then measuring 
the distances travelled by the point in (luestioii. I he average 
velocity over each of the intervals may be obtained vciy closely 
from the diagram. 

ExamI'I.K I. A iigid bar AH, 3 1 feet in length, moves so that one 
end A is aivvaj's in O.X (Fig. 417), and the other end H is alw.ijs in 0 \, 
which is perpendicular to OX. A is 
at first 3 feet fiotn 0 anti travels to 
O in 6seconds with uniform velocity. 

Draw the spaCe-lime diagr.im for H. 

Divide AO intoscx e<|ual intervals 
as shown. A will tiaveise each 
interval in one secontl. 

V'eloidty of A (uniform) 

- ;j = o-5-’foot per sec. 

Find the positions of H for edih 
position of A ; these are numbered 
l', 2', 3', etc. ta coirespond Uith the 
numbering of the positions of A. 

Measure lit'. Be', B3', etc; these 
will be the distances travelled by B t'". f?. -A ' 

in I, 2 and 3 seconds respectively, 

Chtxtse suit.fble scales and draw the space-tune dnagram (Fig. 418), by 
setting off the dista.ices travelled by B up to th,c stated times. ’1 he 
mititbering t', 2', 3', etc. in this diagram agrees with that in Fig. 417. 
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Example 2. Find from Fij^. 418 the average velocity of B for each 
interval of tune and draw a velocity-time diagram. 

The averaj^e velocity during the third second may be obtained by 
dividing H3'm (ect by 0-5 second. It is preferable to measure 33' and 


Feet 



22' and take the difference as the value of H3'. The average velocity so 
calculated may be taken to be the actual velocity at the middle of the 
interval, and is set off as BC in Fig. 419, which is the velocity-time 
diagram. It is best to set out the quantities in a table thus : 


Interval No. 

OrUiiiate. 

Distance 
in feet 

1 )ilTerence in 
distance, feet 

Aver.'ijje velocity 
^difference —I .sec. 
h'eet per sec. 

0 

0 

0 

I-06 

j-o6 

I 

1 l' 

1-06 

0-53 

0-53 

2 

22' 

33' 

I '59 

0-35 ■ 

0 -yj 

3 

■•94 

0 22 

0-22 



44' 

2-|6 

0-1 I 

on 

5 

55 ' 

2-27 



6 

66 ' 

2-30 

003 

' 

003 


The bst column is plotted at the middle ot’the intervals m Fig. 419; a 
fair curve through the plotted points gives the required velocity-time 
diagram. 

A useful property of the velocity-time diagram is that its area 
represents, the. distance travelled. The distance is equal to the 
average velocity multiplied by the time, and the average velocity 
evidently will be given to scale by the average height of the diagram. 







while its base represents the time to S:aje. The area of the diagram 
is its average height multiplied by its base and therefore represents 
the distance travelled. 'I'o 
obtain the scale: 

Let 

I inch of height represent v 
feet per second, 

I inch of length represent / 
seconds. 

Then 

I sipiare inch of area repie- 
sents vt feet. 

Hence, the area of the velo¬ 
city-time diagram, in scpiare 
inches, multiplied by vt will give the distance travelled. 

Acceleration. Acceleration means rale of change of velocity; it is 
measured by dividing the change in velocity by the time in which 
the change is effected. Tlie change in velocity may be cither positive 
or negative, dejiending on whether the velocity is increasing oi 

diniinisliing, and the accelera¬ 
tion will have the same sign. 
If the change in velocity is 
slated in feet per second, and 
il the time in which the change 
takes place is stated in seconds, 
then the units of the accelera¬ 
tion will he feet per second per 
Second. 

Acceleration may he studied 
from the velocity-time diagram. 
Fig. 420 shows such a diagram 
in which a velocity occurs at the end of a time /[ and a velocity 
V., at the end of ; these velocities are represented by All and 
CD respectively. The change in velocity—an increase in this 
ease—is DJi. 

Change in velocity = v., - . 

Time in which^this change is effeoied = - /,; 

.'. Acceleration during the interval AC r’. (0 

‘2 ~ ‘1 

This expression will be strictly correct if the gain in velocity is 

D.M, 2 1 ) 



Ftc. 420.—Deduction of accclf'r.ition from a 


feet per sec 








acquired uniformly throughout the interval, in which case BT) would 
be straight. If BD i'i> curved, then the value given by (i) will be the 
average acceleration over the interval. The acceleration at any 
instant may be calculated by diminishing indefinitely, when 

Acceleration = ^.(2) 


In the interval FH (I'ig. 420), the change in velocity is a decrease, 
shown by GI-. 


feet per sec 
Z 


If the acceleration at A is positive, that at F will be 
negative. At M, where the tan¬ 
gent to the curve is horizontal, 
there is no change in the 
velocity over an indefinitely 
small interval of time, and 
hence there is no acceleration. 

An acceleration-time diagram 
may be deduced from the 
velocity-time diagram by the 
method already applied in 
Example 2, p. 384, for obtain¬ 
ing a velocity-time diagram from a space-time diagram. 'I'he average 
acceleration over any interval is set out as an ordinate at the middle 
of the interval. 



Seconds 

Fic. 421.—Velocity-time diagram for tlie point H 
in Fig. 417. 


Example. Taking the data of Example i, p. 383, and the velocity¬ 
time diagram (Fig. 421, redrawn from Fig. 419) from Example 2, p. 384. 
draw an acceleration-time diagram. 

The tabular foim of calculation may be adopted as follows : 


Interval No. 

Ordinate. 

Velocity, 
feet per sec. 

Change in ve! , 
feet |>er sec. 

Average act eler.itton 
= change in vel — i sec., 
feet per sec. per sec. 

0 

00' 

.■87 






- 1-20 

- 1-20 

I 

11' 

0-67 

-025 

-0-25 ^ 

2 

22 

0-42 




33' 


- 0]5 

-0-15 

3 

0-27 

-O'lO 

-O-IO 


4 

44'' 

0-17 




55 ' 


- 0-09 

-'009 

5 

o-o 8 

-0-08 

-0-08 


6 

6 

0 




i 
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The last column is plotted at the middle of the intervals as shown in 
Fig. 422, and a fair curve is drawn through the plotted points, thus 
obtaining the acceleration-time diagram. 



Seconds 


Fio. 4J2.—Acccleratioii-titne diagram for the polnl lit Fig. 417 . 


If the distance travelled is given by an equation connecting s and 
t, the acceleration may be found by two successive dilTercntiations. 
Thus; Let 

where r is a constant. Then 

I* 


dv 

''dt 


d~s 


The indices in 


d"-! 

~dt'^ 


simply indicate that s has been differentiated 


twice with respect to t (p. 12). 

Equation^ for uniform acceleration. Reference is made to Figs. 
423 and 424, the former showing the velocity-time diagram for a 



body starting from*rest; Fig. 424 shows the dia^ain if the body starts 
with a given velocity in both cases the acceleration is uniform. , 
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Sliirting from rest (Fig. 423): 

r^=the velocity in feet iter second, 

/-the time in seconds taken to acquiie v, 
,r = lhe distance tra\oiled, in feet, 

«^the acceleration, feet per .sec. per s'-c. 


Hy delinition. 


7 ' 




V at. 

.. (,) 


i - the average velocity x /, 



. B - Jvt. .. . 

(2) 

Or, 

1 ^ the aiea of the diagram 
= / X Ir'--/ X Irt/ (liom(i)), 



’■ B Aat'. 

■■ ■■ (3) 

Fiom (I), 

/ 


(1 


Insetting this in (3), 

1 2 '“ . 

" <1- 2a 



.'. v---2aB. (4) 

Staitmg with a \eloclty 7 \ (Fig. 424); 

Let 7'i and ?c=^the initial and final \elocities lespeetively 

ill leet per second, 

/ - the time in .seconds iti which 7 ’, increases 
to 71.,, 

,r -=tlie distance tiavelled, in fee*, 

I! - tlic acceleration, in feet [ler sec. per sec. 


Then 

V., - V, -- at. 

r = the average velocity x / 

/V, + v.,\ 

■■ (5) 


•• ■ 

.. {(,) 

Or, 

s ^ the area of the diagram 
= rectangle OCl.)A +triangle tDB 
= 7ij/+(/x JDB). 


Also, 

BD = rt/; 



.'. s =v,t4-Jat'‘. 


From (5), 

n 
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Inserting this in (6), 

2<l 

V,- - V,- ^2a8. ... .(8) 

'The case of a body falling under the action of gra\ity is one of 
nearly uniform accclcralion. I’iic acceleration would be (|uite 
constant, but for llic lcsl^ta^lc tilfcrcd by the alino.sjihcrc, and for 
the iact that a body weighs less when at a height alum* the surface 
of the earth. 'I hc* symbol x tised to denote the ac'cc.'leration of a 
body falling freely, that is, negh'cting atmospheric rc'sisiances. d’lie 
value of .g varies to a small extent, being about 3:-o<S.S feet per second 
per second at the e^iuator and about 32-252 at the poles. 'J'lie value 
32-2 may be taken for all [larts of the British Isles. The ecjuations 
found above may be modified to suit a body falling freely, by writing 
4'-instead off/, and the height h feet instead of j. 

Composition and resolution of velocities and accelerations. A 
given velocity i.s «a vector quantity and may be reprexsented in the 



Fl<.. 425 —Trianclc .tn ‘1 parallelogiani of 


same iiiantur as a fnn i; by a stiaiglit line havinjj an arrow |)oint. 
Hence |>rol)leins iinolviiif,' the rc.soiulion or composition of velocities 
may be solved in the .same way its lor lorces by tbe appliration of the 
triat g''* or polygon of velocities. 

Let a jtoint A have component velocities and in the plane 
of the paper (Fig. 425). T he resiillant velocity may be found from 
the triangle a/v in which afi reitresent.s A',, A' repre.sents VL and nc 
gives the re^illant veloefty V which should,he shown applied at A. 
A [taralleTogram of velocities, .A BDC, may be used by making AI! = V, 
and AC = V.,; the diagonal AI) gives the resultant velocity. 

Rectangular components of a given velocity V (Fig. 426) along two 
axes OX and OY may be calculuted from 
V;j = V cos u, 

V,, = V sin It. 
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Example. A bojly slides dowr\ an incline of 30“ 427) with a 

velocity of 10 feet per second. Find the horizontal and vertical com¬ 
ponents of its velocity. 

Vcos3o*= lox —- = 8-66 feet per sec. 

V„ = Vsin 30®= lox J = 5 feet per sec. 

It will be understood that, as acceleration has magnitude, direction 
and sense, this (quantity can be represented also by a straight line 



having an arrow point. Troblems involving the composition and 
resolution of accelerations may be solved by <fsc of the same con¬ 
structions as for velocities. 


Example. A lx)dy slides down an inclined plane with an acceleration 
a feet per second per second (Fig. 428). If the plane makes an angle a 
to the horizontal, find the component accelerations Or) notnial to (he plane, 
{d) vertical. 



Make OA to represent ti to scale and draw the 
parallelogram of accclciations OBAC, OB being 
normal to the plane and OC being vertical. The 
angle OBA will be equal to a. Hence, . 

OB 

and Normal acceleration=^L{ = rzcot a. 

A1 OC 

Also, ;r^=COSCCa, 

OA ' 

and Vertical accelerationcosec a. 


The relation of an and a, is given by 


an 

av 


CA 

oc" 


rtn—r/vCOSO. 

Angular velocity. When a body fs rotating about a fixed axis, 
the radius of any point in the body turns through a definite angle 
in unit time. The term angular velocity is given to the rate of 
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describing angles, and may be measured in revolutions per minute 
or per second, or, more conveniently for the purposes of calculation, 
in radians per second; the symbol m is taken usually to denote the 
latter. • 

Since there are 2tt radians in a rom[)lete revolution, the connection 
bett^een w and N, the revolutions ])er minute, will be 


N 

- 27r ~- 
6o 


3 ° 


radians per .second. 


Het a line OA (Fig. 421;) have unifoim speed of rotation in the 
plane of the [laper about () as lentre. The point A will have a 
uniform linear velocity v feet ])er second in 
the circumference of a circle; let r be the 
radius of the circle in feet. It is evident 
that the length of the arc described by A 
in one second will be v feet, and the angle 

subtended by this arc will be radians. 0.\ 
r 

turns through this angle in one .second, hence 
its angular velocity is 



radians per second 


, .429. —Kr.I.itKiii ofanytilMt 
am! liiicMr vclociticb. 


It will be noticed that the linear velocities of other points in the 
line OA will be proportional to their radii, hence such velocities will 
be unequal. The same numerical result will be obtained for the 
angular velocity by dividing the linear velocity of any point by its 
radius. It is obvious that, under given conditions of speed of 
rotation, ah radii of a body turn through ecpial angles per second, 
hence only one numerical result is possible for the angular velocity. 

Equations of angular motion. In uniform angular velocity equal 
angles arc described in equal intervals of time. T’he total angle a 
described by a rotating line in a time t seconds will be, if the angular 
velocity « is uniform, , = radians. . 

If the angular velocity vaiies, the body is said to have angular 
acceleration.* Angular ac^'eleration is measu[od in ladians per second 
per second and is written Suppose a line to start from rest with 
a uniform angular acceleration D, its angular velocity at the end of / 


seconds will be 


M = 6t, radians per second.(i) 


The average angular velocity will be Jo, hense tl>c total angle 


described will be * 




(2) 
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Substituting for m from (i) gives 
Again, from (i), i' = ^> 

U 

Substituting this value in (3), we obtain 
a^W'" 


•(3) 




0)2 
2 ^ ’ 




= 20a. 


.(4) 

It will be observed that the above results are similar to those given 

on p. 388 for rectilinear motion with the suljstitution of o for v, and 
0 for a. Making these substitutions, we may obtain the cot responding 
equations for angular motion when the body has an inititil angular 

"’i- .( 5 ) 

.( 6 ) 

. ( 7 ) 

, ,(S) 


- t- 


a =5 lUjt + Jet-. 
—29a. . 


The relation between the linear acceleration of a point in a revolving 
line and the angular acceleration of the line will be given by 


Q- radians per sec. per .sec.. 


(9) 


where 


a = linear acceleration of A (Fig. 429) in feet per .see. per sec., 
r ~ radius of A in feet. 

Defining the atigular velocity of a rotating line as its rate of 
de.scribing angles, and its angular acceleration as the rate of change 
of angular velocity, sup|)ose a line to describe a .small angle Sa m 
an interval of time S/. The average angular velocity during the 


interval will be 


Sa 

^S/‘ 


If 3 a be taken indefinitely .small and written da, the time d/ in 
which it is traversed will bo our conception of an instant, and the 
angular velocity at this instant will be ' 

da , 

“ = . 

If the angular velocity alters by a small amount Su during an 
interval of time ht, then 

3ii) 


Average angular acceleration - 6a = 


U 
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If these be reduced indefinitely, the result will give the angular 
acceleration at the instant considered, vi/., 

„ /fw d'-<i I , 

.‘. 

The results (lo) and (ri) arc suitable for application of the rules 
of the*(finereniial calculus (p. 9). 


Example r. An engine starts from rest and acquires a siwccl of 
300 revolutions per minute in 40 seconds from the stait. What has been 
Its angular acceleration ? 

500 

<0 - . • ZTT --- lOTT 

60 


= 31-41 radians per sec. 




oj 31-41 
/ 40 


= 0-785 radian per see. per sec. 


Example 2. The driving wheel of a locomotive is 6 feet m diameter. 
Assuming no slipping between the wheel and the r.nl, uliat is the angular 
velocity of the wheel when the engine is running at 60 miles per hour. 

. 5280x60 00 r 

Velocity of cngine= ^ . - = 88 feet per see. 

00 X 00 


As the distance travelled in one second is 88 feet, we may find the 
revolutions per second of the wheel by imagining 88 feet of rail to be 
wrapped round the circumference of the wheel. 

88 

Number of turns = ; 

TTtl 


■ I'^volutions per sec. 


88x7 
22 X 6 


=4-67. 


(i) = 4-67 X 27r 

~ 29-33 radians per sec. 

Outlie following method may be used. Referring to Fig. 430, if there 
is no slipping, the p»int A on the rim of the wheel is in contact with the 
rail for an instant and is therefcre at rest, ftence the whole wheel is 
rotating about A for an instant. The angular velocity will therefore be 

. * velocity of O . 

' OA 


88 

3 


= 22^radian!> per sec. 


Exampi.h; 3. Using the data oT Example 2 and referring to Fig. 431, 
find the velocities o{ the points on the rim of the jhcel marked li, C and 
D, supposing no slipping. 
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111 answerm^r this, it will be assumed that the wliole wheel is rotating 
about A for an instant, and that the velocity of any point is proportional 




Kig. 410.—Angular velocity 
of .1 rolling wheel. 


Flo 431. - Velocities of points 111 
a rolling wheel 


to the radius of that point from A as centre and has a direction perpen¬ 
dicular to th.it radius. 

The angular velocities of AB, AC .iiul AI) are equal and are given by 
the angular velocity of ()A in Fig. 430, viz. 

(ti--29-33 i’*vdians per see. 

AI.S0, = ; 

. 7/j,-29-33 xAB 
-2933X3V/2 
-- 124-4 per sec. 

74 - 29’33 X AC 
^-29-33x6 
--176 feet per see. 

79) = 29-33 xAI) 

= 29-33X3C2 
^ 124-4 feet per sec. 

Angular velocity and acceleration diagrams. Diagrams showing 
the angle traversed, the angular velocity, and the angular acceleration, 
all three on bases representing time may be drawn by the same n>..,diods 
as have been explained on pp. 381-387 for linear velocities, etc. 
The angle traversed is 'treated in the same manner as the distance 
travelled and an angle-time diagram is drawn. 'I'hc angular-velocity 
diagram >;s then deducetj from the angle-tinfe diagram aud an angular- 
vclocity-time diagram is drawn. The angular-acceleration-time 
diagram may then be deduced from the angular-velocity-time diagram. 

'Velocity changed in direction. Hitherto the acceleration due to 
changes in the magnitude of a body’s velocity alone have been con¬ 
sidered. I'herc may^be also changes effected in Jhe direction of the 
velocity, and such will give rise to accelerations. 
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Let a point move along a straight line AK (Fig, 432 (o)) witli a 
velocity ; on reaching the point 15 , let the ])oinl move along I 5 (' 
with a velocity 7>.,. To tlelermine the (hange in velocity which has 
taken place at 15 , the following method may he us^d, Sto]) the 
point on reaching 15 by applying a velocity etitial and o|)posite to ; 
this is j-spre.sented by 1)15 in the figtirc. The iioint now being at 
rest can be dispatched along atiy line with any velocity; to comply 
with the given conditions, give it a velocity ?■, in the line 15 C', re|)re- 
senled by lvl 5 m the figure. The total 1 hange in velocity has coiii- 
ponents represented by 1)15 and FIS : hetice the parallelogratn KDFIC 
gives FB^ t'o as the resultant or total 1 hange m velocity. 



A convenient constrtiction is shown in Fig, 432 {/>). 'Fake any point 
(), and draw 0.\ and ()(i to represent completely fj and res[)ec, 
tively. 'J'heii the chatigc in velocity will be At.! - 7 V- 'I'he seii.se of 
the change in velocity may be found liom the rule that it is directed 
from the end A of the initial velocity Imvards the end (i of the final 
velocity (Fig, 432 (/<)), 

I'or reasons that will be aiiparent later, it is not possible to make a 
body take a-s^tidden change in velocity; the transition from AB to 
B (5 in Fig, 432 (cr) will take place along .some ctirve, such tts GHK. 
This makes tio difference in the construction for finding the total 
chan^^e h, velocity. Suppose that the body takes t .seconds to pass 
from G to K .along the curve, then this gives the time taken to effect 
the total cliange in telocity 7v. Hence, 

Resultant accclcr.ation = 

and has the sime direction and sense as 7y. , > 

Motion in a circle. A small body moving in the circumference of 
a circle with uniform velocity v is contintually changing the direction 
of its velocity. At any point of the circumference the direction of 
the velocity will be along the tangent; at 1 ', (Fig. 433 {a))_the velocity 
will be 7'| = 7', and 41! I’j the velocity will be v„ = v. To obtain the 
change in velocity between Pj atid IT, draw the tiiangle OAI 5 
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(Fig. 433 (/;)). AB = 7 ’t will be the change in velocity, and is shown in 
Fig. 433 (a) passing through the point C where and v., intersect. It is 



Fig. 433.—Motion in .a circular path. 




evident that if tv be produced it w'ill [vass through O,, the centre of 
the circle, and this will be the case no matter what may be the 
positions chosen for F, and F.^. The acceleration due to 7 v "ill also 

pass through Oj. The follow 
ing method may be used to 
obtain the acceleration. 

Referring to Fig. 434, in 
which a point F is moving in 
the circumference of a circle of 
r.adius R with uniform velocity 
V. At F, the velocity v^ is 
along the tangent, and its hori¬ 
zontal and vertical components 
will he t>| sin ii|‘'’and cosu, 
respectively, where a, is the 
angle OFj makes with the hori¬ 
zontal diameter All. Si"ularly 
at P.j, the .components will be 
sin a, iind v., cos u, re,s[)ectively. As = tv = v, we have 
Change in horizontal velocity = t’ sin f -sin <<1 
= t'fsinVj - sin n,) 



Fit.. 4J4.—Acceleiution of .1 point moving in the 
circumference of .1 circle. 


') 


= j^(F.,M,_,-F,M,) 


/F^I, 

'“'VdiV 


OF, 


= |.I,K. 


•(■) 
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Again, the time, /, taken to pass from Pj to P„ will Ire the time in 
which this change in velocity has been effected, and may he cal¬ 
culated from j) p _ ^,1 

. ^ 

Hence, Horizontal acceleration of 1' '^y 

/ 

v- P.,K 

■■ R ■ P‘P.'. 

If u, and are very neatly ecpial, the angle P,OP., will be very 
small and the ate P,P_, will be a straight line piactieally. The angle 
P,P,K will be eipial to Uj. lienee, 

I’.K 


hoii/ont.d acceleration of 1’ cos .(.|) 

I his acceleration will be diicctcd alwais towards the vertical 
diameter NS, as the sign of the acceleialion will be the same as that 
of cos a. 

I^et P be at A. 'I hen « - o, l os « - i, and the act t leiatioii will be 

'' R.(5) 

and will be diiected along AO. As any lelt leiit e diamelei might 
hare been taken instead ol AB, it follows that for any position ol P, 
the acceleration towards the centre of the circle will be given by (5). 
The result will be in feet [ler scctaid per second il 
r>-'the velocity in feet per second, 

R = the radius of the circle in feet. 

'I’he acceleration may be stated 111 terms ol the angular velocity by 
writing' j, 

, or t) = (.jR, 


From (s). 


Example i. A motor car is travelling at 20 miles per hour round a 
curve of 600 feet radius. What is the acceleration towards the centre of 
the circle? 00 

5280 X 30 88 . 

2'=^7->— = — feet per second, 

60 X 60 y-* ’ 

,v^ 88x88 , r . 

„ =-^ - = 1-434 feet per sec. per sec. 

R 3 X 3 x^ ^ 
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Example 2. What is the acceleration, towards the centre, of a point 
on the rim of a wheel 4 feet diameter and running at 300 revolutions per 
minute ? w = ^ 217= loir radians per second, 

rt = iu*R = 100 X y X Y X 2 
= 1975 feet per sec. per sec. 

Simple harmonic motion. In Fig. 435, the point P travels in the 
circumference of the circle ANBS with uniform velocity 71. Drawing 
PM perpendicular to the diameter AB, it will be noticed that -M, the 
projection of P on AB, will vibrate in AB as P rotates. The velocity 
and acceleration of M at any instant will be the horizontal com¬ 
ponents of the velocity and acceleration of P, viz. 

V = 7)sintt =tuRsina.(i) 

a = cos a = ID- R cos a, .(2) 

where R is the radius of the circle. 

The vibratory motion of M is called simple harmonic motion. One 
of its [iroperties is that the acceleration is directed always towards 

the middle point O of the vibration. Again, since cosa^^^, and 
is therefore proportional to OM, the acceleration is proportional to 




OM, the distance of M at any instant from the middle of the 
vibration. When M is at A, the acceleration is proportional to OA 
and is positive, i.e. directed towards the left; when M is at B, the 
acceleration has the same value, but is difected towards the right and 
is negative, M has no acceleratidn when at O. An acceleration 
diagram may be drawn by erecting ordinates .AA' and BB', each 
equal to R, on the diameter AB and joining A'B' (Fig. 436). Any 
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ordinate MC will then give the acceleration for tt\p jxisiition M. The 
scale of this diagram is obtained from the consideration that when P 
is at A (Fig. 435), cos 11=- 1 and (j = a'-R; hence the scale is such 
that AA' = w'-'R. As the diagram has been drawn on a distance, not 
a time, base, it may be called a dlstanoo-aoceleratlon aiagram. 

The velocity of M at any instant is proportional to sinu. Now 

PM , . • 

sfno = -^jj (Fig. 435), and is therefore proportional to PM; hence 

the velocity is proportional to PM. 3 \'hen M is at A the velocity 
is zero, and has also zero value at ]!. Maximum velocity is attained 
at 0 , when V = r. The circle in Fig. 435 is a velocity diagram on a 
distance base .A 15 , as any ordinate I’M will give the velocity of M at 
the instant considered, the scale being such that ON represents v. 
V is positive, i.e. towards the left, if I’M is above A 15 , and negative 
if PM is below Ali. 

Velocity-time and acceleration-time diagrams may be drawn by 
noting that, as the velocity of P in Fig. 435 is uniform, equal angles 
will be de.scribed l)y 01 ’ in equal times. Divide the circle into 
twelve e(|ual angles of 30" each, and calculate V ■= f sin a, and also 
v~ 

rt = j^cosa for each itosition of 1 ’. Set off a base of angles from 
0° to 360° (Fig. 437), and erect ordintites haring the calculated values 



Fig. 437..#Velocity.tinie and acceleration-time diagrtiiA for simple harmonic motion, , 

V and a. The base represents angles or time to different scales; the 
scale of time is such that the total length of the base line represents 
the time of one revolution of OP in Fig. 435. 

Fig' 399 *(P' 37 *) 'hows a well-known mechanism, used in pumps, 
which realises simple harmonic motion. The slotted bar has a 
sliding block, in which is bored a hole to receive the crank pin. 
The vertical comoonents of the velocity and acceleration of the crank 
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pin are thus eliminated, and the horizontal components alone are 
communicated to the piston rods. 

The time of a complete vibration in simple harmonic motion from 
A to B and back again (Fig. 435) may be estimated from the fact 
that it will be equal to that of a complete revolution of P. 

Let T- the time of one vibration in seconds. 

* z^ =the velocity of P, in feet per second. 

K = the radius of the circle = the amplitude of the 

vibration, in feet. 

Then 7/r=27rR, 


T= 27 r 


R 

V 


R 27 r 

(i)R (0 ' 


(3) 

■ ■ (4) 


where w is the angular velocity of OP in radians per second. 


Ex\M1'I.e. a point IS clesciibing simple haimonic vibi.ations in a line 
4 feet long. Its velocity at the instant of passing through the lentre of 
the line is 12 feet per second. What is the time of a complete vibration i 
,j, _ zirK 

wheie R is 2 feet and v is 12 feet pei second. Hence, 


=-j_o£ seconds. 

Change in angular velocity. A given anguhir velocity may be 
represented by means of a vector in the following manner. In 
Fig. 438(a) is shown a wheel rotating about an axis OA with an 
angular velocity w. A person situated on the right-hand side sees 
the wheel rotating in the clockwise direction, and may represent 
the angular velocity by drawing a line OA perpendicular to the 
.plane of rotation of the wheel and on the same side of this plane 
as the person is situated. OA is made, to scale, of length to 
represent u. A person situated on the left-hand side will see the 
wheel rotating in the anti-clockwise direction, and may represent 
the angular velocity by means of a perpendicular to the plane of 
rotation drawn on the opposite side of this plane. Bofh observers 
vvill thus agree in erecting the perpendicular on the same side of the 
plane of rotation. The perpendicular represents the magnitude and 
direction of rotation of an angular velocity in a plane perpendicular to 
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the line, and will thus obey the same laws as a vector. I'wo or more 
component angular velocities represented in this way may be dealt 
with and their resultant found by means of a trianj^le or polygon of 
velocities. 

In Fig. 438 (<i) the wheel is renolvmg in a \ertieal |)lane; at 
the .same time its axis is revolving in a horizontal jilane as indicated 
by the arrows at the ends of the asis. .A [ilan of the wheel is given 
in Fig. 438(/'); 0 .\ represents the angular velocity ol the wheel at 
one* instant, and 0 ;V represents its angul.ir veloeitv afler a short 
interval of lime during which the wheel has tinned hori/ontally into 
the position indicated by doited lines. Since ().\ and 0 ,\' represent 
the initial and final angular velocities respectively, it follows, by the 
same reasoning a.s for linear velocity (p. 395), that the change in 



angular velocity is represented by AA'. The actual change in angular 
velocity takes place in a plane perpendicular to A.A', i.e. a vertical 
plane in the given case, and is ami-clockwise to an observer situated 

at*ii. 

It may be of ansistance to the student to consider the problem from 
the point of view of linear velocities. In I'ig. 439 (a) is given a plan 
of the wheel. OA represents the initial velocity of a point on the 
top of the (ftieel; 0 . 4 ' represents the final •.elocity v.^ of tttb point on 
the top of the wheel; AA' represents rv, the change in velocity of 
this point. In the same way BB' represents ry, the change in linear 
velocity of a point at the bottom of the wheel. Fig. 439(/') shows 
the.se chatiges in linear velocity ift their proper positions, and indicates 
that a change in aggular velocity is taking plxce in a vertical plane 
containing the axis of the wheel. 

D.M. 2C 
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In Rg. 440 OA rt-presenls m, tho angular velocity of the wheel. It 
will l)c evident that the sucaessive additions of small changes in 
angular velocity such as th.it represented by A.\' wdl l ause A to 
descrdie a I oniplete circle. The total change 
in angul.ir velocity during one rotation of the 
wheel axis in the horizontal plane will he the 
^ circumference of the circle, and will be giien by 
A 

Thange m angular velocity = 2™. 

If this result be divided by the lime taken by 
A in describing the complete cirde, /c. the time 
Fa.. no.-l‘l.sn of ihcwheri ill wliicli tile wliccl axis makes oni’ complete 
,>ho«n 111 tIK. < 18 rotation in the hori/ontal pl.ine, the risult will 
give the angular acceleration. It is evident that the angular aiTclera- 
tion will take place in the same plane as that in which the 1 hange in 
angular velia'ity occurs, vi/. a veilical plane containing the wheel axis. 

Belative velocity. I he relative velocity of two bodies may be defined a« 
tbe velocity whlcb an observer situated on one of them would perceive In the 
other. An observer in one of two trains, moving side by sale with 
equal velocities of the same sense, would perceive no vciocit) in the 
other and would therefore say that the relative velocity is zero. If 
the train carrying the observer h.is a velocity of go miles [icr hour, 
and the othei, one of ,55 miles per hour, he will see the other train 
moving past him at a rate of 5 miles |)er hour, which velocity he 




would call the relative velocity of the train* Had the trains been 
moving in opposite diiectUm.s, the relative velocity would De 65 miles 
per hour. A .stream of water moving at 8 feet per second reaching a 
water wheel, the buckets of which are mov ing away from the stream 
at 6 feet per second, will enter the buckets with a relative velocity of 
2 feet per second. 

If two bodies .A and 1 ! have velocities a.s shown at \\ and Vb 
(F ig. 441 (11)), their relative velocity may be obtained in the following 
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manner. Stoj) A by tii'ing Ix)tli A ami 1 ! a \eUx:ily V* o(|iial anti 
opposite to that originally possessetl by A ; this arlitice will not alter 
their relative velocities. 1! has now eoniiwnent velocities \’i, ami 
V^, the resultant of which is V,.. As A is at test, the velocity of 11 
relative to A will be Vr. 

In •(Mg. 442, 1 ! has liecn brought to rest by giving both A and 1 ! a 
veltxtity V„ etjual and opposite to that originally |xissesscd by It, 
'I'be resultant velocity of A will now 
Ire Vr, and, as 1! is at test, this will be 
the velm ity ol A relative to 11 . 

It will be clear that Vr in Kig. 441 (ii) 
is eiiual and opposite to A'r in big 442, 
showing that the velocity ol I! relative 
to A is eipial and opposite to the 
velocity of .\ relative to 11. 

A convenient constiuction is gneii 
in big. 441 (A) broin any point O diavv ()A atid Ol! to represent 
respeitively \\ and \’i,, both being pl.iced so that the senses are 
away from O. 'rhen AH represents the relative velocity of sense 
from A towards 1 ! if the velocity of 1! lelative to A is reiluircd, 
and of o|)|osite sense it the velocity of ,\ relative to 11 is rc'nuired. 



V''* 


Vclixily of A rclalive to H. 


KXKKClSK.S OX CHAIOKR XVI. 

1 . in a nank and connci tiii^-iod inorhamsin, ihc < lank is i foot and 
the (onncirod is 4 feet in Icnj^ih. Ihc line of stroke of the cross- 
head pin \ '^scs (liruu^h the a\is of the crank shaft. Kind, by diawinj.;, 
the distances of the cros.shead fioin the beginning' of the stioke for ciank 
inter\als of 30’ throughout the ie\oluiH>n. Dot a distance-time diagram. 

2 . Use the d.ita obtained in the solution of Question 1, and calculate 
lli^rnean velocity of the c rosshead for each interval. The crank rotates 
unifoiml) at 180 icvolutions per minute Diaw a vclority-timc diagram. 

• 

3 . Using the results of Question 2, calcUlalc the mean acceleration 
for each interval. Plot an acceleialion-timc diagram. 

4 . Answer Questions*i, 2 and 3 for the,case m wdnch^lhe line of 
stroke of the crosshcad passes the axis of the crank shaft at a distance of 
6 inches. 

5 . The distance between two stations is i-6 miles. A locomotive, 

starting from one station, gives the train an acceleration of 25 miles per 
hour in o-5^iinutc until the speed feaches 30 miles periiouu. This speed 
IS mamlamcd until brakes are applied and the (ram is brought to rest at 
the second station tinder a negative acceleratit)n of 3 feet per second 
per second. Find the time taken to perform the journey. , 
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6. The distance travelled by a body is ^iven in feet by tlic cqualnm 
^=o*02/‘'‘+3, t l>eing the time in seconds from the start. Find llie 
distance travelled, the velocity and the acceleration at the end of 
4 seconds, starlinif from rest. 

7 . A body, falling fieely under the action of gra\iiy, passes two 
points 30 feet apart vcrtually in o-2 second. Fiom what height above 
the higher point did it start to f<dl.^ 

8 . A body is tiiiown upwards from the fiM)t of a ( lift* 40 feet high and 
readies a lieight of 12 feet aliovt* the cliff. It finally alights on the ( lift* 
top. Find the total time of the flight and the initial velocity. 

9 . A l)0(ly slides down a plane im lined at 10 degrees to the liori/ontal 
under the ai lion of gravity. Wh.it is the acccicialion in the diiei lion of 
the motion, neglcding frictional elfcds.^ Supjiose tiie bodv lo st.iit fiom 
rest, wliat will be the velocity aftei it lias travelled 12 feel 

10 . A bo.ii IS steered across a nvei too \aids wide in sudi a way that, 
if theie were no ( nrienl, its hue of motion would be at ip degioes to the 
banks. A( tu.illy it UMihes a point 40 yaicK fmthei d*)wn slieam, and 
t.ikcs 3 minutes to (ross. What is die speed of the 1 imenl ? 

11 . A j)istol tires a bullet with a vehxuy of 1000 feet per sei'ond. 
.Suppose It to be fned by a person m a ti.im tiavdlmg at fxD miles pei 
hour, {< 1 ) foiward in the line of the motion of die ti.im, (A) baikuaid 
along the same line, (<) in a line p.irallel to llie jiaititions of the com¬ 
partments, and (alculalc m c;i< h case the resultant \elo( ity of the bullet. 

12 . A wheel slows from 1:0 to 110 revolutions pci niimUe. What has 
been the change m angular \elo(ily m ladians per second^ If the 
change look pin c in 2 inmutes, find the angul.u .i< celeiation 

13 . A tvhcel starts fiom rest and a( (pines a speed of 150 icvolutions 
per minute m 30 seconds Find die angular ar < delation and the levolu- 
lions made by the wheel while getting up speed. 

14 . Starting from rest, a wheel 2 feet m di.tnictcr lolls vviihout 
slipping thiough a distaiK C of 40 yards in 8 seconds. Find die angular 
acceleration and the angular velodty at the end of the given time. I’lot 
an angular veiocity-iime diagiain. 

15 . Water navels along a hoii7oiUal pipe with a unifoim speed of 
4 feel per second I'he pipe clianges dneciion to the extent of 30 dcgi,‘*'‘s. 
Find the change in the velocity of the walei. 

t 

16 . A wheel 12 inches yi diameicr levolves 18,000 limes pei mmuic. 
Find tlie central acceleration of a point on the rim. 

17 . Calculate the ceiuial accelciation of a pam running at 50 miles 

per hour i6und a curve havxng a ladius of o 75 mile. ^ 

18 . A point descril)es simple haimonic vibrations in a line 2 feel long. 
The time of one complete vibration is 03 second. Find the maximum 
velocity. 

19 . A wh^pl revolves m a vertical 'plane 300 times per mmuic. 'Die 
plane keeps vertical, but rotates through an angle of 9o^ Find the change 
m angular velocity, and Show it in a diagram. If life change took place 
in 2*5 seconds, find the angular acceleration. 



EXKRCISKS ON' CHAPTER XVI. ^oj 


20. A ('ania^c wheel ij. 4 feet m di.unctei and is tia\ellin^ at 6 iinles 
per hour. Wliat l^ tlic ny of a point at the loj) of the wheel lelaliNC 
to (<i) a [>ci-M)n seated in the eania^o, (A) a peison st.mdin^ on tlic j^round. 
Answer the ^anc rcK*udin^ a point .it the bouoin of the wheel. 

21 . A railway line A crosses .inoihci B hv ine.ins of a "inidj^c, the 
an^lc of intcrserlion, as seen in jhe plan, bcin^ dcf^irecs. A train 
on IS apjiroachinj.; the point of intciseUion with ,i xclocils of 40 
miles per hour and another ti.un on B is icieilinK ft<>”> die intersection, 
on tlic s.iine side of it, uiili a \clocity of 20 miles per hour. Kind the 
rclatnc \el<KUy of the trams. 

22. .\ p.irtule mores with simple liaimonn motion, show that its 

time of (omplete osi illation is independent of tlie .imjililiule of its motion. 
The amplitude of the motion is 5 feet .ind the (omplete tune of osnll.ition 
IS 4 seconds ; lind tlie time oci iipied hy tlie p.uticle in passinj; between 
points wlm h air disuuu 4 feet and 2 feet fiom the ccntie of fou.e and aie 
on the same side of it. (I. K-) 

23 . At midniylu a xessel A was jo miles due N of a \essc! B ; A 

steamed 20 miles pei luuit on .1 S muiisc .md B 12 miles per houi 
due \V. riiev (.m exchange sij.tnals when 10 miles apait. When can 
they bej^m to signal, and how long can they continue? (l.C.E.) 
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IN'KRTIA. 

Inertia, inertia i.') that property of iii.itter by virtue of wliich a 
body tends to preserve its state of rest {)r of uniform velocity in a 
straight line, and offers rc.sistancc to any change Ireing made in the 
velocity [Kissesscd by it at any instant, whetlier the cliange l)e one of 
ni.agnitude or of direction of velocity. Ib iice, in order to effect any 
such change, it will be necessary to eni|)loy force to overcome the 
inertia of the liody. There will be no resultant force acting on any 
body which is travelling with uniform \eloi'ity in a straight line; in 
such a case the external forces, if any, applied to the body are in 
eiiuilibrium. 'I'he existence of acceleration in a body implies the 
presence of a resultant external force, and this foice must be iipplied 
in the line of, and must have the same .sense as the propo.sed 
acceleration. 

The estimation of the magnitude of the force required to produce 
a given acceleration may be obtained from an experinient.al law. .\11 
bodies at the same place fall freely with the same acceleration 
Now their weights are proportional to their masses, ai.il as these 
weights arc the resultant forces producing acceleration, it follows that 
the force reipiired to produce a given acceleration is' irroportional to 
the mass of the body. It may also be shown by experiment that,'''e 
force required to produce acceleration in a body of given mass is 
proportional to the accelaratioii. Hence, we hare the law that the 
force required is pro|)ortional jointly to the body's mass and accelera¬ 
tion, and conse(|uently will be measured diy the product of the 
mass and the acceleratioii! 

From the case of a body falling freely we know that a force of i lb. 
weight acting on a mass of i pound gives tin acceleration of ,i,' feet ' 
per second per second. It follow.s^ that the algebraic statement of 
the above Ittw w ill be 
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where m = the mass of the body in iMiiinds, 

(i = its ncceleration m feet per see, per sec. 
The result of the calculation by use of etpiation (1) will vary to a 
small extent depending on the \.due of y at the particular place An 
absolute unit of fores may be employed which does not vary, and is 
defined as the force reijuired to gue unit acceleration to a Ijody 
having unit mass. 'I'he British absolute unit of force is the poundal, 
and is the force that would gne an acceleration of one loot per 
second per second to a body free to move and having a mass of one 
pound The metric absolute unit is the dyne; a force of one dyne 
acting on a body free to move and of in.iss one gram vviuild ])roduce 
an acceleration of one centimetie per second per second. Vsing 
these units, equation (1) becomi s 

F ma, III absolute units, . .( 2 ) 

the result being in pound.ds, or dynes, icspei tivcly it 

w the mass ot tlie body in |)ounds. 01 grams, 

<r =its acceleration in feel, or i eiilinieties per sec. per sec. 
The Weight of a body e\|iressed in absolute units w ill be given by 

W mg.( 3 ) 

,\lso, a force staterl in [loundals or dvnes may be coin cited into 
lb. weight or grams weight by dividing by the propel value of ,g, 
vvhidh may be taken as 32-2 feet per second per sei ond in the 
British system, or as 981 centimetre, per second per second in the 
metric s)steiTi, for all parts ol the British Isles. 

In using the above eiiiiations, it must be iinileistood dearly that 
each side of the equation npresents a lorce . lire li'lt hand side 
re[)resents the resultant lorce ap|)licd to the body from the outside; 
the right-hand side represents the force due to the collective resist¬ 
ance of all the particles of the body to any < Iiange bemg tnade in 
Tile velocity. The whole equation expresses the eipiality of the.se 
forces. The sHident would do well to recall ag.iin the fact that a 
force cannot act alone , there mtist alway? be an eqtial opposite force, 
and if the latter is not wholly supplied by some resistance gtven by 
an t)utsid« agency sucti as friction, etc, it must be sujiT^lied in part 
by the itiertia of the body. Ivquality of the forcr-s is an invaritible 
law. 

Ex.VMfl.F, I. .-A train has a mass of 200 tuns. If fra lional resistances 
amount Vr 12 Ih. weight per ton, what ste.ady pull uiust.thc locomotive 
evert in order to yicreasc the speed on a levtj road from 20 to 40 miles 
per hour, the change to take place in li minutes? 
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T-pu!l required, in lb. weijihi units. 

F = total fnctional resistance, lb. weight. 

P —resultant force producing acceleration, lb. 
weight. 


Initial vclocily- 
Final velocity- 


200 X 12 -- 2400 lb. weight. 

20 X 5280 88 . 

-X - - - feet per sec. 

60x60 3 

' 7 ^^ ...... 


feet per sec. 


Acceleration ~<i 


foot ])cr sec. per sec. 


Substituting these values in (1) gives 

200x2240x88 
1-2400-“- — - 

32-2x270 

T-4535+ 2400 

- 6935 Ib. weight. 

Example 2. 'I’he mass of a tram is 250 tons and fnctional resistances 
amount to 11 lb. weight per ton. 1 he speed 
on reaching the top of an incline of i m 80 
30 rnilcs per hour, and the train runs 
\ „ down with ste.im shut oflf If tHc incline is 

- k -IJ-1 IS 0-5 mile long, what will be the speed at 

®A tlie bottom ? 

Referring to Fig. 443, tlie weight of the 
' train, W, may be resolved into two foices T 

and R respectively, parallel and perpendtrular to the incline.^ Let a be 
the angle made by the incline with the lionzontal. Then 
T ^ W sin a ~ \V tan u, very neai ly, 
-250x2240x^0 
-7000 lb. w'cight. 

Also, Fiiction-Frf 250X n = 2750 lb. weight. 

P = T- F 

^-^7000-2750 = 4250 lb vtcight. 

Ai i> • 


Again, Initial velocity = 


_ P,C_425o X 32-2 
ffi 250x2240 
=0 244 foot per sec. per sec. 
30x5280 . 

^ = ’'‘=60x60 =44 feet per sec. 




And 


KINETIC ENERGY 


40 <) 


v,--v;- = zas (p. 389); 
- (44 X 44) “ 2 X 0-244 X ’ 


:Ro 


7 '/=- 1290+1936 3226, 

7'- 56 8 feet per sec 

• = 38-8 miles per hour. 

Kinetic energy. In hig. ^44 is shown a body of ni.tss m pounds 
.-iljc (o move freely. I.et the hotly he at rest at .\ and let a force 
I’ Ih.-H’cij'ht he applied, in consetpience of which the hotly intive.s 
with continually increasiiif; velocity to li, a hori/onlal ilistance of 
s leet. Work will he tlone hy 1 > 

again.st the re.sistance due to the _ rr~] i-■ 

inertia of the hotly. P i- j « i j t 

Work done hy I’ - Ih footdh. .-i. 

.\s there has heen no external 4 ''<-04--Kn.o.r .....g,. „f., i,„iy 
resi.stances of any kinti, it fttllows that the whtile of the wtjrk done 
hy I’ will he sloretl in the hotly at li in the form of kindie eiu-rpy. 
het fi feet jter .second he the velocity at B, anti let tj he the aicelera- 
tion in feet per second per second. 

o 'xo .1 

P= - Ih. weight. 


■|'he 


Also, 


Hence, Work done hy B- 


7 '- 
2a 
ma v' 
K 2" 


feet (p. 388). 


or. 


BSifcetic energy of body = - foot>lb. 

2g 


(I) 


Note that the velocity i.s .stjuared in this result, hence its sign, 
positive or negative, is immaterial. The interpretation of this is that 
Icflietic energy is not a directeil, or vector, tiuaiuity, anti a hotly 
moving in any •direction will have kinetic energy which may he 
calculatetl hy use of the expression found ahove. 'J'he kinetic energy 
may be expressed in absolute units hy omitting ,g. 

* • ** 

Kinetic energy - ^ foot-poundala.( 2 ) 

Exampi.k t. A railway truck of mass 20 tons moving at 6 feet per 
second comes into collision with Jmffcr stops and is brought to rest in a 
distance of 9 inches. What lias heen the average* reststance of the 
buffers 


Kinetic energy 


_ 30 X 6 X 6 

64T~ 




= 1118 foot-tons. 
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Let P*=tlie avcraj^e resistance in tons weight- 
Then, Work done against P = Px foot-tons. 

Hence, P x — = i i-i8, 

’ 13 ’ 


r i i8 ^13 

9“ ‘ 

~ 14-9 tons weight. 

Average forces calculated in this manner are described sometimes as 
fpAce>average forces. 


Example 2. A vessel of mass 10,000 tons and having a speed of 
30 feet per second is slowed to 10 feet per second in travelling a distance 
of 3000 feet. Calculate (he average resistance to the motion. 

Here wc have 

Change in kinetic energy - 



-TV) 


■- cpo-iTO) 

i:-|,loo fout-tons. 

Let P~thc .txera^c rebislaiu.e in ton^ wcii^ht. 
Then, Woik done against I’ — P x 3cxxi fixit-tons. 
Hence, • 3000 P^ 124,100, 

l’ = 4i-37 tons weight. 


Momentum. The momentum of a body in motion is measured by 
the product of its mass and velocity. 'I'lic units will bg-jtated by 
giving the units of mass and velocity emplo3-cd . thus, if the [xtund 
and the foot-second units are employed, then 

Momentum - mv pound-foot-seconds. ,,, 

Suitpose a body of mass m |)otinds, free to move, to be acted on 
by a force P lb. weight ditring a time t seconds, and that the body is 
at rest at first. An acceleration a feet per second per second will be 

produced, such that , ,, ""r,, . , ■* 

‘ lb-"eight.f., ..(i) 

Since P acts for a lime t seconds, the velocity of the body at the end 
of this time will be 

, , ((/ feet per second (p. 388); 

V 

a = - leet per second per second 
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And from (i), by substitution, 

mv 

p = zr ">• (2) 

ft ' 

Now mv is the momentum possessed by the Ixxiy at the end of 
. fflV 

the tmie / seconds, consequently ^ will be the momentum it aciiuires 

each second, i.f. the rate of change of momentum. Hence, the 

force in lb. weight generating momentum will be numerically equal to the 
rate of change of momentum in pound-foot-tecond unite divided by g. 

• mv 

Or, we may write F- - poundais.(3) 

t 

showing that the force in absulute units is csiiial to tlio rate of rhango 
of momentum. 

Suppose 0(|ual forces I’, I’, to act dmmg the same interval of time 
on two bodies .\ and H, tree to move and imliallv at rest I.et the 
masses he and ot„ respectively, and let 7’^ .mil rsi he the velocities 
acquired at the end of llio time /. 

From (2) above, V for the body A , 

I’ ’ ”-‘y, for the body B ; 

• W'?’a ’' h £» 

" ' xi ^ ’ 

w.vJ’a - Wiif’ii 

It may be stated therefore that equal foroee, acting during the eame Ume, 
generate ^nal nionrenta irrespective of the masses of the bodies. 

Impulsive forces. Supposing a body in motion to jiossess a 
nionieiumn mv, which is abstracted by the body encountering a 
."oiform resistance B. If this is aceomplislied in / scronds, then 



It will he noticed that if / becomes very small, 1 ’ will become very 
laige, and sis then sairf to he Impulsive, jif 1 ’ he not cniforni, its 
average value may lie found from the above eipiation. In the case 
of impulsive action, P is called the average force of the blow. 

Change of momentum. Momenlum depends on the velrxtity of 
a Ixxly, and, since velocity has'dircclioii, monienttim v)ill also he a 
directed quality and so can be represented 1 )^ a vector. Momentum 
differs in this respect from kinetic energy which depends on 
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('hang(‘ of momentum must b(? estimated always ])y taking the 
change in the l)ody\ velocity, paying attention to l)oih magnitiuje 
and direction. Having found the magnitude and direction of the 
change in'momentum, the force reiiuired may he calculated and will 
act in the same line of direction. 


KxamI'LK I. A l(Homoii\e pi<ks u|> a supply of water horn long 
trough laid between the rails (Kig. 445) while travelling at 40 miles per 
hour. Suppose the speed to remain un¬ 
altered, what additional resistance is offered 
if 5 tons of water be picked up in 50 
sccoiuls ^ 

'I'he water in llic trough lias no momcn- 
Uim ; after it i.s picked up it has the same 
velocity as the train, hcMue 

p _ 5 40 ^ 5-^0 

32-2x50x60x60 
—• 0-182 ton weight. 

EXAMl'Lb 2. A gun discharges 350 bullets jkt minute, cadi of nuiss 
0*025 pound, with a velocity of 2000 feet per second. Neglecting the mass 
of the powder ^.i-’Cs, find the backwaid force on the ^nn 

I\Inss of Indicts ejected per second 146 pound. 



«.il( r 


.Momentum gcnor.itod per second =0 !46x 2000 pound-foot-scc. 

, 1 , ,, 0146 X 2000 

rorcc rc(|uired to eject the liidlcts — -- - 

--- 9 07 lb. weight. 

It is c\ idem that the b<u kwaid force acliiiK on the gun will J'c equal to 
the foKC rccjuired to eject the bullets, w/.. 907 lb. weight 


Exa.num.K 3. A hammei he.id of mass 2 jiounds and having a velocity 
of 24 feet per second is biought to rest m 0005 second. Find the average 
force of the blow. ^ 2 x 24 

32-2x0-005 • 

-298 11). weight. 

AverageJ’orccs calculated in this manner ai^ described sometimes as 
time-average forces. 


Centre of mass. It will be understood that every particle in a 
body offers resistance, due to its inertia, to any attempted change 
in its velocity. Jn Fig. 446 is shoN-Tn a body travelling ip a straight 
line towards the left ynd having an acceleratioji a. There being 
no rotation of the body, every particle will experience the same 
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acceleration a. Calling the rnassci of the |Mititlcs m.„ etc,, 
the resultant resistance will he 

R = 'll.a + III .11 + mji + etc, 

T'hi.s force will act throiif^h the centre C, of the parallel forces 
m./i, etc (|), 48), a centre which is called the conUre of mm of 
the l:#)dy. It may he assumed for all |>iactical purposes that the 
centre of mass and the centre of gravity of a hod\ coincide. 

Let C he the ecaitre c f mass of a hoch (Lig. 117), and let R 
acting thiough Che the ic'sult.mt inertia lesistance. The resultant 
external force !■' |iiodui mg aecelenition must 1 learl\ ac t m the same 
straight line as R it then is to he no lotation of the hod) Hence, 
we h,i\e the principle th.it it the external forces acting on a body free to 



move are to produce no rotation, their resultant must pass through the 
centre of mass of the body, "I'he truth ol this may he tested easily by 
laying a pencil on the table and llicking it with the huger nail. An 
impulse applied iii'ar the end will cause the pencil to fly off rotating 
as It goes; an impulse applied through the centre will pioclute no 
rotation, 

Botational inertia. In Hg, 448 is shown a body whic h is cn|iahle 
of tuimng ITeely about an axis 0 / perpendic ul.ii to the |ilaiie of the 
|)a|ier. In order to produce rotation, without 
tendency to displace or translate the hod\, a 
.^c,.lple must he applied. Let the two lore cs 
1’, R, form a couple, one of the forces being 
apithed at the axis, and let the forces rotate 
with the body so that a constant moment 
is exerted, , The forec-s'being in lb, weigjit 
and the arm D being in feet, the moment Fic. «B,--Roc«iional mcnia, 
will be T= PI) lh,-feet.(i) 

As the body is free to rotate, the only resistance which will be 
oppose*d tt) the cou|)le must be due to the inertia of the body 
causing it to endeavour to rotate with nniformiangular vclrxtity. For 
inertia resistance to be possible there must be angular acceleration, 
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conse(iuently each particle of the hotly will have a linear acceleration 
in the direction of its path of motion. 

Considering one such particle w, pound at radius r, feet; its 
linear acceleration will ho feet iter sec. per sec., and the resistance 
which the particle will offer is 

m.a, . I ' 

= —'- ' lb. weight. 

Now, (I, -dr,, 

where 0 is the angular acceleration in radians per see. per sec. (p. 392). 


mOr, 


A = - 

.S 

To obtain the moment of this resistance, multiply/', by r, giving 


Moment of resistance of particle =/’,r, = 


,dr,- 


(2) 


Now had any other particle been cho.sen, a similar expression for 
its moment of resistance would result. Hence 
Total moment of resistance due to inertia of body 

dv .. / s 

K 


the summation being taken throughout the body. The quantity 
may be called the second moment of mass, or more commonly, 
the moment of inertia of the body, written 1. L'sing a sullix O/, to 
indicate the axis about which moments must be taken, (3) becomes 


Total moment of resistance = ^Hoz. 


(4) 


Clearly this moment must be equal to the moment of the couple 
applied to the body. Hence eqmiting (1) ,and (4) we hare 

• T = PD = '‘*.(5) 

% 

If the jpuple is measured in absolute units, say L poundal-feet, 
(S) becomes = .(6) 

The analogy between this equation and the corresiionding one for 
rectilinear motion may be noted ; vi/.. 

' - .(7) 

In (7) a force appeare. on the left hand side, and in (6) the moment 
of a force; in (7) the product of mass and linear acceleration are on 
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the right hiincl .sitle, and in ((>) the product ol second iv.onient of 
mass or moment of inertia and angular acceleration. 

'I'he folkraing common cases of moments of inertia may be noted 

Mo.mkn'Is of l.NH.Kri.C, 

'I'he results are all in |K)und (foot)- units if the mass M is taken in 
pounds and the linear dimensions in feel. 

I. ar slender unirorm rod. 

(rt) Axis ().\ parallel to rod and at a distani c 1 ) from it (Fig. 44y). 
I„x = Ml)-. 

{/i) Axis O-K ixirpendicular to lod through one end (Fig. 450). 



(c) Axis 0 .\ [leipendicular to rod llirough its centre of gravity 



Fig. 4^9. Fig. 450 Fig. 441. tu. 451 
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(d) Axis OZ through one corner and per|)endicular to plate 


454 )- 


M(H 2 + I!-’) 


(/) Axis GZ through the centre of gravity and perpendicular to 
plate (hig. 454 )- + 

12 

III. A thick imlform plate. 

(<t) Axis OV coinciding with one edge (Fig. 455). 

_ M(B-'f'r-) 

' 3 

{/>) y\\is GZ parallel to OV' and |).issing through the centre of 
gratity (Fig, 455). 

, ,M(l)'->+r-) 



K.B->l 

fie. 45i 


B.H 

..-z 

G 

,.-'Z 

0 

f". 


z 

1^; ^ 


- 

• 1 

: i 


i 

H 

|0 


1 

1 ^ 


.jt 




^--8 



IV. A thin circular plate. 

(a) Axis (>.\ fornung any diameter of the plate (Fig. 456). 

_ MK- 

«x ^ 

(!>) Axis 'FV forming any tangent to the plate (Fig 456). 

5MR- 

I tlV" 

4 

(<■) Axis OZ [tassing tlirough the cent|;e and perpendicular to 
nVe plate (Fig. 4*56). ' 

MR2 
Joz — — 

(d) Axis 'FZ touching the circumference and perpendicular to 
the-plate (Fig. 456). 

. , _:,MR-’ 


2 
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V. A tun oinnlu' pUt* UitIik a oosooiMo bole. 

(a) Axis OX forming any diameter of the plate (Fig. 457). 

, M(R,= + R.;j 

lox--*-• 

4 

{/>) Axis OZ passing through the centre and perpendicular to 
the plate (Fig. 457). 

, M(R,- + R.;') 

loj =-- 



VI. A •olid cylinder. 

Axis OX coinciding with axis of cylinder. 

, MR2 

ox J 

VII. A hollow concentric cylinder. 

Axis OX coinciding with axis of cylinder. 

T 

ox j 

VIII. A solid sphere. 

Axis OX forming any diameter. 

, zMR-’ 

5 

'I'he following rules are useful in calculating moments of inertia. 

(a) (iiven I,,x and lov for a thin uniform plate, to find loz, OZ 
•hoi.ig perpendicular to the plane containing OX and OY: 

loz —lux+fov- 

(/>) Given I,,x for a thin uniform plate, GX being an axis passing 
through the centre of gravity, to find loxi OX being parallel to GX 
at a distanctpI): = 1^^ + md< 

(r) Routh’s rule: If a body is symmetrical about three axes 
which are mutually perpendicular, the moment of inertia about one 
axis is equal to the mass of the body multiplied by the sum of the 
squares of the other two semi axe.s and divided by 3, 4, or 5 according 
as the body is rectangular, elliptical or ellipsoidal. 

O.M. 2D 
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Exami'I.k I. A rectangular plate, as shown in Fig. 455, is symmetrical 
about G/ and other two axes passing through G, and parallel to H and T 

respectively. ^ ^ i (j U)- = M (H- + T -) 

-- -- — - 

Exami'I-K 2. A solid cylinder (s|)ccial case of an elliptical body) is 
symmetrical about the axis of the cylinder OX and about other two axes 
forming diameters at 90" and passing through the centre of gravity 
of the cyhiidei. llcncc . 

, \I(R=+K'-) MK'^ 


lo,x = 


F.xamim,k, 3. A solid sphoie is symiiK tiical about any tliiee diameters 
which are miilu.illy perpendkul.ir. Hence, about one diameter, O.X 
_M(IU + R 2 )_ 2 .MR'- 
5 ^ * 5 

The radius of gyration ol a IkhIs is (lel'med as a iiuaiuity k such that, 
il its s(|uarc be multiplied by the mass of the 
body, the result gives the moment of ineitia of 
the body about a given avis. Taking the case 
ol a solid cylinder as an example, the moment 
of inertia about OZ, the axis ol the cylinder, is 
MR’ 



1 , 0 - 


I.et 

'I'licn 


k- -- 


l„z 

R- 


2 

= MT’. 
or k - 


Ful. 458 —All exiKTiinent.'il 


which ^ivc'i the value ol the radius of gyration 
for tliis particular axis. 


KxamPI.k 1. A llywhccl lias a luomenl ofineitia of 8000 in pound and 
foot units, and is brought from tost to a speed of 180 icvuliitions |>er 
minute in 25 sec oiuK. What average couple must have acted ? 

Final anguKir \elo Mtv = (iJ = x 2n- “ 6rr radi.ms per see. 

^ " iyo ^ 


Angular acceleration == 0 - 


(1) _ 67r 


radians per sec. per see. 


... 8000 xbrr o-lu f * 

1 = - = =187 Ib.-fcct. 

25x32-2 - 


Example 2. In a labor.itory experiment, a flywheel of mass too pounds 
and radius of gyration 1-25 feet (Fig. ^58) is mounted so that it maybe 
rotated by a falling weight attached to a cord wrapped round the wheel 
axle. Neglect friction and find what will be the ac:elerations if a body 
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of 10 |x)imd ^vejt»'l)i is attacliw! (0 the ronl and if tlic tadius of the axle is 
2 inches. 

Let M ^niass hung on, in pounds. 

Mi.'its weight, m absolute units. • 

’l j,''”pull in cord, in absolute unii.s. 

; -radius of axle, in feet 
* I moment of ineitia of wheel 

loox I 25 X I 25 - !5/'> 2 jiouiut and forit units. 

(/ ilic Ime.o .ucelciation of M, in feet per sec. pei sec. 

• 0 the angular acccleiation of the wheel, in ladians per sec. 

pci se« 

'Fhen, considenng M, we ha\e 

Resultant tone pioducmg acceleiatmii Mj; 1 ■; \b/ .(l) 

Considenng the wheel, we h.i\e 

Couple prodiuing acccleiation 1 '^;/ It^ .{2) 

AUo, t! .(j) 

Ihese tliiec equ.ilions will enal)le the solutions to be obt.lined. 'I bus : 
Fiom {2) and (3), T;o : 


0-1.. 

Substitute tins \aiue in (1), giving 


M;' 10 X 32 2 

• 00572 feet per sec. pei sec. 


From (3), 


0 ^ 


00572 


o 0572 x6 


..( 4 ) 


--- 0-343 r.adian per sec. per sec. 

Kinetic energy of rotation. In I 'lf,'. 455 i'. shown .4 l)o<ly rotating 
with uniform angular velocity "i about an avis (>'/, 
perpendicular to the pRine of the pa|ier< Con¬ 
sidering one of its particles w,, the linear velocity 
of whidi is r’|, we have 

Kinetic energy of particle = . 


Now, 



Fio. 459-- Kinetic 
energy of rotation. 
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Hence, Kinetic energy of particle = ~ .(i) 

A similar expression would result for any other jmrticle, hence 

,•2 


Total kinetic energy of body = or, 


Kinetic energy = L,,. 

2K 


(2) 


In using this equation with w in radians per second, g should be in 
feet per second per second and I in pound-(foot )2 units to obtttin the 
result in foot-lb. The corresponding equation for foot-poundals 
would be „■< 

KlneUo energy = ^ • Li.(3) 


ExamI’I.k I. A flywheel has a mass of 5000 pound and a radius of 
gyration of 4 feet, l-'ind Us kinetic energy at 150 revolutions per minute. 

w = i/jf. 2jr = 5rr radians per sec per sec. 

I = 5000X 16 = 80,000 pound-(foot) 2 , 

... (1)2, 25 X 7r*x8o,ooo 

Kinetic energy = — 1 ==^--- - — 

2g 644 

= 306, SOP foot-lb. 

Example 2. The above flywheel slows fiom 150 to 148 revolutions 
per minute, Kind the energy which has been abstr.acted 

■ (Ul'^I (D.cl 1 , 

Change in kinetic eneigy= ^ ^ (lui'-w/). 


Also, 


"h -- 5tr, 

">2 ”V(f-2tr = 4-93377; 
Energy abstracted = -*^^(wi -W2)(w,-l-w.j) 


80,000.7r2 


644 
= 8160 foot-lb. 


X 0067 X 9-933 


Energy of a rolling wheel. The total ktnetic energy of a wheel 
rolling along a road will be made up of kinetic energy of rotation 
together with kinetic ene-gy of translation. 

Let 10 = the angular velocity, radians per sec. 

V = the linear velocity in feet per sec. of the carriage to which 
the wheel is attached (this will also be the velocity 
of the centre of the wheel). 

M = the mass .of the wheel in pounds. 

A = its radius of gyratioti, in feet, with reference to the axle. 
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Then, 


Kinetic energy of rotation = 


Kinetic energy of translation -- - 


I’otal kinetic energy = -'* ^ + 


^1 

V 

f(H)Mb. 

Mre 


V 

Mr’-' 


foot-lb. 




.(>) 


■Again, if there be no sli|i|)mg between the wheel .anj the road, wc 
have (|). 393) f, 


R’ 


(j) 


where R is the r.uiius of the wheel m feet. 

Substituting 111 (1), wc obtain, lor perfei t rolling; 

Tut.al kinetic energy = = u . -I-" 

.’.gK- 2f; 


Mr-- 

2.1," 




^ + I) foot-lb.(3) 


...(I) 


Energy of a wheel rolling down an inclined plane. The 

principle of the conservation of energy may be applied to the case 
of a body rolling down an inclined plane (Rig. 460). In rolling from 
A to li, the body descends through a vertical height H feet; hence, 
if M is the mass in pounds. 

Work done by gravity.M,i,dl foot pound.ils. 

.Assnining that none of this is wasted, 
the total kinetic ciieigy at H will he 
eiinal to tlie same <inantity. 'I'he energy 
at H IS made np of translational kinetic 
energy o^ing to the linear veloi ity u feet 
per seeomi*of the mass centre and of 
rotational kinetic energy owing to the 
angular velocity o radians per second. 

/MR- 

Hence, Total energy at 1 ! 



Fi<.. 460. -hiKrify of a wIimI rolling 
liowii an im.line 


+ "Inzj root-pounclals, . (2) 

I„2 being the moment of im'rtia in pound and feet units alxiut the 
avis of rotation p.assnig through the mass centre of the body. 
Kquating (*) anil (2), we have * 

MyH= -I-— 1 „ 2 . 

2 2 

Writing AM- for lo/, this will give 

. ,, ,, , • 

' -(--AU’-, 


J + wM-). 
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or 
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MACHINES AND HYDRAULICS 


If there is no slipping between the wheel and the plane, we have 


“ R’ 

where R is the radius of the body in feet. 


Hence, 


.cll 


' / .. L >\ 


I + 


V 


If 
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/ 2,1,' 

H 
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1 
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.(4) 


Motion of a wheel rolling down an incline. The following 
way of regarding the sjime prohlem should be studied. Fig. 461 



shows a body rolling down a plane im lined at an ang'c a to the 
hori/onlal. The weight M,g may be resolved into two forces respec¬ 
tively parallel 10 and at right angles to the jilane; these will be 
M,i,'.sina and .M.gcosu. The normal reaction (,) of the plane will 
be eipial to iM.ycosa. If there is no friction, all these forces a., 
through the mass centre O, and there will be tio^ rotation, />. the 
body will slip down the 'plane without n'ty rolling. .Sup[X)se that 
a tnaviniuni frictional lorce F may act between the jilane and the 
body and that p. is the coetlicient of friction,.them 

F -- cos a. 

To investigate the effect of F, transfer it to the mass centre O as 
shown and apjily an ajiti-clockw ise coujile of magnitude FR. Then 

I’ - Resultant force at Q acting down the jilatic 
= M y win a - F' 

- M,(,’ sin o - /xM.g cos u. 




WHEEL KOLI.ING 1X)\\N' AN INCLINE .|23 

I.et a be the linear acceleration of O clown the plane. 'Lhen 

or M,;’’(sin<t -/M'osu) - Mf/, . 

<i -Xisll) (t - /t ( (»S a) 

.Mio, owing to llu; ('(Hiplc ER, an angular acct'K iation will be 
prcMuced, to he obtained Ironi 

J'’K /(M;,’COsu K 

I,v M/-’ 

.(r,) 

If the rolling is perfea t, no slip, we ha\e 


Hence, from {5) and (6), 


. /tRcos'i 

,, (sin a • /I ( os «) i,' j 

K A" 

/iK" cos a 
sin a - /i cos a » 


sin /' cos u y ^ , I- I 


'I'his expresses the miniimim value ol the oot.ijic tent of friction 
ronsistcau with perfect rolling. Assuming that the rolling is perlect, 
the \aliif- ^f the linear acceleration n may be calculated as follows : 


From (6), 


H cos a -- 0 


a 

:<\< R 


Substituting this value in ^5) gives 


/■- 

-'c^sln« - a . 

E; 


-(9) 






MACHINES AND HYDRAULICS 


Suppose that the body starts from rest at A (Fig. 462) and rolls 

^ to B. 'I'hc linear velocity v of the mass 

centre at B may be calculated thus, 

^ ' Z)-2(iL (p. 388). 

H H . ' H 

y j Also, - Sill a; or, 1 ,= -.— ; 


Inserting the value of a from (0), we have 
„ 2!,'sina H yell 




.(10) 


C'ompariboii of (4) with (10) will show lliat the vime result has 
been ohlainccl by both methods. 

Kx\MPM':. In a !.t!M)t.uojy CNpciiinent, a srn.ill steel hall uas .illoucd 
to roil down a pLine of lcn^,uh 6 feet and iiu lin.ition 1^40'. The a\eraj,;c 
time taken (six evpci irnents) was 4 25 sc< onds (,ompare the cxpeiimcntal 
and caUiilatcd an elei.ilions of the hall. 

To obtain the experimental acceleration, \vc have 

where r is the length of the incline and / is the time of dcst ent. I Iciu c, 
2v 2x6 
"/'■'^4 :!5X4 25 

•- 0-664 feet j>cr sec. pci '-ih. . - 

To calculate the acceleration, take equation (9), p. 423. 


For a ball, I -- (p. 417); 

. X-^=-VR^; 

R^ " 5 

II Csin a . 

Hence, a.,--- —5 if sin a 

» - I + r 

— ^ X 32 2 X 0-02908 
= 0-669 f^ct P^r per sec. 

The experimental and calculated accelerations differ by about three* 
quarters of one per cent.; the agreement is good. 




CENTRIl-rciAL FORCE 


4^3 


Centrifn^al force. It has been shown (|>. 397) that, when a small 
body moves in the eireiiinferencc of a rirole of radius R feet with 
uniform velocity v feel pi-r second (Kij;. 463), there is p constant 
acceleration towards the centre of the cuxle gnen by 


(I - feet per sec. per sec. 

To produce this acceleration rciinires the application of a iinifoim 
forte 1’, also continually directed towaids the centri' of the circle, 
and given by 


p lb. weight .... (I) 

gB 

This foiie ovcrconies the inertia ol the body, which would other¬ 
wise pursue .1 straight line path, and nuy bo (.died the central force. 



I'll, r'fTitr.il dfn) triitti 


Fm.. • Rf still,.nt 

tttiiiifiij; il fott < 


It is rcsihlrd liy an i.ijual and npposiic lone (^) (I'l^ j)rodiicc(J 
by the iiurlia of the body. is (ailed the cantrifug-al force. 

Expresso(>, in terms of ilu^ angular \e)ocity <'» radians per second, 



p —- .mR lb. weight . ... (2) 

S 

A large body rotating alwut an a\is may be considered as being 
made of a large number of small bodie.s ; for each of these, or If; will 
be the .same hence the total central force wi.l he 

1 *^- + m,R_, +/H|Rj + etc ). 

.s 

The quantity inside the brackets would have the same numerical 
value if the whole mass were ro..cenlraled at the centre of mass. 

Let M = mass of whole Ixxly, in poui.ds, 

y =. radius of the centre of mass, in feet (Fig. 464). 




4^6 MACHI.VKS AND HYDRAULICS 


'I'lien 


P 



MY lb. weight 


(3) 


. = u'-BTY poundalB. . .(j') 

It follows front this result that il a body rotates about an axis 
passing through its eenlie of mass (in which i asc \' o), there will be 

no resultant pull on the axis dtie to centrifugal action. 'I'herc may 
be a disturbance set tip if the body is not symmetrical about an axis 
at right angles to the axis of rotation, and passing through the centre 
of mass, hor example, in Fig. .465 is shown a rod rotating ahotit an 



4')5 ~-\n uiis\ iiiiiifiri' -il I'Mil [ihhI 


IxIIIK <-OI1 |iIl > 


axis (iX, (t iKiiif; llic (i-'nirc ol mass. I’hc t<Kl is not symmetrical 
about (i\, liencc. consKlcnii^' ibi' liaKcs separately, there will be 
rentrirueal Ibices as shown by (^>, (,), formini; d (ouple tending to 
bring the rod into the axis (i\'. H this li ndenc}' is to be bai.ineed, 
forces S, S, lorming an etiiial opposite < ouple must be applie<l by the 
healings. 'I'hese lorces will, of course, lotale with the rod and 
produce wlial is called a rocking couple. In Fig. 466 is shown a 



Fu. 466--X li.'iianuc'l 
w)mmciric.il lKxi>. 



t K.. 467. —BalancinR a piece of 
work in .1 laihe 


body .symmetiieal about GV and consequently having neither rocking 
couple nor restiltant centrifugal foriv. 

In Fig. 467 is shown the face plate irf a turning lathe with a piece 
of work B attached to the face plate by ’iieans of an angle plate C. 








EFFF.CTS OF CENTRIFl'OAL FORCE 
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To the other .side of the face plate is attached a baUnoe 
which is adjusted until there is no tetidency to rotiite the spindle 
of -the lathe from anj [Hisition of rest, /.<■. the centre of gravity 
()f the whole falls on the axis of rottition. I'his ts called lUtlo 
balan ctin and wilt serve very well lor low speed.s. It will he 
observed, however, that the Ixjdie.s attached to the face plate arc tiot 
symmetrical, (i, and (>., the centres 
of gravity of the work and of the lialance 
weight, are'not in the same \eitical 
line, hence the centrifugal forces l’| 
and l’„, being eipml, form a rocking 
couple winch will set tip troiiblesonie 
vibrations if the speed be ini reused. 

The effect ni.ay be reduced by b.iMiig 
the balance weight liirther from the 
face of the pl.ite. 

in Fig 468 IS shown a motor car travelling in a lurvcd ivtith. To 
prevent side slipping, the ro.id is banked up to sii' h an extent that 
the resultant (,) of the (entrifugal force and the weight falls perpen¬ 
dicularly to the road surl.ace. 

I ait M = mass of car, in pounds. 

ri -its speed, in feel per sec. 

R - radius of curve, itt feet. 

Then, W’eiglit^if car- poiindals. 

Mf- 

Centrifugal force - |ioundals. 

Also, AHG is the triangle ol forces. Hence, 

('entrifugal force _ ,\h'- n- AH 
Weight of car RM.g .t’R IKj 

Now, .-taiKi,, 

JMJ 

and a is also the angle which the section of 'die road surfaea makes 
with the horizonUal; hence, 

jj 

tana.^^R. 

Railway trapks arc also Ivankco up in a similar manner ; the super¬ 
elevation of the outer rail prevents the flanges'of the outer wheels 
grinding against the rail in rounding a curve. 



Kui 460. ''Pi lion of a bunked 
II oior ti.ii k. 
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MACHINES AND HYDRAULICS 


TAKRCISES ON CHARTER XVI!. 

1. A IxKly of mass 200 pounds has an acceleration of [50 feet per 

second per second at a instant. Calculate the resistance due to 

the inertia of the body. 

2. A resultant foKc of 1220 d>nes acl.s on a body of mass i 25 grams. 
Calculate tlie a(celeiation in cm per see. per sec. 

3. A tram lias a mass of 250 tons, and staits with an acceleiation of 
l*t feel per second per second. Frictional resistances amount to 11 lb. 
uciglu j)ei ton. Find the pull which the locomotoe must exert 

4. A body slides down a plane inclined at 20 d<'grees to the horizontal. 
The coeffu lent of fin lion is o i , liiul the ai (eleiation and the time taken 
to travel the first 20 feet 

5. A load of 10 pounds is attadicd to a <oid whah exerts a steady 
upwaid pull less than 10 Ib weight Siaitin^ fiom lest, the load is found 
to descend 6 feet veitually in 4 see onds Find tiie pull m the cord 

6. A shot has a mass of 20 pounds and a spce<l of 1500 feet per 
second. Find its kinetic enei^y in foot-tons. Supposing an obstai Ic to 
be ciuounteied and th.it the shot is brought to icst in a disi.ime of 
12 feet, what is the .ueiage lesist.incc'* 

7. Cal< ulatc the momentum of the shot gi\en m Oucstion 6 Sujipose 
that the shot had Ix'en biougiit to lest in 002 serond, and cahulate the 
aveiagc icsistam c. 

8. A man st.uuls on ;i sm.dl timk mounted on wheels which aie 
nractically fru tionless. If the man jumps oif at the lear i nd, wliat will 
happen to the tnuk.^ 'lake the masses of the man and the tru<k to l)c 
150 and 200 pounds ics|)e< li\ely, and assume th.it the man is ti.iveiling 
at 8 feet per second immcdi.ilciy he lias left tlie tiuck. 

9 . A jet of uatei deliveis 50 poumls of w.atei pm se( ond with a 
velocity of 35 feet pei second 'I he |el stiikos .1 plate which is fixed with 
its plane at degiees to the jet h ind the picssme (*n the niatc. 

10. Suppose m (Question 9 that the pl.ite had been cuned in such 
a manner th.it the jet slides on to it and has the diiedion of its \elocity 
on leaving the jilale inclined .it degiees to iisoiigm.il duection Find 
the change m \elo( ity, .ind hence find the piessuie on the plate. 

11. A wheel h .is .1 moment of ineitia of 10,000 in pound and feet units, 
and IS brought fiom ics* to 200 ie\olutions jiei minute m 25 seconds. 
Calculate wh.il slc.uly couple must hn\c acted on it 

12. An iron plate 4 feet high, 2 feet wide and 2 inches thick is hinged 
at a icrlic'.il edge Cah.vilale its iiKMiient of mcitia aliout the axis of the 
hinges. 'I'.ikc the density of non to i)C 480 pounds per cubic foot. 

13. Find the moment of inertia about the axis of rotation of a hollow 
shaft 20 inches extciiial .ind 8 inches internal diameter by 60 feet long. 
Take the density as gi\en m Question 12. 

14. A solid b.ill of c ast non is 12 inches in diameter; density of metal 
450 pounds per cubic fixit. Kind the moment of inertia about an axis 

hich touches the surface of the bail. 

. of w 
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15 . Referring to Qucsiiun 5 '1 he upper p.iit of tlie cold is uiappcd' 
round a drum 6 imhes (ii.unetoi nuMSuicd to tiu* (oi({ contic, and a 
flywheel atl.uhed to ilic s.inie sliafi as the ilium I-'md the moment 
of inertia of tlic tlyuhecl. 

16 . A bolid ilisL of cast lion is 4 feet m diameici ami 6 imlies tlnrk, 
and lot.iles al)i>ut .tn .i\is at »/o ih'^ucs to us plane and jiasbing thiough 
US centre, hor the density, sec (Question i-t S)>eed 1 50 icvolutions per 
minute* Find tlic laduis of guation and the kineiu cneigy of the disc. 

17 . If the disc gi\cn in Question 16 slows to 140 levolutions per 
minute, ho\\ uuk h energx will be guen up^ 

18 . Suppose that the disc guen tn Question 16 wcie to loll without 
slip down an incline of i in 10, wh.u would be the hneai acceleration of 
US ceniie 

19 . -A blaiie of .1 sni.dl stc.im tin bine h.is a mass oj| 005 pound and 
ie\ol\es in the c m nmleience a i ii< Ic in< lies in di.uiuUi 1 J4,cxjo times 
per minute. 1-md the (cntnfug.i! fone. 

20 . An o\aI tiack foi motoi < y* les has a minimuiii i.idius ol 80 yauis, 
and has to be banked to suit a iii.ixiimmi speed "f ^>5 miles pci houi. 
Find tlie slope ol the ( loss sci lion at the jilaies wiieie the ininimum 
ladii occui. 

21 . A tiaiiKai weighs 1: tons complete K.u h of the .ixh-s willi its 
wlicels, el< , weighs o 5 ton, and h.is .1 ladius of g\lation of 1 foot. "I he 
ihametm of tlie wheel tie.id is 3 f« el, .ind the c .11 is tia\elling .it 12 miles 
pel houi. I'ind (u) the eneig) ol iianslatioii of ilie <.ii , (/<) the encigy 
of lotation of the two axles . (<) the total kinetic eneigy of the Nchitle. 

(KK.) 

22. I’loic the foimul.i foi the .i< (.eleialion of a point moving with 

uniform speed in a < in le l ind in diieition and m.igmtude the force 
iei|Ui!ed to com|>el a body weigliing lu lb. to move in a <mved path, tlie 
ladius of cunatunf at the point lonstdeied being 20 feet, the veloi iiy of 
the body 40 feet j)ei second, and tlie a(< delation in Us p.uh 48 feel per 
second per second. {1 C.K.) 

23 . A motoi c.u, whose lesisianie to motion on the le\d is supposed 

to be the s.imc at .dl speeds, has been lunning sle.ulily on tlic level at 
20 miles pel houi ; it now gets into a rise of i in 12 W hat is the 
in.iximum length of this rising mad wind) nia) be ir.iversed by the lar 
.bout changing gcai " (M F..) 

24 . A tram weigl'-mg 300 tons, li.uelhng at 60 miles per hour down a 

slope of i in 110, with ste.uii shut off, has the biakes applied anil slops in 
450 yards Find the space-average of the retarding force in tons exerted 
by the brakes; if the time that elapses between the putting on of the 
brakes and the moment of stopping is 3b seconds, find the tini'e-averagc 
of the retarding force m tons. (I.C.E.) 
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Angular momentum, 't'hr angular momentum or moment of momentum 

of a j)arucl(‘ maj he (It fincd by reference lo Kii,' jfx;. A pariiele f>f 
mass //; pounds re\olvuiL; in a ciule ot r feet in 
ladiUb lias a linear nlKmU) ol Z' led pd second 
at any instant in tin; (linriion ol the tangent. 
Hence its linear niomenium at an\ instant will be 
biiuar momentum ol pailule w.\ 
and Z' •'»/ . 

l.ineai momentum ol panicle • ••j/u/. (i) 

rile moment ol this about O/ (I'ly, px;) may 
lie obtained by mulliplyin^ by the result being 
called the moment o| momentum, or angular 
momentum of the p.utx le 

.\ngular momentum of paitu le row;’ (2) 

A body having many [taitieles would have a simil.ii expression lor 

eac.’h. lldx'e, v 

Angular momentum of a body (o_//;; 

"loE .( 3 ) 

('unsidcT now a body free to rotate about a fixed axis, and, 
stalling I'lom rest, acted on by a ('oiistant couple 'I' lb-l(‘d. 'I'he 
constant angular aeeelci.ition being 0 , we have, as in eciuation (3; 


I' ll.. ^61^ Viiv;liI.o III 
IIO-llIIIIII Ilf .1 boil) . 


p. .( 14 , 


r „ 


IJ) 


Let T act (hirinj; a time t seconds, tlie'i the angular \elocity mat 
the end of tin.s time will be 


u = or, 


Hence, 


"ir 
of n 


= “C>' 

gt 

"L. 


T= ^•Ib.Tcet,.(4) 

gt . 


poundals-fcet, 


.( 5 ) 





GYROSTATIC A< 


angular veloc,, . 

, , .Id thcrclorc no 

angular veiof . , 

,1 . erv case uhcri' tlic new 
clockwbe CO, ■ 

elevation. *■* 

, , 4 is sh()\\n a ooininon f< 
ground, he . , , 

. , , nution regarding the 

, '^J he revoKing ulK-el ,V<>undal-fit t 
m 'Iih'Ii at 1! and (' an- loifa <’!' ll'i' alxail its avis, ixiimd 


he uhcel in its [iresent |X),sitio?t; ‘ 
viewed Irom the front side, 
of angulai velocity occurring in 
Icncc ilie angular velocity of the 
will he represented by Ob. The 
wheel will turn frran the povsition 
and the wheel spitufle which 
[sill resolse <loekwise when viewed 


towards tlv 
wheel's an 


student sh 


>out an axis I )lx. I’lu* 

)neir( ular nn" Id'h wl. about iis axis, radians 


Ixt V 


J axis I't 1 I he spiiulU’ 

heaw stand 1 he elhs i ^he horironlal 
j^lse the .ixis 1>(' to lol.tte in ^veond. 

use, by the wliole b.une, dil‘ ‘''’M*'*-''*-'’^■v<>tntion in 
1 liom .ibovi . will be eitluT < liw'* ‘>nds. 

ibe <|ife( (ion ol totation of the ion of the axis, (hange in angular 
li be noted that llw onginal \C 4 o:.) 


Xaues ineliiu'd to llu' \( rtn al ; 
to the aetion ol a hori/onl.il ( 
i liaiue, and produeLd by \ 
^^S<e offered by the stand to J 
spindli' l’( > In 1' ig. 475 an j 
iieel Is shown, rotating in the \\ 


Also, 

Also, <",/ - : 




I. (ti. 414.) 


'I .. .(i) 


On represents the angular \e\ In 1 'igs. 470 and 471, 
: u/'repK sents tl?e ( hange in aiii^^ b 

,\en int(aval of Him.* in the hoii/^ (X) wp.j,!, 

ning the whei'i axis, and punlud M-'x(X) 

the a 4 liyed angular selcxit) of i’ *<>. ' j 

J. ‘The wlieei will now be rot, 


•(•2) 


filial to ()/' and im lined at an ani 


here CO is the horizontal distance 


tween the centre of gravity of the 


iile the wheel is rotating, il the lr<, , , , , , 

' , , ,, , heel and the susiK-nding cord. 

I )|'is be inipedeil bv applii ation o _ ' . . _ 

, , ' ^ ‘' Oyrostatic action m motor cars. 

wheel turns o\er. 1 lus elleeL • • , , 

_ . , , , . .n;.ry In i'lg. 472 IS showH a luotor lar 

frictional couple, only it is nS ^ .C , i 


travelling round a (urve; when 
ie enguve llywiu'el has a < ioekwise angular 


duced b> the finger is^argi 

DFK be 4 ield foreiblv Irok , , , z i n u i 

, , ■ nt the angular velocity of the flywheel 

hon/onlal plane of rotation it . ” -b , 

, . . ' , , siiion sh(;wn, and let OI> represent the 

■'able ol exerting a couple whu 

means of \V,.provided its n 

. .lOe freely. 

I Schlick’s anti-rojling gyrost 
, method use<l by SchHi k fo 



ow, wl„2 is' tile angular momen 
hence will be the gain 

We may therefore state that the 
to rotate abont a Axed axt> is name 
anftular momentom divided by .g; or, 
poiindal feet. Tins stalcniriit sho 
linear moinenluni gneii on p. |i i. 

It will be evident that die appli 
phuie of rotation of the lioily ; ^lii 
re< tangiilar (Oiniionents of tlie < oii, 
component whuli is in the plane 
ecuiation (.1) 

Oyrostatic action. In f ig 170 is 
by means of a long i.ord attaihed at 


represent the 
giilar velocity 
in angular 
of the ear, 
anti-eloek- 
(ilar.e con- 
il opposite 
i at AA to 
'! to tend 
Ion e and 



entum or morne**^ la.* 
to Fig (dp. 'i'>e the 
Miig in a eiiele e the 
eloc u\ ol V leet keti'h 
he dilution ol priiing 
lenliini at any 11 
an ol [laitK !e ddi itig 
j, lit any 

an of paitu le - " 
his ahoul (i/. (I' 




liphing by /, tin* 


F,,.. ,70 ..\ry,i,. * "I inonieiitum, 

iiii .11 Ipdi, 


If the wheel be at lest, it cannot n P'i'di.li '-o/n 
assisianee, but, if set levolving, '' 
nil '^t.'.iiiiiig its plane ol levoliitf ^ i^idy w^m/' 
however, that the wheel spindle s “ "loj 

a bori/ontiU plane; theverlKal I'li.m, nhiiiit a lis* 
of eourse, be always perpendicular eouiile 'I' 

owing to the aetion ol the eo.*.ple 
|>ull elf the cord, and M.y, the weig. 
in a vertical plane eont.uniiig the wh 
changes in the angular seloeity of the i 
occur in the plane containing the ctniple angtilar 
In Fig. 471 is shown a plan of the ulv 
wise when \icwed fiom the riglit hand 


r 1 a 


t. 


’ ar 




GYROSTATIC ACTION 


momentum, and therefore no couple is rec|uire<J. A couple is 
recjuircd in e\ery ('asc ^^herc the new plane of revolution is inclined 
to the initial plane. ^ ^ 

In Fig 474 Is shown a common form <if gyrostat by use of which 
useful information legarding the behaviour of gyiostais may be 
obtainoil. 'J'he revolving wheel A rotates on a spindle 1 U\ the 
bearings of which at H and (' are lornied in a ring whu h has freedom 
to rol.ite about an axis DF. 'I'he ring has bearings at D and h. in 
another semieireular ring 1>FI'^, whi<h lia.s lieedom to rotate about 
the vurlieal axis Id i I he spindle Id) is ilnipjx'd into a veitual 
hole in a heavy staml 'The elTia i ul a wtight W hung lium (‘ will 
be to < ause tlie axis id ’ to iotal<' m a liori/nntal plane, ai (ompanied, 
of <'ours<‘, b\ tlic wlii'le lianie , tin* dilution ot this juiiiH()ii, as 
4 ewed lioiii abovc, will In- either < io< kwise or anti < lo< kwise, depend 
ing on the direction ol lot.iiion of ilu' wlux 1. 

It will be n<»led th.it the original V(rlMal plane <<1 lolalion giadu* 
allv b(‘e<imes inclined to the vertwal as the motion got s on. 'I'his is 
rwving to llu‘ aelion ol a hori/onlal ( ouple a« ting 
on the liame, and piodiieed bv the fixlional 
resistaiK c offered l>v the stand to tlie lolation 
of the spindle Idb In log 475 an (levation <»l 
the wheel is shown, rotating in the xeitnal pl.ini' 

()A. Orf represents the aiigulai velocity ol the 
wheel; a/* repieseiits tlw‘ ( hange in angnl.tr \<'lo« ity 
in a given interval of time in the lioit/onlal plane 
containing (he wluad axis, and piodiHcii by the fix tional couf)le. 
i)/> Is the a 4 tt;^red angular velotily of the wlu'el at the end ol the 
interval. I'lie wheel will now be rotating in the plane OA', per- 
pendiculai to 0 /> and in* lined at an angle AOA' to the vcrlaal. 

While the wheel is rotating, if the Iree motion of the semi eiri iilar 
Ting 1)KI'- lie impelled by appluation of a finger, it will lie noted that 
the wheel turns ove?. I'his ( 4 fe( I is prc< ise!yjhe same as tlie eflei't of 
the frictional couple, only it is lAore markeil, as the hon/onlal eoiipU* 
produced by the linger is,larger than th.at [produced by the Inclion. 
If DFE be 4 ield lonibly from rotating, the wheel will assume 
a horizontal plane of rotation instantly. In fa* t, the wheel is only 
capable of exerting a couple which will c(|uilibrate the < ()uple ajiphed 
by means of W, .provided its motion in a/.iinuth* is allowed to lake 
place freely. * . • 

Schlick’s anti-rolling gyrostat, big. 476 iHusiraies in *>ulline 
the method used by SchHck for reducing the rolling of a shij) 
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among waves. 'I'hc view is a cross section of the sliip; A is a 
heavy wheel revolving in a horizontal plane about the axis W. 
The frame in which the wheel rotates citn rock alwut a hori- 
works in bearings secured to the .ship’s 
frames. I)E is perpendicular to the direc¬ 
tion of length of the ship. When the ship 
roll.s, the axis 1 )E is forced out of the hori¬ 
zontal, and the axis IK' will be inclined 
by either 1! or C coming out of the paper. 
A couple, a|>plied by vertical forces acting 
at 1 ) and E, is rciiuireil to give the wheel 
frame this motion, and an eipial opposite 
couple aits on the ship, tending to give 
to it a motion opposite to the rolling motion. In conseiiuence of 
this reaction on the ship, the rolling elfect is made much smaller. 
Ereedom of motion about DE must be provided, otherwise the wheel 
is incapable, as has been shown above, of offering any resistance to 
rolling. 

There are many other applications of the principle of the gyrostat, 
such as in the gyro-compass used on board ships, in the Brennan 
monorail cars, and in steering torpedoes. 

Simple harmonic vibrations. It has been shown (p. 398) that a 
body, in describing simple harmonic vibrations, possesses at .any 
instant an acceler.ation directed towards the centre of the vibration, 
and proportional to the disl.ance of the body from the centre of the 
vibration. A force will be necessary in order to produce this acceler¬ 
ation, and the force will evidently follow the same law as the 
acceleration, i.e. it will be constantly directed 

towards the centre of the vibration, and -•>; 

will be proportion.al to the dist.ance of the _ 1 9 t 

body from the centre. ® * 

In Fig. 477 a body of mass m ixiunds 
vibrates with simple harmonic motion in the 

line AB. Let v feet per second be the velocity when the body is 
passing through the centre O, then the accelerations at A and B will be 

"1 = o fc'et tier second per second, 

K 


/.ontal axis I)E, vvhicli 


B 


tv.-^ 

_^ y 




/ 

Fk;. 476.—SchlicVs 

'tiui rullinK 




R being the length v)f OA in feet (p. 397). 

I^t Fj be ^h<* force in poundals required at A and B, then 

1 ' 11 / X 

r, = poundals.(i) 




SIMPI.K HAKMONIC VIBRATION’S 


TI7 


Supposing the IxkIv to lx; situated at t', its acieleration a iimy lx 
found from „ (>(■ (>(■ 

,ti t).\ R ■ 


Also, the force K re(iiiire<l to |)iodiice the acceleration nia\ be 
found Ironi (>(■ oc 

• F, 'OA^ K ' 

. ()l w/f’-' <)t' 

• • ' -■ '' R " R R 


wr- 

R- 


■ 0(' |icnindals 


;. 


Suppose ()(' to be one- loot, and that ;c lepriseiUs the- \.due c>| die 
force rec|uirecl «hen the body is at this distance from (), then 

l‘ pound.ds ... .{{) 

K' 


'I’he time of one M)>iali(;n Iruin A to li an<l h.n k to A is 

given liy (p 400) K 

1 - 2 n-^. 


From (3), 



SubstiliitToy of this \alue ^ives 

/m 

T - 2w * / seconds. 

\ 


(1) 


(. 5 ) 


Kxampi.k. a body of mass 2 pounds executes simple harmonn. 
\ibratJons. When a distance of 3. inches from the centre of the 
vibration, a force of 04 lb. \cen;lit 1^ aciing'on it. Find the time of 
vibration. • 

The force reqimcd at a tlistanrc of one foot,from the cenW'O will he 
four times that required at 3 niches. Hence, 

jW=o-4 X 4=.-1 6 lb weight 


r - i-6 4.’'poundals 


* /t 7 ’ 


2 X: 

'/t ■ 7 

= 1-238 seconds. 


i»6x32-2 


Hence, 
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Simple harmonic torsional oscillations. A body will t;;(ecutc 
simple harmonic torsional oscillations if it i.s under the itiHuence of a 
couple which varies as the angle described by the body from the 
mean position, the couple having a sense of rotation always tending 
to restore the body to the mean position. 'I'hiis, a body secured to 
the lower end of a vertical wire, the up|ier end of which is fixed 
rigidly, will hang, when at rest, in a position which may be described 
as the mean position. As has been explained on pp. 255 and 295, if the 
wire be twisted by rotation of the body, it will exert a couple which will 
be proportional to the angle of twist; this couple will be constantly 
endeavouring to restore the body to the mean |)osilioii, hence the 
body will describe simple harmonic torsional ost illations. The time 
of vibration may be deduced by analogy from ei|uation (5), p. 437, 
showing the time of simple harmonic rectilinear vibrations; the 
moment of inertia of the body about the wire axis must be substituted 
for OT, and the couple acting at unit angle (one radian) from the mean 
position must be substituted for p. 'riius 
Let M -- the mass of the body, in pounds. 

/ 4 ^its radius of gyration about the axis of vibration, in 
feet. 

I = M/’--the moment of inertia abotit the same axis, in pound 
and foot units. 

A - the couple acting at one radian, disiilacement from the 
mean position, in jioundal-feet. 

T-:|he time elapsing between successive jiassages of the 
body throtigh the same positioti. 



Ex.xmi'I.k. a flywheel having a mass of loco pounds and a radius of 
gyration if 2 feel, is fixed to the end of a shaft 4 feet long and 3 inches in 
diameter. It has been found from a separate calculatiori'that the shaft 
has an angle of twist of 0 0005 radian wlien a torque of 1000 Ib.-inches is 
applied. Find the time of a free torsional oscillation. Take 4''=32'2. 

The term “fice” indicates that the frictional effects qf the bearings and 
of the atmosphere are to be disregarded. 

I = M/' 

= 1000 X 2 X 2 = 4000 pound and foot units. 



SIMPLE PKNDLLl’M 


The angle of twisi is |)rojK)rtional to the lorijue, and if ihii were true up 
to one radian, we ha\c 

'Porcpic at one radi.tn t 

looo 00003 ’ 

T , 1000 

.. 1 orque at one r.idian 

o ocx ^5 

~ 2 ,(Xx\ooo lU.-iiK hes ; 

^ :,ax'>.ooo X 
i: 

- 5,;/)7,<xx,) ponndal-feel. 

Hence, 

* A 

^ .■14 J 4<>o<i 
7 ’ 5o'''7,<xx) 

0-1719 sc( onil. 

Suppose n Ic) 1)0 the number of toiMim.il o^c ill.ilions pci minute ; then 

t/O 
n ■- 

0-1715 

• m 


If this shaft were driten liy means of an engine i onnei led to a 
crank fixed to the shaft at the end renititi- Ironi the (IvHliei-l, and if 
the shaft were to liav» a speed ol 550 retolutions per niimile, the 
engine would be delivering imiiiiKi-s to the shaft wiiith would keep 
time with the free oscillations o( the shaft. In 
these eircuaistanees, the angle ol oscillation would 
rapidly increase in magnitude. As the stress in 
the shaft is proportional to the angle of twist, a 
very large stress would he produced and the shaft 
•'would be in flanger of breaking. A somewhat 
higher or lower speed of retoltition is necessary 
in order to avoid these effects :Mn no case should 
the impulses given to the, shaft .synchronise'with 
the free torsirtnal o.scillations. 

The simple pendoluin. A simiilo pendulum may 
be reali.sed by suspending a small heavy body at Fu, 478.—a umpie 

the end of a very light thread and allowing it to preJi'inni. 
vibrate through small angles under the action of gravity.. In Fig. 478 
the body at B is under the action of its weighb nit,' and the pull T 
of the thread. The resultant of these forces is F, a force which 
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is urging the body towards the vertical, 
will be ABl), and we have 

F ^1!I) 


or 


F = OTy 


BI) 

All’ 


The triangle of forces 


Now, if the angle B.AI) is kept very small, AC and AI) will be 
very nearly etjual. Let L be the length of the thread in feet; then 


F = /fly 


Bl) 

AC 


L 


• BD. 


(>) 


Hence we may say that F is proportional to BD. For very small 
angles of swing Bl) and BC coincide practically, therefore the body 
will e.vecute sim])le harmonic vibrations under the action of a force F 
which varies as the distance from the vertical through A. 'I'o obtain 
the value of p, the force at unit distance, make Bl) etiual to one foot 
in (i); then 

/»^ -p [roundals. 

Now, T=2ir.^'" (P- 437) 


— 27r 




■■ (2) 


Example. Find the time of vibration of a simple pendulum of length 
4 feet at a place where ^ is 32 feet per 
second per second. 

7 ' 32 

’■222 seconds. 



T = ‘ 


The cotppound pendulum. Any 
body vibrating about an ixis under the 
action of gravity and having dimensions 
which do not comjrly with those re¬ 
quired for a simple pendulum may be 
called a compound pendulum. In 
Fig. 479 (a) is shown a compound 
pendulum eonsisting of a body vibrating 







COMPOUND PENDUI.l'M 




about A. G is llie centre of mass of the Irody, and the lino AG 
makes an angle a with the xortical iwssing through A in the (Kisition 
under consideration. In Kig. 479(/') is shown a simple ponduhim 
CD vibrating about C ; at the instant considored CD makes the 
same angle a with the vertical [Mssmg through ('. lioth pendulums 
will latccute small xibrations in the same tune proxidcd that their 
angular accelerations in the given positions are equal. 

Considering the compound pendulum, 

I.lt M == its mass, in |Kninds. 

Y = thc distance .\G, in feet. 

.M/f'i^its moment of inertia about .A, in pound and 
foot units. 

d,--the angular .acceleration in mdians per sec. jier sec. 
Ill the gneii position 


Then 


"i 


(■(illplc U|)))iir(l 

I.X 


M.gxGH 

MX’i 


■ G) 


c G.\ sin a 

Considering now the simple pendulum, 

Let m - Us m.iss, in pounds. 

L-= Its length, in feet. 

C- wL-'^^-its moment of inertia about C, in [lound and 
foot units, 

ft, = it.s angular acceleration in radians per sec. |)er sec. in 
the given position. 


Then 


^ couple applied 


wgxDlC gxlK'sina 

"■'wL- "^17 

• .gsina 

* L ■ 

To comply with the required conditions, w_e have 

ft, ft, ; 

.* gx G.\ sino ysin a 
Y I 

• ■■■ hJ} .:. 


(0 


(3) 
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The length ]j of the correspoiKliii}' simple pendiilum may be 
oalciilateil from tliis result, and hetu e tin; time of vibration of both 
pendulums may be loiind 11 A(< be itrodtued to /. (I'lg. 
making A/ equal to b, the [loint so found is called the centre of 
oscillation. The centre of oscillation may be (lefined as the point at 
which the whole mass of a comiiotind |)endukim may be concen¬ 
trated without thereby altering the time of vibration. 

Centre of percussion. If a body is capable of rotating freely 
about a fixed axis, it will be found that, in genei.d, a blow delivered 
to the laxly will piixluie an impulse on the axis. 
Theie IS, however, one point m the body at whicli 
a blow will produie no impulse on the axis, this 
point IS called the centre of percussion. 

In i'lg. .tXo, (' Is the axis .ibout wlmh ihe body 
mav turn fieely and (1 is the ccntie of mass. I,et 
an imimlse !•' be delivered to the body at a point /,. 
The ( I fee Is of i' may be examined by transferring 
h' to the centre of mass, ap|ilying at the same time 
;i cliM'kwise couple of moment I' xtl/, I'he force 
K ai ting at (1 will produce pure translation, and 
il the mass of the body is M |)oimils, every point in it will have an 
acceleration Uj feet |)ci second per second, found from 
V- Mu,, 




Fk.. }8o.— C< iiitt 'if 
l»fr< iisvi >11 


M 


(■) 


In particular, (' will have this .k a eleration n, tow.irds the left 
Kurlhei, the couple I' xO/, will |)roihue a 1 lot l.vvise angular 
acceleration 0, found liom 


I) - 


Kxd/. 
]„ ’ 


where 1,. is the moment of inertia ol the body about ■■'ti axis passing 
through (1 and pai.illel to the axis at ('. W riting MA'. for this 
moment of inertia, vve have 

.MA, 

As a consequence of this angular acceleration, (' will have a linear 
acceleration feet per second per second towards the right, to bo 
found from n. = 0 x C'O 

F X 0/ X CO /.V 
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If there is to be 

no impulse on the avis at 

(', tbeie must l)e 

etiuahiy of (t, and tty 

Ilenie, 



K F-sC./xCC 



M ■ "Me, ’ 

k 

or , 

('■/ X ('('r 

I 

e. 



e, ('./xcc. 

(. 1 ) 

Also' 

I, - 1 ,, f M ('(!-, (p ) 

17) 

or 

Me Me,+ M. 



e. e 

<4) 

Also, 

( 7 , (•(;. 

< 5 ) 

Substituting tlu sc 

tables in ( ?) goes 

• 




or 

e -(y.xCd; 



■ - 

(It) 


{'oinpanson of this nsiiU \mi1i that louiul li‘r the posiimn of the 
ccnlre ol' ovjllalK'n (p. 441, e<ju.ilion (4)), ni(ii<al(s tlial tlie ccnttc 
of percussion of a both toinculcs with the ( cntu: ol o'i( illation. 

Reduction of a given body to an equivalent dynamical system. 
It IS often (oinenunt tp Mibstilule for a given IxJtiy two separate 
bodies connected by ineans of 
an imaginary rigid rod, and 
arrange<l 111 h a way tli.it the 
substituted IxM^es liehavt' under 
the ai'tion of any Ion e or lorceS 
in ex.aclly llie saint* manner as 
1<iegnen body. In log 481 (a) 
is shown a lioily mass M, 
and having its centre of mass at 
(); log. 4S1 {/>) shows an equi- ' 

valent system, gonsistmg of Two bodies at A' ontl IV, hav mg" masses 
w, and respectively, and having their t^ntre of mass at <!' A 
and B in Fig. 481 (ti) corresjxmd with A' and B'. 'I he rondilions 
of equivalence may be suited as follows • , 

(1) The mass M must be equal U) the sum of and w/,. and the 
points G and G' must divide AIJ and A'B’ respe<;tively m tlic same 
proportion. A force apphetj at G or at G' will then prtjduce pure 



Kn. 481 


, 

l‘>|uivAlent ttynamual ^y<lem. 
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translation with cciiial accelerations in the niven body or in the 
substituted system. Hence, 

+ OT, M,.. . .. .(i) 

X AG - m, x I’.G, 

or m^a=--mj’ . (2) 

(2) The moment of im itia of the given body about any axis pass¬ 
ing through its centre of mass must be the same as tlie moment of 
inertia of the substituted system about a similarly situated axis. 
'I'his condition ensures that the given hoily and the substituted 
system shall possess eipial angular ai celerations when ai ted on by 
eipial couples. I lence, 

M/i','..( 3 ) 


Tlie.se eiiuations may be reduced as follows: 
l''rolii (2), W| ^ m,, ni, 


Substituting these 111 (1) gives . 


w, - .M : 


M M/i 
<i (t + h 


w, m . M ; 


M Mu 
, (I -r />' 


Inserting these values in (3), we have 

MAT Mu/e’ 

j / —r / " 

a + 0 (1 + 

<(■/’ +u/i- 


ah (a h) 


■■ .(6) 

The required etiuivalent system may thus be obtained by first 
selecting a. h may then be caletilated from (6), having first deter¬ 
mined the value of Xy,. w, and m., may now be calculated from (4) 
and (5). 










KO!’IVAIJ-NT DYNAMTCAl. SVSTFMS 


ExamI’J.K. a (onncctin>; kkI 4H2, 4 fcci long has iis (cnlic of 
nusi Ci at 28 feet fiotn the small ciul. I he mass of the iixl is 2u> 




1 ^/)^ — -- CL — -- ---#1 

t'!(,. 4^ •. - I ikm ilyii mil' .iK) 't< in f. .i < -'in i" t I'l : i • "I. 

jxmnds, and an cqun.ilem s\slem irquiie<l m uIimIi one ol thd tuo 
masses is to be situated at the small eml /, is : in foot units. !• md llie 
system 

Here n is 2 S feet : heme, fiom 


0714 


Fiom(4\ Wj ^ ^ 

2 <X) X O 7 14 2 CXJ X O 714 

j 8 + o 71 -I > 5 ’ 4 

40 b pounds 

l'iom'5), 

200 X 2-8 

3 514 

15(> 4 pounds. 

•• If it is desired to gi\e the Ixidy shown in I'lg. 4H1 (a) any assigned 
motion, tiie forces ■efpiiied may be obtained as lollows : I'lnd the 
linear accelerations at A and H,',l»oth in dire^< lion and magnitude; 
let these be and <1, res^iet lively. In log-M^i <'''). showing the 
equivalent .sys'eni, Wj and w, will have accelerations and </., 
respectively, and forces will be retpiired acting m the lines of the.se 
accelerations, and given by 

I'l -wgb, 

1 ‘, - fL //j, 

both in absolute units, d'he same forces applied at A and 13 respec¬ 
tively in Fig. 481 (fr) will give the proposed motion to the body. 
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lixi’T. 43. The law Y = ma may be \erified rouj,'hly by means of 
the apparatus illustrated in Fig. 483. A and 1 ) are two similar .scale 
pans connected to a line cord C which passes over two aluminium 
pu'lcys I) and E. A cord C,, of the .same kind as C, is attached to 
the bottom of each pan, and compensates for the 
extra weight of corrl on the B side of the pulleys. 
A fall of about 10 feet should be arranged for 
the scale pans. 

I’lace eijual masses in the .scale pans, and 
find by trial what additional mass placed in A 
will cause It to descend with uniform velocity 
when given a start. .Any additional mass placed 
111 A will now give ,\ an acceleration downwards 
and B an cipial acceleration upwards, l.ct A 
have a total tall of 11 feet, atid make several 
experiments withoitt chatiging the masses, 
noting the time tti secotids for each descent by 
means o( a stopwatch. Take the average ttme 
/ seconds and calcul.ile the acceleration r;, from 
II 

Fm.. 484 AppATAttis for I I 

verifyi.iB ilic n* !■ o»,;. "i - fcct [icr scc per SCC. ■■■ (1) 

The acieleratioii should also be calculated as follows. 

Let M, mass of each scale pan, pounds 

M„. the e(|ual masses added, |)oiiiids. 

Mf - the additional mass in .\ r, i|uircd to secure uniform 
velocity, pounds. 

M„--mass added to .A for the |)iirpose rif producing 
acceleration, pounds. 

'I'he total mass to whidi acceleration has been given, neglecting 
the cord and pulleys, is 

iM = 2M, + 3 M„ + M, + M,„ 

= 2(.M. + M,.) + M, + M„. 

The force F which has produced the acceleration is the weight 
of M„, i.f. ■M,,,!,’'in poundals. Hence, 

F«M(t,, 



or M,i3' {2(Mfc. + Mif) + IVI( 4- M,,]a.,, 

'i,C r. 


2(.\t,+ M,r) + M,+ M„ 


feet per scc. per .sec.{2) 


This valiK should agree fairly well with that esperimeiUally found 
and given by (I, in valuation (I). « 

Repeat the experiment two or three times with different masses. 



Kxpl. 44.—To find th« moment of Inertia of a amall flywheel by the 
method of a faUin^ load. 'I'hc ap^^.ltaul^ H'nl <■«)n^i^ls ol a stjmll 
flywheel {M^. 43^S. p. 41S) having a druni on '•h.ifl and tapahle of' 
being rotated In nuans ol a ior<l trapped round the drum, and 
having a stale pan toiuaining a loail aita« hed to its cml. 'The tAnl 
is auached to the tlruin in mi< h a manner di.it u dr(*ps t'll whm the 
scale paiveatlics the llooi 

Allow the srale p.in to deM iiul .slonl\ tliiongli a mc.iMitt tl height, 
and note the miinhei ol re\olutions niatle li\ iIk' uhtil tinring this 
operation. Wind up the st.il<- pan it) 1)1 - nuik- la ighi. plate a load 
in it, then .dlou llu- wiu-el itt stall unaulMl. at the same immunl 
starting a stop watt h. Slop the walth .il the msiani the s<.p,. p;ni 
rt'at hfs the llotir, .uul note tlie time ol ties. ■ nl. .\llou the nhet i to 
go on re\i)l\ing until Imtion lnings it to ost, anti noh die total 
number ol ie\oliititins whit ii ii makt s liuin ^\ m \ [o stop 

I.el w, the m.iss ol the stale p.UK 111 ptiiinds. 

///, the mass pKnivl m the st.ile pan. m jit.unds 
M -///, I w, the lol.i! falhngMii.iss. m pounds 
II die ht iglil ol t.ill t.t the stale [Mil, in leet. 

/ (he lime ol l.dl, in st t mids 

N, tumibei ol ie\ oiulIt ms made by the w lit el dm mg the fall. 

N, the total numbti t)l ti\oluiit)ns lit.ni 'a.iil iti stop. 

'I’he (ot.il woik dtme 1>\ gia\il\ will be Me'H lotit j)oimiials, and, 
up tt) the instant tiiat iht stah' pan is on (he point of tt»u(hmg the 
floor, this woik h.is b((li espemlt d as lollows (,/) m glMHg kinctK 
eiiergN to the falling m.ts^ \1 . {/-) in o\en ommg frit tional lesistaiu es; 
(i ) m giNing kmt tie enelg\ It) the wla el. ll 7' be the \eltK ily of M 
when die st.ile pan aiiiMs at the Ilt)or, the aveiage vi-lotily t)f 
de.scenl will bt I 7 ' let t pt 1 sta tiiHl. I It nt e, 

H . 

2 \\ , , 

7' let t [)el SCI 011(1 


.'. Kineiit'( nergy at'[uirt <I b\ M 


Mr'-' M ^ -iH-’ 
2 ' 2 ' 


..Ngl- 


fool pound,(Is. 


'I'he differmce bctvMa-n iMgl! and ilie kiiieti' eiierg} .ici|uired by 
the falling mass M r<‘presems the t m igy n.n'hmg the driini, and is 
expended in oxercoming Iritlitm and in giving kin(ti<‘ encigy to 
the wfieel. -»M 11 ’ 

laurgy re.-ching the drum 


/ 

.MH^C foot-poimdals 
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Ultimately, the whole of this energy is dissipated in overcoming 
frictional resistances throughout the entire motion of the wheel, ie. 
in Nj revolutions. Assuming that the frictional waste per revolution 
is constant, we have 

Energy wa.sted per revolution = 


linergy wasted while M is falling;^ MUfoot-iwundals. 

Let E = the kinetic energy possessed by the wheel at the jnstant 
the scale pan reaches the floor. 



-Mllfc 

2 HXN, 

v' /- / 


/- /N, 

/ 2H\ 

/ N.\ 


-MIH.g- 

(' N,:) 

foot-poundals 

=-Mh(i 


loot-lb. 

V :<t-J 

V N../ 



The angular velocity of the wheel at the Instant the scale [tan 
reaches the floor may be calculated as follows: 

Revolutions described in t seconds = N, 

-- aserage revs, per sec. x t\ 

N 

.'. Average revolutions [ter sec. \ 


And, maximum revolutions per sec. - ; 

.'. .Maximum angular velocity of wheel = w -- 


.N, 

t 


2TT 


^ 47rN | pg,. 


Now, 


Maximum kinetic energy of the wheel = -I - K foot-lb.; 

• j 21'-.l,' 

.. (U“ 



N.j 

l6jr*N,- 



NA pound and 
' N.,/ foot units. 


The experiment should be repeated several times with different 
masses w;., ahd' with different heights of fall H ; the values of I 
should be calculated for each experiment and the mean value taken. 
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Exrr. 45 — To find the centro of otclU&tioD. or the centre of percussion, 
of a g^lven body. A tonnruiii^ rod has hern srlia (exJ as a useful 
example 4.S4) ihr rod Alt is suspeiidetl lioni a kliite f*d^e 

Vonsisiiu^' ()1 a s(|uar(' bar ol lool sirrl 
('0, iiassin;; ihiou.i^h the hole in llie 
^niall end and lestini; on V hhnks at 
F and F; d'he rod <an \il)iair now 
in llu‘ same plaiu' as that in \\ ha h it 
will \ihrate when hmh into lie . n^inr. 

(ill Is a siinpk' ]>(ndiiliun (on''is(ino 
(»l a small hraw hoh and a iieht < on! 

I ause both i(m 1 and simpK' ^jt iuliihim 
to <‘\e( iilr small \ibia(ions. si.mum 
both to;^(thii at ih- . nd o| a swim; 

Adjust the li mtth ot (ill until both 
\ilaale in the saiiu- lime \lrasuie 
Oil and niaik a point on iId < on- 
nr< dm; toil at this K n^lli ln»m 11 s .i\is 
ol MhratKHi I'his will -nr ihr < rndr 
ot osriilalion 01 pinusshm wlun the 
lod is \ibratim; .tbout the uppi i rtlpi- 
ol the tool si( 11 ban 

I'Al'l p» I'ak* a miiloim bai ol nn lal about 5 Icrt lonj; aud of 
se<-llon about i im li !)\ ; im h. KOi inm; to p j j4. H will be sei n 
that the (( ntie o| pen n, ;()n / loi this bai will be at a dislaia e (loni 
( A;i\i n b\ / 

Lfi I, 1)1* till- i( iiL'lh of file I).u 'rin n 

( <; 'i„ 

A ', 1 .-. 

(■/, -;i. 

Maik dearly ihe position ol / on tlir liai . allow llir liar to lianj^ 
\(ilic'ally, usin^ .1 liiiL'i r .mil ilinnili at (' L’se anollicr sliorl liar 
and stnkc- tin- liar sliaipK at ilificnnt points. 'I hr aliscni r ol any 
jar on tin- linp'i rs wlnn llir li.'i is sliink at /. will In- obsrurd 
readily, ainl "i\es (onfiiinalion ol ihi i ali iilati*! |iosltion ol /,. 

I'.XI'f. .(7 -•To Had the radius of gyration of a given body about an axis 
passing through its centre of mass. In 1 ' ip'. 4X5 is shown a liywlieel 
arranped in llu same manner as the < onneetmp rod nr l-'ip. 4H4. 
Kind the length ol ihe i orrespondmp sim]ile pendulum ns direiled 
prctinnsly, hemp careful to i ause the Ilywheel to tibrate in the same 
plane as that in which it will rotatc'suhseqncntly. Mpawire BK, the 
distance from the asjs of vibration to the centre oT mass of the wheel. 
Weigh the wheel m order tifestimatc Us mass, 
i).\i. * j r 
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Taking equation (3), p. 441, and applying it to the present case, 
we ha\'e . j 



where 


Hence, 

Now, 


L = GH, in feet; 

Y = BK, in feet; 

/in the radius of gyration about B, in feet. 

Ik = I„-MY^ 

M/’k = M4 - MY^; 

••• /il-/tn-Y“=LY-Y-; 

/iK=A(L -Y)feet.(i) 



The inomi'nt of inertia of the wheel about its axis of rotation 
Ik - MX'k 

- MV(I, \’) pound and for t units. . (2) 

This experiment therefore [rrovides a means of finding the data 
rerpiired lor estimating the kinetic energy and the rotational ineitia 
of a given flywheel. 

ICxi'i'. 48.—To #nd the veloelty acquired hy a whsel in rolling down an 
Incline. In f'lg. 486 is' shown a long incline .AB consisting of two 
angle hais with a gai) between them. The angle bars are pivoted to 
a bracket at A, ami a pro[) at F enables the angle of inclination to 
be altered. 

The wheel I) has a spindle projecting on each side of the wheel, 
and has a collar IC on each side secured by a nut to the spindle. 
The collars are coned slightly for the purpose of keeping the wheel 
centrally in the gap as it rolls down and to prevent the wheel from 
rubbing on the angles. A fixed 'stop is fitted at C. The object of 
the arrangement is to increa.se the time taken in rolling down the 
incline. 
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First determine tlie sijiiarc of the radius of gyration of tlie Wheel 
and its attachments alK>iit the axis of the spindle, by the method 
explained m the last exiKriment. Ixt this he X’- in foot units. • 



Fn; 4S6 —Apparatus for in5*r".Uk:.iiii>j; th^ motion of a wliryl roUHcj* tiowii «ii iiKline. 


■Set the iiK'liiu; to a suitable angle by means of the prop. Measure 
the dilTerenee in le\el betueen the eentre of the wheel spindle when 
in the starting [lositioii and when in the stopping position ; let this be 
H feet. Measure also the distaiiie trarr'lled, parallel to the iiuTine, 
by the wheel centre ; let this be 1, leet. I.et the wheel start unaided, 
and note the lime taken in rolling down ; let this be / seconds. I,et 
the linear \elocity ol the wheel eentre at the instant of arming at 
the bottom be v feet per second. 'I'hen 

1. - the average velocity x t 
= lvl\ 



|)er second. 


(■) 


'I'aking ei]uatioii (.)), p. and writing r instead of R, where r 
is the mean r.tdms of the follars b', in feet. 


jr - leet per second. (2) 

V ■ I-. 

(1) and (-') arc ex|>a'sM(>ns for lh<* velocity found by entirely 
independent methods, and the results obtained from them should 
ai^ree. (ii\e the results lor 7 ' by both methods; repeal the experi¬ 
ment, using dlffe^•nt angles of inclination aiul collars having a 
different diameter. * 


i:XKKClSES*ON CHAn'KK XVIII. 

1 . A wheel has a moment of inertia of 24,000 in j>ound and foot units, 

and runs at 90 revolutions per minute. Find its moment of momenluni. 
Suppose that the speed changes to 88 revolutions per minute in 0-5 second, 
what couple must hav^acicd.^ • 

2 . A wheel has a moment of inei^ia of 20 in pound and fcx>t units, 
and has a speed of 90 revolutions |>er minute ; the p^ne of devolution is 
vertical. The wheel is»niounted so that its axis is capable of turning in a 
horizontal plane (i.c. m a/imutfi). The axis is found to have an angular^ 
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velocity of radian per second in a/iinulh. Calculate the couple 

a<tAtg. Show the couple and the diieciions of both angul.ir \cluciijes 
clearly in a dia^iain. 

3 . A cyile wheel lias .i mass (;f 5 pounds and its radius of j^yratum is 
one foot. It IS suspended as shown in l-i>(. 470, the dist.ince belueen 
the suspending < oid and the mass centre being 2-5 iiu lies, 'i^hc wheel is 
spun and revolves witli its plane vertical 120 times pei minute Find 
the angui.u velocity in a/iimi(h. 

4. A l)ody having a mass of 12 pounds vibiates m a sliaiglil line 18 
indies long with simple liarmonu motion, 'i he tune of one complete 
vibiation is 0 25 second, l-ind wli.u force must act on it at the end of 
ca< li stiokc .iiul the veloeily at the middle of the siioke 

5. A small wheel having a moment c)f incuia of 04 in pound .iml foot 
units has Us plane hoii/<.)iual and is attached fumly at its tciuie to a 
veith.d steel wiie, live top end of whidi is hxed to a rigid biaiket I'lic 
wheel <an e\e<iuc loisional (►snllalioiis luulei llie (ontiol of tiie wuc 
'I he wiie IS o-t/) iiu h m iliametei and 3 b me lies long, and its iiukIuIus of 
rigidity IS known to be i i,^xx.*,ckX) lb pei squaie indi Find ilie time 
of one (.omjileie ()s('il!alion 

6. A thin disc 24 iiu hes m di.imetei < .m e\e< tile ^mall \ itnations under 
the inllueiu e of grav ity about a lioii/oiual axis at </j clegi<-es to the plane 
of the dis( and Inset ling a ladius Find the length of the ecpiivaleiil 
simple pendulum and tlie tune of one complete \ ibi.ition. 

7 \ thin umfoim sit'd lud 3 feet lung hangs fiedv ftom its top end. 
f ind the tentie of penussion. 

8 A unifoini bai of mild steel, section 2 inches bv 1 inch, 4 feet long, 
h.is masses of 4 and 2 jiounds attached at di'^iaiKcs of 1 loot and 3 5 feet 
lespei lively liom one end 'l ake the densit> of the )).u to be o 28 pound 
pel < ubi( mill. I'lnd the mass (eiUie and the moment of meiti.i about 
an axis at ')o degiees to the H.il fa< e of the Ivar .ind p.i'.sing thiough the 
m.iss ( eniie. 

9 . Take the system given in t}uestion 8 and lediict* it to an etpiivalent 
dynamic system h.iving a nias^ situaK'd .U the end of the bar .idiatenl 
to the given 2 pouml mass 

10 'lake the equivalent dynamic svstem fouiul m answei to Qucstio,. 
9. A foil e of iot> lb weight is ap))lied at <>o degiei.'s to the l)ai id) at the 
mass <entic, (A' at 3 ipches fiom the mass (cntie, Find, m e.ich tase, 
the ii.inslational act delation ol tlie Uiass tentie and the angulai act der¬ 
ation, if any, of the biu . 

H. lAplain wh.it it meant by moment of momentuiv Calculate the 
moment of momentum of a Ixnly weighing 300 lb. rotating at 1250 revolu¬ 
tions pet minute, the ladius of gyration of the body about tlie axis of 
lotatmn being 17 foot. What properly is measured by lale of change of 
moment of momentum . (l.C.E.) 

12. A body of 40 pounds hangs from a spiral spring, which it elongates 
2-5 inches. ’''Fhe bpdy is then pulled down a shoit distance and let go. 
Determine the number of complete oscillations the body will make per 
minute, assuming that the weight of the spring is 20 lb. (B.E.) 
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13 A body wciglitnj; lOl lb lia-^ a snu|>le barnumic nioiion, tlit* tola! 
length of one swing l)cing 2 foot . the penoilu tune is 1 sccoiul. Make a 
diagiam showing it.'i \el(Kn\ and anothoi slmwing us acceleiaium at 
every point of 10 path What for<.c is giving to tlie Ixxly this motion? 
What IS Its gloatc^l value ^ (!> K ) 

14. A lieavv < inuiai (ll^( is supjKiited on a sliafl imhcs in th.imcler, 
'.arried (>n .oiler healings; a «<3rd is \M,ipp«.d imnul tlic sh.dt. It is 
found l)y ?\j)eiimrnl th.it .1 weight of 6 11) suspended fioin this loid is 
just stiffinent to o\< n onie the ti u tion of ilie 10!lei heai mgs .uul m.imtain 
a uniform speed ot lot.itmn ol the dis< When a weight of \o Ih is 
suspemded fioni the i ord. it is found that this wtught d< s< ends veitn ally 
14 feet in 2 seionds of nine Dettimine th(‘ moment of merti.i of the 
disc m poimd foot* units Negle<t the meitia of shaft and 'oid, .ind 
assume that the speed of lotation of tlie disi m« umm s at .1 unifoini Mte 
m the second exiienmeiu. (H 1. ) 

15 ()l)tain the m.ignilude aiul position of tlu- single foi<e whuh when 
applied pelpemlu ulatiy to the ,i\is of .1 mnloim h.ii 14S iiuhoslong, 
weighing 200 11) } will give it .1 tMiislalional aiieleiation of 40 feel pel 
se( ond per sci ond and a rotation.d .u < eh i.ition of 10 i.uli.ins per se< ond 
j)er second (l('.K) 

16. In a hoisting gear .1 lo.id of 300 Ih is .itt u lied to .1 lope wound 
round .1 dium, the di.imelei to the centie of the lope l>emg 4 fc'et. A 
hr.ike (iiuin is .itt.iched to the icipe dium .md titled with .1 hand hiake 
'I'lie c\»mhined weiglu of lh<' two dniiiis is 720 ih, and tlie i.idius of 
gyration of the two togtthei is 20 im lies I he weiglu si.ills fioin lesl 
and attains .1 speed of 10 feet p« 1 sec ond I he hiake is then .ijiplied .iml 
the speed is ni.iiiu.nn<‘d constant until tlie load le.u lies 20 feet fiom lh<‘ 
bottom, when tlie hnikc: is lighlenc'd so ,is to guc unifotm letaid.iluin 
until the load < omes to rest I he tol.d dese ent is i<x> leci. tind the tunc 
t.'iken foi the dose ent and ihV tension m llie tope during slowing (I.C.K ) 

17. Show til.It the n.Uui.d peiiod of veilu.d oscillation rif a lo.ul 

suppoiled 1)\ a sjiimg is the s.ime .is the penod of .1 simple pendulum 
whose length IS ecpi.d to the st.itu detlec tion of the spi mg due to the lo.id. 
When a c.iiri.ij^ underfi.ime .incl hodv are mounted on the springs, 
these aie ohseived to deflect il im h Calc ul.itc the tunc of a veiiical 
osc ill.uion. (I.C -K ) 

18 . sliow that .1 l)od\ iiaving pi.me motion m.iy be represented by two 

iuas-'Cs supposed' oneenlraled.it points. A io< king Icvei f'm.issfxx) pounds) 
has a laduis of gvi^tion .iboui its centie cif gr.ivity of iH inches, .and the 
centre of gr.uity is dist.int h inches fiom the .ixis lound whi< h the lever 
rocks Find the magnitude of (l'.c*.e(juivalent masses if one is supposed 
to be concentrated .it the axis, .and tind .ilsci ihi* disi.imc of the other 
mass from the .ims. l-'md llie toi(|U(; ie(|uirecl to give the ^^.-ver an 
ac'c elevation c>f to r.idians per second per second * (1..1’ ) 

19 dhe revolving paits of a im^lor car engine rotate clockwise when 
looked at fioin the I'lonl of the c.ir, and h.ive .1 moment of meiti.i of 4cx> 
m pcHind and foot uniats 'I he car is being steered ig a ciicular path of 
4<X) feet i.idiusat 12 miles per hciur, and the engine runs at 8<X) revolutions 
per minute, h/) WHi.u arc the etTecis cm the stcei mg and driving axles due 
to gyrcjscopic action? The distance between tlvesetaxlc^ is 8 feet. (/') 
Suppose the car to bc^urned and driven m the levorse direction ovci the 
same curve at the same spec^d, what will be tlic effects on the axles ? (F.U.^ 
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20 . A hollow circular cylinder, of mass M, can rotate freely about an 
external generator, which is horizontal. Its cross-section consists of 
conoentric circles of radii and 5 feet. Show that its moment of inertia 
about the fixed generator is 42 M units, and find the least angular velocity 
with which the cylinder must be started when it is in equilibrium, .so that 
it may lust make a complete revolution. (L.U.) 



CIIAI-TKR XIX. 


I INK .MKUl WI.SM.S. 


Link mechanisms. Links .iir used lur ti.msriiiiiiii" niotnm ficiin 


In any i(iin|il<.'k' iin.( Ijam.sm 



one poinl to another in a nici hanisiii. 
containing lmk.s, tisually each 
part ih constrained so as to 
move always o\cr the same path 
in the same deliinte manner; j 
the whole may then lie delincd 
as a kinematic chain. I'he slider- 
crank chain is a well known 
example of (ompicte reslrainl 

487) . here the crank ('15 revokes akout an .ixts (' and lornis 
one link in th(‘ chain.^tlie conne< ling rod AI 5 is <“onneeted lo the 
cr.ink at 1>, lu'UCi' this end of the ro<l re\okes akoiil tla* (entie ('; 
its other end A is constrained liy the sliding l)lo< k 1 ) and slotted 
frame V. so as to mo\e alw.i\s m .1 stiaiglil line. 

Fig. 488 (<74 sliows a c.ise o( incomplete restr.unl , iheie are two 
cranks AB and CP, capable of rotation about A and (' rcspeciisely, 


h t<.. ^87 sliilt-r < r.iPil (li.ui 



and connected by two links ItlC and I )IC, jointed at Is. It is im|)ossihlo 
to make any calculations in a case stieh as this., ('omplete restraint 
may be secured by having a blo(,k at the joint 1 C and guiding it to 
move in a delinite line (Fig. 4K.S(/d). the addition tjf*another crank 
GF and a conneefing roeV F'lC will secure definite motion for every 
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part of the'mccljanisni In cases of complete restraint, j)roblems 
regarding the path, velocity and acceleration of any [)oint may he 
solvqi, and calculations made regarding llie effeds of inertia in pro- 
diicing'stresses in the parts and in modifying the forces given to the 
mechanism hy outside agencies. 

'I’he [)ath of any point in a mechanism is found best by drawing 
the mechanism m s('veral ilifferent j)osiiions and marking in each 
the position of the point umli-r considetation ; a fair curse may be 
drawn through these points and will gne the desinal path. 'I he path 



of a point D in the conne( ling rod of a slidei crank-cliam is shown in 
Eig. 4<S9 as an ilhistr.itKjn of tlx: method A simple method (4 
obtaining \<'lo<'ily and acceh i.Uion diagrams has been given in 
('hapter XVI. ; some s[)ecial methods will now be examined. 

Velocity of any point in a rotating body. In log 490 is shown a 
body rotating about an axis at (' whicli is perpendicular to the plane 
of the papei. 'I'be direi'lion of the 
\ei<H ily ol any point, su< h as A ui H, 
will be pi'ipendu'uiar to die radius. 
To (.d(u!ale the \<'locuy ot b, if the 
\elo<,ii\ ol A IS given, let the body 
tnake one re\t)lulion . then 

Distance travelled by A-27r.('A. 
Distance travelled by li - 27r. ('B. 
As these distances aie tiavelled in 
the same time, we have 
277 . Cir 
\ , ^ .T CA’ 

CH 



V,=--V 


'('A' 


'I'his result shows that the velocities of different pointa in a body having 
motion of rotation only are proportional to the radii. 
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Possible velocities in a link. I>i.t AM l)c a ngul rod or link 
(Fig. 491), and lot A h.no a \i-looiiy \\ at .1 gi\on inMant. \m 1 I 
ha\e com()on(“nts (•o'l " an<l \' ^ sin n along aiui pn pcndinilar to llu‘ 
r(Kl rospccli\oly. la-t M h.uo a \oln< it\ \'„ at tho saino in.stant, ihc 
com[>ononts of \’n in tlic saino diro»iions will Mo \„(os/i and 
VuSin/i. As the lod is ngid. /.<' oannot liond or alur its length, il 
follows {flat \',i''os/^ anil \\oos<t must Mo oipi.il. ollutwiso tho lod 
is boroming shoilor or longer. 'I'lto oilier i ompoin'iit ol ilif \olo( ny 
of M may bo ol .iny magnitude and ol ntlu r st-ns.' along M\ I'hr 
result may bo i vpri sM-d b\ s.nmg th.it the velocity of B relative to A, or 
of A relative to B must be perpendicular to tbe line AB 




Instantaneous centre 'I he n lalmns ot the\e!ooiiies ol the < mis 
of the rod AM ma\ 1 h‘ r\ammed by die 'olloumg method, whiib is 
suilabii; lor *gr4iphii.al soliilions Keteieme is made to big. ,pi2 
Herr the\eloeit\ o( A is along \\, but for an in^l.inl it might be 
imagined that .\ is lotating about an) ii ntir m .\1 whnli is porpi 11- 
^(he’ular to \\ , this will not alter the direction ol llu; \elonty, wlmh 
will still he along^Vx- in same way, we may im.igtne dial M i.s 
rotating about any oentre in MI for an instant, JU being pc rpemlu niar 
to \'ii. Hence 1 , the p(;inl of’intersec tion ^>1 A 1 ami l»I may be; 
locjked upon as a centre; aWml which liolh A^and Mare rotating ha 
an inslant, aiuf is < ailed the initantaneoua centre \\’e ha\e, therefore, 

\\ A 1 

V„ MI- 

d’hc applicalicm of this method to a crank and connecUngr rod is 
sho\^n in Fig. 49,; (a). (liven the \elo( iiy of M, f;ejual to to find 
the velocity of A drAw AI jicrpendirular to to AC, and also 
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produce (di, which is perpendicular to V,,, to cut A 1 in I. Then 
\\ lA 

' . v„‘-iii- 

A more con\enient <'onstructH)n is to |)roduce, if necessary, the line 
of the connectint; rod Al! to cut CN in Z, The triangles lAB and 
C 1 !Z are siniil.ir. Hence, , 

CZ. lA V, 

(T! Hi V,,’ 


If the crank is routing with uniform angular \eloi ily, Vj, will be 
constant and CZ- ni.iy be taken to lepieseiit the \elo(ity of A to a 
scalc«in whii h V„ is represented by CH, the length of the crank. It 
is evident that \A is /eio when the crank pin is at either I, or K; 



also, when the crank is at i)o‘ to I.R, Z, eoini ides with N, and CZ 
will be ciiu.il to the cr.ink, thereloie \ ,1 and k',, w|ll be eiitial. 
I' lg. 49g (/') shows a \elocily time ciinc for drauik by setting off 
the values o( CZ, on a b.ise of e(|U,d crank angles. 

Four-bar chain, hig .(i)t shows an e\am|)le of a double crank and 
connecting rod. Two (ranks, one .\ It, revolving about .\, and another< 
CD, rerobing aixait C, are ronneeted by a link lil): the frame 
forms the foiiilh bar of the chain, .loir the position shown, I is the 
instantaneous centre, olrtained by producing 1 !.\ and CD. As before 
Vp^ID ' 

Ilf 

If V|, is giren, mav be found from this construction, and the 
angular velocity ofZ'D may be calculated from ■ 

yr 

. , .\ngular velocity of CD 

In Fig. 495 is .shown another pair of crinks .\ii rcrobing about A, 




FOl’K-HAK CHAIN 


and Cl) revolvnii; about C , HD is llii’ conmatiii),' link, .ind 
instantaneous centre. .\s before 


l.et 

HI, the angiil.ir m loi ilv ol .\H, 

• 

III,. the angular \c 1 ch ity ol ( D. 

'I'licn 

\ 1, - ('),. .\ H, 

• 

V„^,„,.CD. 

11 dice, 

o, AH V„ I It 


o,.CD V„ ID' 


w, IH CD 


o., ‘'ID' AH. 




l-H. 4<)4 —A foiir-liAr chj 


c Nm^iildr v< lix iti< s III .1 

)>.,< .ll.HIt. 


I’loduK' Dl! anil C\ lo iiici I in /„ .ind iii.iik the anitlrs «,/f, 0 
and i/j as shown . then, in the In,mule 
* , 7 .,\ sin/i 

Alf^siin/i ■ 

and, 111 the mangle /.Cl), 

ZC _sin (iKosin a 
• ZI) Sind Sind 

,, * .\H ZC slim sin i/i 

Hence, u' o' 

Zl) Z.\ .Sind .sin/j 

. /,(■ sin a sin'/i ■y.l) 

• '' Z.\ sin/f Sind 7\H' 

Now, in the Iri.mitlc 4 HD, sin u 'sin/f; and in the tiiangle 
ZCD, sin i/i/sin d-CD ZD. Hence, 

• ZC IH CD ZD • 

Z.'\ ID ZD AH 

IH CD ‘ . 

* . -ID' AH. 
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Therefore, from (2) and (3), 




( 4 ) 


The result sli()\\s that the angrular velocities of AB and CD are inversely 
proportional to the segments in which CA is divided by DB prodneed. 

Wheel and racks. As a further example of the use of the instan¬ 
taneous centre, Fig. 496 (^r) shows a wheel l>etween two racks. If the 
wheel is moving towards the left with a velocity \'c, and if tlte rack 
AD is fixed, then A will be the instantaneous centre of the wheel. 
Hcncc, V„ _ I!A 

V, ’ 

V„^2V,, 

sliijwiiig that the velocity of tlie top rack i-. twice that of tlie centre 
of the wheel. 

If the racks are iiioMiig us .sliown in Fig. 4</)(/'), then I may be 
found from the given values of and Vg ; thus 
V, _ lA 
V„ II!' 


Having found the [xisilion of I, the velocity of the centre of 
tlie wheel may he caleiilatod Horn 

V, It: 

Va lA' 



490.—W’lieel Aul r.icks. , FiO. 497.-Scott-Husstll parallel moiioit. 


Parallel motions. *Ily the term parallel motion is meant an 
arrangement for consti*ainmg a point to move in a stn^ght line. In 
the Soott-Kueeell parallel motion (Fig. 497), a .'ink Al’ lias one end A 
guided so as to move in the straight line Ali. Another link BC is 
pivoted at B, and'is connected by a pin to the centre C, of AP. 
AC = CP = BC, bcnce P, B and A will always lie on a semicircle 
wbicb has .'\P ftir di^mcter. The angle ABP wilj always he 90’, and 
hence P will move in a straight vertical line passing through B. 
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It will Iw noti'il that the iiistantiineoiis ccittrc I'm Al' is at the 
interseelion of HC |iroihi('eil and Al diawn |>er|n'n<h('ular to AH. 
Further, from the (teometrv (jI the li;4tire, I’ will lie .ilw,i\,s*oti a 
horizontal line drawn from hand will, therefore, he inoMiig teilieally 
in any position of the mi'i hanism This confirms the lesiilt aheady 
noted, , 

In practice it is often eoiuenii iit to ynide A .is shown in Fit;. ayS. 
The .aJiort arc in which .A now moses mteilen s with the sti.light lino 
motion of 1’ to a small e\tenl mil). 

ThLs modification of the .Smt 
Kussell parallel motion is used 
sometimes in indi(alois Im guiding 
the iiencil in a stiaight line The 
airangcment peiniils of I’ having 
a inagnified i opy ol the motion of 
the piston ('•. I'lic inst.nil.iiu mis 
centre 1 Im .\P is the point ol 
intersection of D.A and BC when 
produced, and II’, diawn hmi 
zontally thimigh I,gives the position 
ol 1 ’ on the link .\l’. joining .\B, 
it will he seen that the triangli s 

AIK' and ICB are nearly' similai .Also .\( atid U are neaily ei|iiiil 
for all pi.acticahle positions of the niei hanism. Hence, 

IC BC 
CB M" 

• .A(' B( ■ 

or Cl. 

a result wiiich cnahK's TI’ to he calculate^ whun A(. and lt( are 
given. 

Ill the Watt parallel metion (log. 499), two eijual links Ali and 
!)(' arc |)i\ ffted at A and D respectively,* and (onnected by a 
third link liC. It is 'evident that movement of the mechanism 
will cause It and C to deviate to the left and right respectively; 
hence B, the centre of BC, will move in a siraight vertical line 
for a considerable distance. If the movemetit of^tl^e mechani.sm 
continues, B will tjescribe a ctirve resembling h rough figure eight 
(the lemniscate). 
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In Fig. 500 is shown a Watt [xirallcl motion in which AH and DC 
are not etjual. I will be the point of intersection of AH and DC, 



Fi<». 491). W.tH (inruHcl motion ; equal arms. 


FiO 500.—W.ttt parallel motion ; 
uuei|U.il arms 


Ft 



Fig. SOI Watt p.Trallel 
.ipplietl to a brain ciq 


and If may be found by drawing IH hori/.ontally from I. 
the geometry of the figure, it may be shown that 
Hl>; I’OCD : AH. 

In Fig. 501 is shown the arratigement of Watt’s parallel motion 
used in beam engines. AH and DC are 
eipial, and I’, the centre of HC, moves in a 
straight vertical line. DC is extended to li, 
(ili being equal to DC, and bars FF and 
FH are added so as to form a |)arallelogram 
CEFH. ICF will then be double of Cl’, and 
F, 1 ’ and 1 ) will he In a straight line alw.ays. 
FI) will be double of I’D, conseiincntly, if 
1’ is moving in a straight vertical line, so also 
will K. In the engine, F and 1 ’ .seive to guide the end^ of the low 
pressure and high piessiire piston io<ls respectivel). 

Inertia effects in a mechanism. In nnestigating problems re- 
garditig the forces or turning moments which may be dcinered by a 
machine, it is often necessary to consider the effeiMs of the inertia 
of the |)arts of the machine. 'I'he following ca?e of a slotted bar 
mechanism (Fig. 502) giving simple L'armonic motion to a |iiston A 
should be studied. F'rtctional effects hax^e been considered already 
[lartly (p.'^yi), and art* disregarded here. t 

F'ig. 502(11) is a diagram showing the e(fective presstiie on the 
piston throtighout the stroke; any ordinate such as gives the 
difference in pressuse on the two sides of the piston at the moment 
considered. Hence, the net forctj H urging the piston towards the 
left is * • s y,/'-' 

- lb, weight. 


4 
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where d is the diameter of the i ^liiuler m inches and is the 
pressure in |X)unds per sipiare inch. 

Hut for the inertia of the piston, [li^lon rod, and slotted Iku; the 
whole of this force would he transmitted to the i r.iiik pin. T'he.se 
jtarts will all hate eipial act derations in this mechanism, 
lajt ^ .M = mass of recipriM’.itmi; parts, ]iounds. 

(( = their acceleration, feet |)er sec. ])er sec. 

Thejl the force reipiired to orercome inertia will lie 

,, Mil ,, , 

1' = 11). weieht. 

A' 

T'he force t) actually reachiiii; the ciank iiin in the position 
considered will he uiteii hy 

() r-K 

T!il- .\hl 
4 ‘ C ' 

The a<'celcratk)n a may I>l‘ (bimd for any position hy the method 



explained on p. 398. 502 (/') is a diagram in wiiirli the 

ordinates ^tc., have beem calcuiated horn . 

M(Z TTf/' 

:< ' 1 ' 

These ordinates At ill then represent the forces reipiired to over¬ 
come inertia per square inch of .piston area. The .scales used in 
Fig. 502(1*) are the vtme as for Fig. 502 (n),-hem e a comhined 
diagram (Fig. 502(1')) may-he drawn by simply adding the ordinates 
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algeljraically, ihe result showing <■/, tlie force per stpiare inch of 
piston area which is transmitted to the crank |)in. 

'I'hc,turning moment on the crank pin will be 
r- (,)xOM, 

where OM is per|)endicular to the line of (J. A polar turning-moment 
diagram may be drawn by producing the crank OH and making HO 
eipial to ' 1 ' to a convenient scale This being done for a number 
of crank angles, a lair ciiiie drawn through the ends will give the 
re(|uiied diagram. Or a turning-moment diagram may be drawn as 
in Fig, 502 b/) by using a base of eijual crank angles and setting off 
the values of I' at the chosen angles. 

Locomotive side rod. In hig. 503, A and 0 are the I'eiilres of 
two Writing wheels of a locomotive, the ei|ual 1 lanks .\H and 01 ) 



aie connected by the side rod HI). The velocities V|,*and V,, for 
Ihe given |)osition m.iy be loiiiul by taking 1 , and Oils the instan¬ 
taneous centres ol the wheels, assuming that there is no sli|)ping 
between the wheels and the rails. \\ and \T will be eiiual to the 
velocity of the locomotive. Ileiwe, * 

V„. 1 ,H 

•) 11 


V, 


Also, 


l,.\’ ' 

ai'- 


li“v 

I,A * 


The velocities of H and I) being equal in all respect.s, it follows 
that the velocity of*'any point in the side rod will be ciiual to that 
of H or I); thus V,., is equal to V|f or V„. 

Assuming that thb- speed of the locomotive is constant, and that 
the consequent angular velocity of each wheel is « radians per 



LOCOMOTIVE SIDE ROD 




second, the acceleratJons of R and 1) nniII he unaltered if we 
imagine that the wheels rotate with an angular \eloeliy <0, an<l that 
their centres remain li\etl in posiuoii H and 1) \m 11 llieref<i?e'have 
accelerations directed towards A and (' resj)e< it\ely, and ot amount 
<«rR feet per second per '>e(<)nd, R being the crank radius in feet. 
'These aci’cleratious are eijual in .til respects; heme the acceliTaiion 
of any point in the rod will Icnc an crjual \alue and will ha\e the 
Siiine dncction. 

Since the side tod is .ilwats mo\ing paialK I to the rail and has no 

angular motion, (Ik; icsult.int forec' ie(iuiied to gite it its motion 

must aet through its < <*11110 of mass, ami must lie m tla* same line as 

llie aCeeleration of die mass (i-niif. Ii dii‘ lod is iimloim, the 

eentre ot mass (1 will hisc* t III). )< t M lie the m.iss ot lh<' rod in 
jxiuiuK, then the lesiiltanl l(»i(<' Rj rnjuiied t<i o\ei<'onie the ineitia 

of the rod will he ,, 

1 . M'-rR ,1 , 

Kj - 111. wi ighl. 

Obviously R, the result.int ol two eijual and paialtel torees, one 
acting at e.u it crank pm. 

'I'he lorec Rp letctsed m sense, gites the effe( t <it the inertia 
resisianee of the rod on the wluel bearings at A and (’. It is 
esiilent that then; will he a lifting 
effoU when the side rod is in its 
highest position (Fig. 51^4 {/’)). and 
an additional pn*ssurc on the rails 
when the rod is in its lowest jiosuion 
(Fig. 504 Rj acts towards the 

right (Fig 504(0). towards tiie 
left (Fig. 504 (^/)), when the < lanks 
arc hoii/ontal. 

Fig. 504 also mdicales the effei I 
of Rj in piodueing*a lrans\eis<- load 
on the roil. For a uniform lod/K, 
is the lesultant of an im^tia load 
which has a uitiloim distribution per 
unit length of the rod, ^ind in this 
res])ect resembles the weight W ol 
the rod. As will be*seen by inspec 
tion of Figs. 504(^0 and (A), R, aad 
W conspire when the ro<l is in the lowes^t positiitii, and are opposed 
when the rod is in its liigHust position. 'The maximum bcndii]g 
2 V. 



n.M. 
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cfTect on tlie rod will, iheroforc, occur in the position shown in 
Fig. 504 (ii). If \V is the weight of the lod in Ih., the totid uniformly 
distributed loarl producing bending moment will be 

Total distributed load = R, + W 

Mw“’R . 

= - - + \\ lb. weight. .. 

The calculation of the maximum bending moment and stresses 
produced by this may be iierlormcd by the methods esplained in 
Chapter VII. 

Crank and connecting rod. The inertia of the moving parts in 
the crank and connecting rod mechanism produces effects similar to 
those, in the slotted bar mechanism (|i, 462), but tlie problem is 
somewhat more complicated owing to the obluiue action of the 
connecting rod. In the slotted bar mechanism, the piston has 
simple haimotile vibrations, and hence h.as e(|ual accelerations when 
at eipial distances fiom the centre of the stroke ; the connecting rod 
causes the accelerations to be unequal to an estent which is more 
marked if the connecting rod is shoit. .\ ver) long rod |)roduces 
nearly eipial accelerations, a rod of infinite length would give simple 
harmonic motion ; hence the name inSnite connecting rod mechanism 
.sometimes given to the slotted bar arrangement. Further, the piston, 
piston rod and crosshcad have stiaight-line tiiotion, and hetice are 
dealt with easily, while the connecting rod^ has one end moving in 
a straight line and the other end in a circle. For sinqilicity, it is 
customary to treat the rod in two paits, a fiaction, .say one-half, of its 
mass being assumed to be concentiatcd at the cetitie i|t tne crank pin 
and rotating with it, while the remainder of the mass is assumed to 
move in a stiaight line with the crosshead. 'I'he mass of the lecipro- 
cating parts will then include the piston, |)iston rod, crosshead and 
the assigned part of the connecting rod, and this'mass will leipiire 
forces in order to overqome its inertia 

The acceleration diagram may he'draw 11 by the method described 
for another meclianism on [i. 3X6. The work may be made more 
accurate by first dravving a velocity-time diagratn lor the piston by 
the instantaneous centre mclbod (p. 458); then the average accelera¬ 
tions over equal intervals may be calculated, and the results set ofTat 
the centres of the'intervals. Or Klein’s construiltlon may be used as 
follows to obtain an acceleration, diagra.n direct on a base repre¬ 
senting the stroke. *■ 

_ Klein’s construction. In Fig. 505 isCihovvn a crank CB ot radius 




KI.F.IN'S roNSTHl'CTION 
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R feet and a ronnecting rod Ali in a gl\en iH>sition. On AH as 
diameter describe a circle; prodiue Ali, if necessary, to cut, NS 
in Z; describe another circle with centre 11 and radius iiZ, vetting 



the first circle in 1 ) and 1 C. Join DIC, crilting AH in F and AO 
in K, iiroducing DIC if neces.sary. Then, as will be proved later, 
KO represents the acceleration of the [riston to a scale In which the 

central acceleration of H, \i/. is repre.sented by HO. It is assiimetl 
usually th.it H is mot in,with uniform selocity v feet per second. 



The construction should* be repeated for crank angles differing by 
30”; KC should be measured for each position, and the results set 
off as at AT on a base OiH, which represents*the stroke of the 
piston. The acceleration 'diagrarh is obtained by .drawing a fair 
curve through the Qrdinate.s, and is shrwn at GMLPH. Fig. 506 
shows the construction v^hen the crank is in the second quadran*f 
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and in Fig. 507 i.s given the construction when the crank is on the 
dead points H and B'. 



a" \ 

- rj-, '.'- V - ^ 

■ E^, T ' E\^ 

Fki. 507. — Ktuiii’s Lonstriii lion, crank at il< ad jxHiits. 

Accelerations at ends of the stroke. 'I'hc aci'cicrations of the 
piston wlun the nank is at the dead pomls may l)e found also by ilie 
following method. In Fig. 508 tlie erank is shown at a \eiy small 
angle from the dea<l point; imagine that the connecting rod is so 
guiiled tliat it is moving pajallel to the line ol the slioke, i.c. ]b\' 
is j)arallel to A(l. I'Aery ])art of the connecting lod will have the 
. v' 

same acceleration as H, vi/. towards tlie lelt. Now, the connect- 
K 

ing roil is actually moving in such a manner that one end, B, has a 
velocity flat right angles to the rod ; to Bring A' into the cenlie line 
AC, give A' a velocity v as shown. Owing to tins, A will have 

fl¬ 
an uci eleralion j towards the left; hence total acceleration of A 

will be ,/2 / 

" R 1 ," R V’ I./ ’ .*'' 

when ' V- the velocity of the crank pin, feet pci sec.; 

R - the ladiiis of the crank, in feel; 

l. = the length of the connecting lod, in feet. 



Fig, 508.—Accelt'Kiiiun of ll>e pislaii at ihe Fig. 500.—Acct leraiion of the piston 

UHlCr lUotl JKHlll. .iMllV nun I iU.hI |)oml. 


At the outer,dead centre (Fig. 509) a similar method nia)' tie used, 
but now ^ is towards the'right and y.is towards the left. lienee 





TURNING MOMENT 


the resultant acceleration of A will be towarrls the right, and will be 
given by ,,-w rx 

« = - I " - j j lect [ler sec. per sec.. (2) 

'These results, (1) and {:), are of senice in making preliminary 
calculations of the accelerations of the piston when at the ends of 
the stioUe. 

'The effcctnc force (J acting on the crosshead in the line of the 
stroke.may be estimated now. 

T/Ct 1/ the diameter of the cylinder, in inches. 

/, -= the effective |)ressuie on the piston at a gi\en position, 
lb. [ler .sipiare inch. 

M^the m.iss of the reciprocating parts, including the 
assigned part ol the coiinectitig rod, pounds. • 
rr, their arceleiation in the given position. 

r... ,, rr,/“ Mu, , 

I hen ', lb. weight.(3) 

4 .s' 

Turning moment. 'The turning moment prodtu cd by (,) may be 
calculated as follows, reference being made to T'lg. 510 and Iriction 



Fl*.. 510 —moment on (he crank. 


being neglected. 1 is the instantaneous centre for the given position, 
from which it ai.^X'ars that rotation of the rod round I is produced 
by Q and resisted hy the crank pin with a fome 8. Hence, 




jX 


.S = Q 


IB' 


. .* ... (4) 


Produce AB to cut CN in 7 ,, then the triangles ABI and BZC 
are similar. Tlence^ l.\ ('Z C 7 , 

ib"bc°"'r' 

Substitution in (() gives (y, • * * 

• . .(S) 
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S is the reaction of the crank pin, and, if reversed, will be the 
cranlt effort given by the connecting rod to the crank pin. Hence, 
Turning moment ='!' = S x R 

= Q.(:Z. ... . ...(6) 

This result will be in Ib.-foet if Q is in lb.-weight units and CZ is 
measured in feet to the .same si'ale a.s that used in drawing the 
mechanism. 

With the alterations and additions noted abore, the method of 
obtaining a turtiing moment diagram used on p. 463 may be employed. 



Kk. sn —l.>i.tjirams for a shJei-cr.ink-chain, IjKid,;; account of ms ii.i 


The valious diagrams recpiired are shown in Fig. 511, and will be 
followed readily. 

General effects of inertia. The student will„obserte that the- 
general effect of the inertia of the moMiig par.s is to [iroduce a 
more uniform turning'moment on the crank. During the early 
]iart of the stroke, the •ga.seot’s pressure on the piston is high, but is 
absorbec'f partly in accelerating the moving parts, hence the turning 
moment is smaller; later in the stroke, the gaseous pressuie is low, 
but the moving [rnrts are losing velocity now, and their inertia assists 
the gaseous pressure in making the turning moment larger. 

Greater uniformity in the turning moment may be obtained by 
having two 6 'r more cylinders with pistons operating on separate 
cranks. If there are two Cylinders, the ,pranks arc placed generally 
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at 90° to each other; in the case of three eyliiiders, tfic cranks are 
generally at 120’; with a largei ninnlier of cranks, the precise ciank 
angles cannot he stated, as other consuleiations are insoKed. I'wially 
an attemi)t is made in sm h cases to 
produce a scif-balanctd nia< hine, 
i.e. one in which the inertia eficcts 
balance one another without pro 
(hieing disturbances in the Iranic or 
fountfation. 

Turning moment diagrams are 
given in Fig. 512 for two cylinders 
similar to the case illustrated in 
Fig. 511. The cranks aie at ()o”, 
and the niiiiing moment di.igiams 
for eac h i rank sepai.itely aie shown 
by Alh.'D.V and Fldi 11 F,. these 
are displai I'd lel.iliseU to cai h olhei 
by 90'. Slimming the i oriesponding oidinatcs, the combined 
turning moment diagram is 11 KHFFMI)K 11 . (Ireater unifoiniity 
ha.s been obtained, and there is no point where the turning point 
is /tero. 

Further points regarding the motion of the connecting rod. It 

has been evpl.iined that, lor pioilions nein die dead iioints, the 
motion of the connectiirg lod may be as.sumi.'d to be compounded o( 


at 




a motion of tran.slation ^together with another motion of rotation 
round the crank pin (p. 468). 'fhe same a.ssmp[)ti«rf!. may bo made 
when the rod is in*any otl^er po.sition (Mg. 513). The first of these 
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motions would cause the rod always to more parallel to the centre 
line AC, and it would occupy the position A'l! when the crank is at 
CB ; 'the latter motion produces the effect of rotating the rod into its 
proper position AB. Owing to the first of these component motions, 
all points in the rod will possess the same velocity and acceleration as the 
crank pin B ; in this respect, the motion is precisely the same^as that 
of the side rod of a locomotire (p .(fig). 'I'he acceleration tints pro¬ 
duced at A will he ^ ", and may be lepresented by the length of the 


R 


cr.ank BC. Hence, 


K 

v;,- 


^ BC, 

BCx R. 


1!C2, 


(>) 


'rite point A will possi-ss other accelerations owing to the com¬ 
ponent motion of rotation of the lod about I!; in conse(|uence of 
this angular motion, A will hare a vanahle reloiily 7 ’ in a diiection 
at right angles to the rod. The raluc of t will depi'iid on the posi¬ 
tion of the crank, and hence will be undergoing change in most 
positions of the mechanism. Owing to this, there will be an acceler¬ 
ation of A in the line of 7', i e. at right angles to the connecting rod, 
Further, A will possess the ordinary central acceleration towards B, ot 


magnitude giren hy 


I,' 


Hence in all A [lOssesses three component 


aoceleratlons, and the resultant of these must have a direction coinciding 
with that of AC, 


d o find an esprr'ssion for tel'erem'e is madr* to F'g,*5i3, shorv. 
ing I, the instantaneous centie of the rod. The angulai velot ity of 

the rod rvill be and rvill he given also by j . Hence, 


V V„ 

L IB' 


Also, 

V- '1 V" 

Central acceleration of A towards “ y = p ' j j "2''' 


L 

"ht 




.(3) 


Referring to Fig. 514, showing Klein’s'Construction together with 





MOTION OF THF. CONXFCTINi; HOD 


^7i 

at 90° to each other; in the case of three eyliiiders, tfic cranks are 
generally at 120’; with a largei ninnlier of cranks, the precise ciank 
angles cannot he stated, as other consuleiations are insoKed. I'wially 
an attemi)t is made in sm h cases to 
produce a scif-balanctd nia< hine, 
i.e. one in which the inertia eficcts 
balance one another without pro 
(hieing disturbances in the Iranic or 
fountfation. 

Turning moment diagrams are 
given in Fig. 512 for two cylinders 
similar to the case illustrated in 
Fig. 511. The cranks aie at ()o”, 
and the niiiiing moment di.igiams 
for eac h i rank sepai.itely aie shown 
by Alh.'D.V and Fldi 11 F,. these 
are displai I'd lel.iliseU to cai h olhei 
by 90'. Slimming the i oriesponding oidinatcs, the combined 
turning moment diagram is 11 KHFFMI)K 11 . (Ireater unifoiniity 
ha.s been obtained, and there is no point where the turning point 
is /tero. 

Further points regarding the motion of the connecting rod. It 

has been evpl.iined that, lor pioilions nein die dead iioints, the 
motion of the connectiirg lod may be as.sumi.'d to be compounded o( 


at 




a motion of tran.slation ^together with another motion of rotation 
round the crank pin (p. 468). 'fhe same a.ssmp[)ti«rf!. may bo made 
when the rod is in*any otl^er po.sition (Mg. 513). The first of these 
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represented by K 1 ', and tlie closlnjc line KC gives the resultant aeoelera- 
tlon of A siong AC. It will be noted that this result prove.s the truth 
of I^lein’s construction. 

Since KF gives the linear acceleration of A in the direction at 90* 
to tliat of the rod, it follows that the angular acceleration of the rod 
will be given by 

Angular acceleration of the connecting rod = j'.(6) 

Acceleration image of the connecting rod. In Fig. 515 ICF and 
F'B hare been co|>ied from Fig. 51^. The resultant of these 



1 ' H,. 51c, Accclt r.Kii'u iiii.igc I'f .1 I omit, iiiig rod 

accelerations will be Kl>, the closing line of the triangle of accelera¬ 
tions Flilv. The acceleration of A along AI^ may be taken to be the 
resultant of the .accelerations Kli and IK", and is re|)resented by the 
closing line of the triangle of acceleiations KBF. Consider any 
other point in the connecting rod, such as G. Its relocily at 90“ 
to the rod, and hence its aeceleration.s, owing to the rod rotating 
about l’>, wall be simply proportional to BG, that is, 

acceler.ition of G ■ acceleration of -- 1 !G :,I!A. 

Draw GH [i.vrallel to .\(', and cutting KB in H ; then 
Acceleration of G : acceleralion of .\ -- UH ; UK. 

Now KB represents the resultant of the two component accelera¬ 
tions of which are resiiei lively along and at 90° (u Al!; hence HB 
will represent the resujlant of the similar comp'onents of G. The 
component aeeeleralion of G, owing to 1 ! rotating about C, remains 
V^' 

of iinaltKred value and is repre,sent'ed by BC. ^Hence the re- 

result.ant acceleration of G will be the closiijg line HC of the triangle 
of accelerations lll!('. The resultant acceleration of any other point In 
tho rod may he found In a similar manner by drawing a line ftom the point 
parallel to AO to cut KB, and loinlng the point so found on KB to C. On 
account of this' prs.'i>erty of KB it is called usually the acceleration 
image of the connecting rod. » “■ 
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Besultant force required to give acceleration to the connecting 
rod. In Fig. 516, let G be tlie moss centre of the connecting rod. 



The act cK raiion of G is IIC, and might 1 k' [ntHhucd by a foicc R 
aoing at G in .1 line p.ir.illcl It) IIG. 'I'lic magnitude dI K, if the 
ro<l h.is a mass M jxumds, will be 

R - - 11) height. . . (i) 

'I'his forte would not piodiite an\ angulai a<t.eleialioii in liie 
connecting lod on a(Ct)iint of its line t)f aUion passing ihiough the 
mass centu* t)f the rod. In order to obtain the actual niolioii of 
tile rod, which includes angular aeceleiation in most positions, R will 
re(|uire to i)c shifted fitini (J, thereby giving a couple whit h will 
produce the reijuired angular atteleralion A coinenieni way is to 
use an cqui\.dent dynamic s)steni by substituting two masses, w, 
and pounds (Fig. 517), for the actual mass of the nal One of 


-9a'' 

.a. 

» 

Fii, si; — \ (tynaiiiii.il ii cijuiv.iltiU Ci the rod 

• * 

these, j«,, nia^ be situated tit tlie rentre of thc^( rossliead |)'»i A, at a 
distance ti froiii ; the oilier mass, will be at a distance /i on 
the Ollier side of (j. Ffir this arrangement to be e(|iiiialent to the 
actual rod, the following conditions must be comjilied with (|). 444) : 


W/| +OT , ^ M.(2) 

OT|(( = ;«/. . I .(4) 

' mfi-+,m//-. ... ... (4) 
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ii, is the radius of gyration of the connecting rod about an axis 
passing through G and parallel to the ciank shaft. 'I'he solution of 
these equations gives . (5) 



From this result h may be calculated when a and /■,, are*known; 
the masses and m., may be determined then Iroin equations (2) 
and 

Ref(,-ren<'c may be made now to Fig. 516, which shows the crank 
and connecting rod, the latter being represented by the equiralent 
masses w, and To accelerate requires a forte R, acting in 
the line of the acceleration of A, vi/. At.'. To acceleiate m., ie(|inres 
a force R.j acting in the line of the acceleration of 1); this line may be 
found by drawing Ills parallel to AC and cutting 1 !K in F; the 
acceleration of I) will be represented then by FC. R.j will be 
parallel to FC, aiul cuts the line of R, produceil in F. Hence the 
resultant ol R, and R., which will be the resultant force R rei|uiretl 
to accelerate the rod, must pass through F. 'I'he line of R will be 
parallel to the acceleration of the mass centie G, viz. HC, and the 
magnitude of R will be given by equation (i) (p. .t75). The collide 
giving angular acceleration to the connecting rod will be R x GM, 
GM being the perpendicular from G to the line of R. 

Reactions on the engine frame producefl by the inertia of the 
connecting rod. In Fig. 518, R is the resultant force re<iuired to 



overcome the inertia of the connecting rod in the given position. 
R is actually the resultant of two forces, one oh which, P, is applied 
by the guide bar to the pin at A ; the otjier force, Q, is applied to 
the rod at B If)’ tkc crank pin. If the friction of the slipper be 
neglected, P will act at right angles to .W, audits line will intersect 
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tile line of R at D; hence also acts through 1 ). The magnitudes 
of 1’ and Q ma> be determined hy drawing the iiaialleloginm of 
forces DGl'dg m which 1>F is marie e()iial to K, and R and (J will 
be represented by !)(1 and 1)1' resper tnely. 'I'lie U'action on the 
guide liar at A will he oliiametl by reieising tin- sense of 1‘ (Fig sip) I 
in the i^ime diagram, the reartion on the (rank pm is shown hy 
levcrsing the sense of i). 

The force () in Fig. 50) is e(|ui\alent to an c(|iud and paiallcl 
force Q, ol the same sense, acting ,it (' togcthci with a couple ol 
moment (Jxt'll, ('ll being |(cipcndiculai to llic line ol (,). () 



acting at (' pioduccs a |ircssuic on the 111,iin heiiimg and hence on 
the engine Ir.imc ; the couple (.) x ('II modilies the turning inomeiit 
on the crank. 

Bending moment on the connecting rod produced by its inertia. 

Assuming that the inertia effects on the eoiinei ting lod will he 



the bendingmoment diagraai may he drawn as follows: In Fig. 570 
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AIK' is 90', and l!I) is tlie acceleration imago of the rod. 'I'lie 
acceleration of 1 ! will be towards (1 tnul will he w-R feet per second 
|)er setyjnd, where <■> is the angular velocity of the crank in radians 
per second and R is the radius of the crank in feet. The acceleration 
of A will he re|)resented hy DC, and its component perpendicular 
to Ali will he found hy drawing DR ])erpendicular to ^'B. CD 
will he the reijuired component. Neglecting the \ery small acceler¬ 
ation represented hy CR, the acceleration of any point vn the 
l■onnecting rod may he found hy making BR per])cndicular to AB 
and cipial to nrR and hy joining RA. 'The arccleration normal to 
.All ol any point II in the rod will he lepresenteil hy I IK, iierpen- 
dicular to AB. 

Ri^t m !)(■ th(' mass of the rod in pounds per mi h h iigih at II; 
then the liansrerse inertia load on the lod at II will he 


, ■ , , ■ , , , w X 11K „ . , 

Inertia load per inch length - Ih. weight. 

A 

HK being measured to the acceleiation scale in feet per second per 
second. A similar calculation should he made for a number of 



Fno 5?i.—Hending moment diagram 




jxiinUs on the rod ; the»calcukitions are somewhat simpler in the case 
of a lod'of uniform cfoss section, and in other cases ijiay sometimes 
be simplified by taking m to he the average mass per inch length. 
A lo.ad curve is constructed then hy drawing AB (Rig. 521 (ii)) to 
represent the lenglji of the rod and setting off-the calculated loads 
[ler inch at the tarious [xiints chpsen, aj at IKJ. (Considering the 
portion BB, tric‘av»rage load per inch will be .* (BN-I-PQ) and the 
^ bad on BP will be = J (BN -I- PQ)BP. 
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\V| will act tliruujtli tlio centre of urea (if llN't^)!’. ('arryiiiH out 
the same process for the other portion^ of the ro(J, we obtain the 
equivalent system of eoncentTaled loads W',, W'.,, etc, ’'I’he 

bending-moment diagram may he drawn now hy the link polygon 
method (p. 140),the constnu lion being shown in big. 5^1 (/') and (c). 

Simple slide-valve gear. In ouhnary lei ipioi aiing engines, the 
valve employed to distrihnie the steam to eai h end ol the cylinder 
consists of an inrerted rectangular ho\ (I'lg. 5;.’), winch slides on 

C; 



a flat fiicc formed on the cylinder. 'Two steam passages, or ports S, 
and .S.,, lead to each end of the 1 ylmder, and another 1 C leads to the 
atmosphere or to the 1 ondensei .MoManent of the vaUe to the 
right will [lermit steam to flow through .“s, into the left-hand side of 
the cylinder, and at the viine time permits the steam in the right hand 
side to flow oijt through .S„ and 1 C. .Movement of the salve to the 
left will admit steam to the right-hand side llirongh .S„, and will 
permit eshausi from the left-hand side tlnongh S, and 1 C. 

Cn is the centre line of the valve and AI! is the centre line of the 
cylinder [xirts; tlie valve is in its mid position when the.se lines arc 
coincident vertically. In this position, the valve generally lajis over 
the edge of the ports ; / is called the outside lap, and gives an earlier 
cut-off than if there were no outside l.ip ; c, is c.illed positive inside 
lap; if the in.ide lap is made as shown at c, it is called negative; 
the inside lap determines the point at which the e.vhaiist steam is 
.stopped from flowing out of the cylinder. Cut-off of the steam supply 
is effected when .some fraction of the piston stioke has been com¬ 
pleted ; the remainder of the stroke is then completed under the 
expamsive action of the steam. (Closing of the'' exhaust is effected 
before the end of the retUin stioke in order to entrap some of the 
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exhaust steam in the cylinder; this is compressed by the returning 
piston, and acts as a cushion in bringing it to rest. 'I’o understand 
tlie •coniplete distribution of the steam, it is necessary that the 
di.splacement of the valve from its iiml-position should be known 
for any gnen cr.ink position, and hence for any piston [losition. 

The slide valve is diivcn generally by means of an eccentric, con¬ 
sisting of a disc ,\ secured to the crank shaft B and revolving with it 
(big, 52,5). The h.ile in the disi is boied at a .small distance from 



I'h. ; I' l 11 uti ic dm im; 1 slid- v.il vc 


the centre of the «lise. A slia|) (' siitniiimls lli(.‘ disc and is connected 
by an eecentiic ?od DlC to the \alvc rod ICIc 'I'Ik* (“(('entric is 
ci|ui\nK-nl to a eiank having a r;uli\is ^(jual to the distance troin the 
('cniie ol the shalt to tlu- c<‘ntic ol tile disc, d'his raduis is generally 
very small coiiipan‘d with the length of the connecting tod , hence it 
may be assumed that the motion of the \al\c is simply harmonic. 

Let the <-ircle AHCD (big. 524) lepresent tin* path (h'seribed by 
the centie nl the cidaUtie, uhuh is rotating in the diieelion of the 



Kmi 534.—I?i ink itosili 'iit at .'#(inis u>h, 
t Hi oil, lllc.YSC .UkI CHshUlHIHi; 


allow. A(.' may b(‘ taken to represent 
tlu‘ travel of the \al\e, whieli will be 
in its mid jiosiiion () whj^n^be eccentric 
is at OB or at Ol>. Assuming simpk‘ 
haimonic motion, when the eccentric 
IS in any position, siu b as Olh if KM 
and !vN are jH'ijieiu^ieiiku to AC' and 
to Bl) u‘spe(:ti\ely,*OM or NK will be 
the (bsplaeemetU of the \al\e. If the 
angle separating the ici'cntiic and 
the crank be k’.OK, tbt^i OK will be 
the eorres|Xinding crank position 


.'sinr(‘ the valve displ.ieemcnt lowaids the right must be ecjual to / at 


admission, if Ol., fcqual to /, Ix' measured and* KK, diawm perpen¬ 


dicular to A('^ Ol’i, will be the position ottbe eccentric at admission. 
By selling off tlie atigle J^OK, e(|ual to IvOK, the position of the 
^lank at admission OK, may be found.* IVoducmg IC,K to Ko will 
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Rfuleaux 


dia^am. 


determine the eccentric position OEj at cut tifT. Release and 
cushioning are controlled hy the inner edge ol the valve. Make 
OQ equal to e, niea.suring it to the left of O if po.siti\e and to the 
right if negative, atid draw EjQIO, |)crpendicular to AC; Olv, and 
OKj will Ire the ccrentric positions at release and cushioning 
resirecti.ely. In each case, the corresponding crank jxisition may 
be obtained hy setting back angles etpial to IsOK. 

Valve diagrams are based on the idea ol obtaining direct the 
dispracement of the valve by merely drawing the crank in any given 
position In the Renleaiiv sahe diagram (big. 525), OS, and OSj 
are the ciank positions at admission and 
cut-off; it IS evident that the angle S,OSj 
in this figure is eijual to E|01% in I'ig. 524, 

Hence 0,1 X,, pirallel to 8,8.,, will cor- 
reS(X)nd to liO in I'ig. 524, and the valve 
displacement for any crank position OK 
will be KN, which is drawn perpendu ular 
to 0,1)2, and hence corresponils to EN 
in Fig. 524. I )raw Sj.Sj and K,E.. parallel 
to 0,0. and at distances from it e(|nal 
to / and e respectively. Then, of the total displacement KN, SN is 
equal to the outside lap, and hence KS will be the amount by which 
the valve edge has opened the port to steam. Similarly, at OK , 
K'N' will be the displacement on the left of the mid position and EK' 
will be the amount by which the Inm-r edge of the valve has 
uncovered the port to exhaust. .At .admission and cut-olT, the 
crank will be at OS, and 0 S._, respectivci.v, as has been tistd in the 
construction ,"in these positions the port opening is zero. y\l release 
and cushioning the crank will be at OK, and Ol'i, respectively, because 
in these positions the exhaust o|)ening will be /eio. 

There are many otl^ir t) pes ol valve diagrams; any standard text 
book may be conshlted for the irrinciples on^whith they are based. 

Component eccentrics for a valve gear. In Fig. 52fi(«), OC is 
the crank on the dead centre and OE is the -corresponding^eccentric 
position ; the jingle EOV i.s called the angle omvanoe and is denoted 
by a. Suppose that, instead of using OE, component e«ientriee OV 
and OH are employed, these being found by drawing EV and EH 
respectively parallel and at right angles to CO., It is to l>e under¬ 
stood that the actual motiqn’of thj valve is to be obtained by adding 

•A complele discussirm is given in Cn/r-rj ‘>"‘1 (*/.■'<• V/ear Mr, 
by t'rof. W. E. Dalhy ;*(Arn«lilk 

D.M. ■ ^ ** 
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together the ilisplac:emcnt proiiured hy the coni|xmcnt eccentric OH 
and that produced by OV. OV anil OH are called the 90° and the 
t8o° coiniwnents respectively, and are given hy 
OV ^OE cos a. 
f)H —OK sin a. 

In Fig. 526 (/d, the naiik has moved through an angle t) from the 
dead point. We have 

1 tisplaccment produced hy OE - OM - OE sin (a + 0 ) 

~ OK sin u cos d + OE cos « sin 0 . 

Displacement produced hy OV - ON -OVsind - O Ecus a sind 

1 tisplacement produced hy OH -OND ()H cos d - OE sin « cos d. 

Suiii of displacements produced hy OH and 0 \'- OEsinacosd 
^ 4 0Ecos« sin 0 . 

Hence the resultant displ.uement produced hy the component 
eccentrics is ei|iial to that ijrodiiced hy the actual eccentia 

Let OH arid OV he wiitten a and /< respectively ; then 

Displacement of the valve =-<7cos d + dsm d.(i) 



a and h are both constant in a simple valve‘niot'on having a single 
eccentric. In many cases of more complicated valve gears the 
nKJtion of the valve may be represented ap|)ro\imately by an 
etpiation'of foim .simdar to (i), .shovvin’g that the valve may he 
imagiived to derive its motion from a single eccentric acting direct on 
the valve. 

Hackworth valve gear. An examjvle is shown in Fig. 527 of a 
llackvvorth valve gear; BC is the crank and AH is the connecting 
red. The eccentric CK is at i,Sj° to the crank and is connected 
to a rod EF, the end F ,of which m.ay slide on a guide GH. 
Gp is pivoted at K, and the angle fi which it makes with CK may 
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l)e^clju'itf(l by hand. Altcration.s in the cm ulT and rovcysid of the 
direction of motion of the engine are efferted by allcting fi. I'he 
talve rod I.N i-, connected to JvKat 1 ,. 



'I'he diiplaeenicnt.s of the vaUe will be very nearly ci|nal to the 
dis|)lac’enient ol I, tertically. / 

Let r - the rarhtis ol the ei ccnliic. 

c - KF. 

'I'hen 

Displacement of L vertically from CK t^cco-sd. 

If F weie to move in tiTe straight line CK,the di.splareflient of L 
vertically owiftg to the abtne disjtlacement of 1 C would be 

• d 

Vertical displacement of L ^ rcos 0 .(1) 

Again, Displacement of E hori/ontally from AC = rsind. 

• • . 

In Fig. 528 CF represents this displat^emcnt, Snd F is supposed to 
be connected direct to F, KQ will be very nearly equal to CJP. , 




MACHINES AND HYDRAULICS 


nence, ,,q 

• K(^ KQtan /3 = CI’l;m/} 

= r sin 0 tan [i. 

Hence, Vertical displacement of L = ^ ^ r sin 0 tan ,6. .. . 


„- 








5^8.—Approxitnalions in motions in the Hackworili v.iivi* gear. 

To obtain the total displacement of I,, take tlie sum of (i) and (2), 
noting that the result of (2) may he either positive or negative, de¬ 
pending on the setting of the guide bar 11 ( 1 . Thus 

Displacement of L = (^-r'^cos d + -^2-Ian/J^sin d. . .. (3) 

The result shows that the radii of the component eceentiics are 

Radius of the 180° component eccentiit-«.(4) 


Radius of the 90° component eccentric -™ + 2 tan/f. ...(5) 

The first of these, n, is evidently constant. The other, />, depends 
on the value cT ji. To obtain the mavimum value of /’ take the 
maximum values of ji, positive and 

It._-4_lit_ rb _»i negative, and hence iif lan/f, and 

y'l_ C X* .X obtain the numeiiear value of (4) 

'NvI (5)' I" *''0- 5-9 CY is made 

T JV eipial to the 180“ component eccentric 

I (/, and CX and CX' are respectively 

^ Y E' E o(|ual to the ii.aximuui positive and 

. » negative values of the ()o” component 

iijanoriin.iive Bear. eccetitrie IK 1 lic cctitre III the le- 

■ sultant eccentric will lie on D'YE, 
drawn parallel to XX', for all .settings ol the guide bar GH. Its 
limiting positions will be CE and CE' respectively. The resultant 
eccentric for any other setting of the guide bar may be obtained by 
calculating CX" from (5); the resultant ecccntiic will then be CE". 

The motion of the valve may be obtainfcd thus for any setting of 
the guide bar^GH by connecting it direct to the re.sultant eccentric 
found in this manner. E YE in Fig. 529 is called the characteristic 
Une of the gear. 


Fig. - Chiracteristic line for the 
lijt kvvorih A.ilve 






OSC'IIXATINC ENtilNE MECHANISM 


■l**5 

Oscillating engine mechanism. This moi hanisni is illnslralcd in 
F^'K-53°("). a crank IMi rcvolscs about 11, anti the rylimler is 
raiwble of ost illaling about an axis or tiunuion at A. iTierc is no 
connecting rod , the piston rotl is connected direct to the crank |)in 
as shown. In Fig. 530 (/’) is shown a slider crank chain, in which the 



crank B(' revoKes about t' .mil A motes in tlie sli.iiuhtj.ine At'. 
('oni|)arison of (<;) and (/') will show that (u) has beeif produced 
fiom (/') by an intersion of the iiieehanisiii. In (/<), AH is lapablc of 
swinging about while in (a) Al! is fixed and AC is capable of 
swinging about At!. ^ 

In Fig. 530(c), let the lengths'of AH and H(,' be denoted by I, and 
R respectively in feet, anij let the velftcily Af the crank pin be uni 
fornily equal* to f feet per second. Thes ihigular velocity of the 
crank pin will be given by 

Oi -j radian.s |)cr second.(i; 

To obtain the angulai; velocity of the cylinder, resolve n into 
velocities respectnely along and periiendicular'to Afi by means of 
the jtarallelograni i'FKH^ (il)-V wall be the romponent per¬ 
pendicular to AC. It vs evident that the angular velocities of'^th'e 
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cylinder and of the piston rod AC about A will be equal. Hence the 
Ungular velocity of the cylinder i.s 
V 

radian'- per second.{2) 

Draw liO periiendicular to AC and (IH parallel to HC; the 
triangles B(JA and HC.V «ill be similar. Hence, , 

CA BA I. 

cc'bh'bh’ 


Substitution in (2) gives 


V. BH 


Again, the triangles B( 1 C and FIK,' are similar. Hence, 
CC Cl) V 
CB"CK" V’ 


Siibslilute this vdue in (,;), 


guiiig 

V. BH (.), 
I, ‘ ■ V ■ 


'I'liis result shows that the angular velocity of the cylinder is repre¬ 
sented by BH to a scale in wliidi the angular vclocii) of the crank 
pin IS represented by the consCuit length I,. 

t 'l'he cvlinder has zero angular \elocity in the 
two [losition.s in which the ciank and [liston rod 
are at right angles. For positions of the crank 
" below these, the cylinder is swinging towards 
’ titc right, audits angular velocity may be called 
liosiiive; for crank positions above the zero 
position.s, the angu'lar velocity will be of op¬ 
posite sense, and may be described as negative. 
A polar diagram of angular velocity (Fig. 5,31) 
, may be drawn by carrying out the construction 
for crank angles differing by 30”. BH (F'ig. 
i" ‘ . 1 53 o('')) is measured for each position and set 

Vi(..s3T.-An6iiW >ciooiy off fr6m C iiloiig the radivs BC, towards B for 
cjuiid™. negative and away from B for positive values. 






QUICK KETUKN MOTIONS ’ 

1 lie points I) and K niav he found hy descrdiinp' a circle on AH ns 
diameter, the angles liMA and lil).\ will ihen he each .;o”. At G 
and F the angular relontie.s of the cclnider will he f Ad.and rvAF 
respective!)'. 

Examining l-ig. 531, i| will he noted dial die i nnik, lolating 
uniformly, take.s a longer time to traieise the air IMIh llian it does 
to traveise the arc h.M). lienee the aieiage angiilai iiloi ilv of die 
eylmder towards the left will he less llian dial towaids the light. In- 
.s|)ection of the angnlar-\elo( ily diagtani will illnsiMie the same point. 

Quick-return motions. Achanlage is taken of these facts in the 
t|ui( k return motion fitted soinetniies to sh.iping machines (f ig. 53^). 



at a .slower speed thjn that of the idle return stroke. The tool is 
fixed to a sliding ram F, guided so as to move hon/onlally. F is 
connected by a short link FiD.lo the top of a .slotted har .\|), which 
may oscillate ahoiit _ Ah) is driven li^ means ol a uniformly- 
rotating crajik liC, the crank pm of whicit engages a tilock at C 
which may slide in Ihe.slot of AD. The tool will he at the ends of 
its travel when HC is in the positions HK and HI,, hoth of winch are 
at (jo‘ to AO (Fig. 533). , 

Neglecting the effect gf the oJ)li(]iiiiy of I)E (Fig. 532), the travel 
of the tool may he found thus , . • 

FFalf tragel of tool - ito (Fig. 533). 
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Also, 


1 ) 0 _AD 
BK~ AB’ 


" ^ Ali “AB 

and 'IVavL'l of tool - d- . R, 

where R is the radius of the crank BC. 


• R, 



Hi., si Quick rcliiMi motion ; incchanlsm at the pi ids of the tr.i\cl. 


The averatte specil 011 the cutting' '.ind return strokes may he 
calculated hy liist finding the times taken by the crank to traverse 
the arcs LMKand KNLrespectively. 

1 ct T = time of i revolution of cranl; fn seconds. 

/o = lime to travei.sc arc l.MK, in seconds. 
t,- time to tiaverse arc KNL, m seconds. 
’I'hen tc \ t ,: 'I' ■ arc LMKarc KNL: 2irR. 

arc LMK , 

Wr 


Also, 


i .arc KNf, , 

ir~ ' i> • i • ' 

.» 2ir\i 

.\verage cutting speed 


Average return speed 


d 

tr 


The masimuni cutting and return speeds may be obtained easily 
fr9m Figs. 534 («) and ib) respectively. *' 




And 
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V,- 

Al) 

, AD 

V 

^ AM ’ 

•• '-"am 

V:, 

AD 

. ,, AD 

V 

' AN ’ 

' — "an 



I'!(.. S3< — Quit k return iiivtion ; iii.ixiimiiii cU'tiiiK .«nd return s|)cc<|s 


'I'he Whitworth qmck-retum motion (I'lj;. 535) Is prodlicfd I)y 
anotlii-r iiivcrsiim of thi! slider (rank < li.iin. A slotted link (ID 
reiolves on an axis at (', and is ronnei led to ihe rain of tlie .sliaping 
inaeliine by tlie rod DK. Motion is gneii to (!) by iiii;ans of a 
crank AB revolving round au axis at li, Us crank pin A lias a block 




Fio. 535.—Whitworth rjiiickTct^'ii motion^ 

bearing which slides in ihc slot of ('FV Inspection of the outline 
diagram (Fig. 536) will shbV that BC is the crank in the slider • 
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chain, and now is fixed; AB was formerly the connecting rod, and 

ACD was the line of stroke. 

* 

The trkvel of the tool will be twice Cl), and the tool will be at the 
ends of the stroke when Cl) is passing through its horizontal positions 
CE and Ch’. The arc through which B.A turns during the cutting 
stroke is FHE, and the arc during the return stroke is EflF. The 
average speeds may be calculated in the same manner as" for the 
(|itick-return motion discussed above. The maximum speed during 
the cutting stroke will occur when A is at II, and that during the 
return stroke will occur when A is at ( 1 . 

bet ?) = velocity of A, assumed uniform. 

V, = maximum cutting velocity. 

V,. maximum return velocity. 

' V, (T) Cl) ,, 

llnm ^- = CH’ 'CH-". 


,, Vk Cl) ,, Cl) 

Also, = - or, Ar-,.,.- 

7 ) Cls t (.1 

Comparison of (i) and (2) shows that 

Vc:Vk = CG:CH. 


Cams. Cams are employed when the reciprocating motion to be 
given to the end of a rod or lever is of an irregular character. In 
Fig. 537 (ft) the rod OA reciprocates vertically in the line OA, and is 



Kig. 537.— Two examples of cams. 


driven by a disc B'fixed to a revolving shaft C. The rim of B is 
shaped so as tij give the rerjuired motion to the rod. In Fig. 537 (/)) 
is shown anothe'r example, ip which the direction of motion of OA 
dofif not pass through the axis of the shafr C. 
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The outline of the cam in Fig. 537 (a) is drawn by setting off etjual 
angles oCi, 1C2, 2( 3, etc., and marking off the distances along OA, 
through which the rod is to travel while the cam is describmg these 
equal angles. The points of division on 0 .\ are then brought to the 
corresponding radii by means of arcs described with C as centre. 
The outiine in Fig. 537 (/') is obtained by first drawing a circle with 
centre (,' and touching the litic ;\() produceil. Tangents are then 
driuwn to this circle at eipi.il angular intervals, and the distances 
along 0.\ to he described during cai h of these intervals are brought 
to the corresponding tangent by means of arcs dtawn with centre 


EXERCISES UN CHAPTER XIX. 

« 

1 . A link AH, 2 feet lon^% i'> hon/onlal at a instant and is 

moving in a vertical plane. 'I'he velocity of the left-hand end A is lofect 
per second upw.irds to the right at 45 degiees to Aik ‘1 he velocity of H 
relative to A is 4 feet per second downwaids. hind the actual velocity 
of Ik 

2 . In Question i, find the instantaneous centre of the rod and the 
velocity of the centre of the link. 

3 . In a crank and connecting-rod mechanism, the crank (. 11 is i foot 
long and the connecting rod AH is 4 feet long. The velocity of the 
crank pm H is unifoim and ccpial to 10 feet pei second Divide the 
Clank circle into mtei vals of 30 degrees, and Imd the velocity of the cross¬ 
head A for each of the crank positions so determined. Draw diagrams 
of velocity for a complete revolution (a) on a lime base, (/>) on a space 
base, of length to represent twice the stroke of the crosshead. 

4 . In a double crank and connecting rtxl (foui-bar chain) the cranks 
are AH, l-5*feet long, and CD, 2 5 feet long ; the connecting link HC 
IS 2 feet long ^♦ihe bar AD is lived and is 2-25 feet long. H lias a lineai 
velocity of 2 leet per second. For the position in which Aft makes 
60 degrees with AD, find (//) the angulai velocity of AH, {/>) die velocity 
of C, (f) the angul.ir velocity of DC Use the instantaneous centre 
method, and check the result for (() hy the latio given on p 460. 

6. A four-bar diain has cranks AH and DC 2 and 1-75 feet long 
respectively ; the connecting link HC is 1 5 fe9t long and the bar A I) is 
fixed horizontally and is 15 feet Ibng. The cranks arc crossed. Draw 
the mechanism when AH mpkes 45 degr<*cs wifh AD, and fin^a point E 
in the link Hj' (produced if necessary) which iis moving m a veilical 
direction in this position of the mechanism. 

6. In the parallel modon shown in 498, AC is ij inch and BC 

is J inch long. The line joining AH is horizontal and inch long. AI) 
is 1*5 inch long and is vertical when AC is horizontal. Find the length 
of CP, and confirm the result by drawing for the positions when AC 
makes 15 degrees with AH. * 1 

7 . In the mecha.Msm shpwn in Fig. 502, the crank is 3 inches long 
and has a uniform speed f}( 60 revolutions per minute. The mass oMfrtj 
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reciprocating parts is 8o pounds. Find the forces in lb. weight reciuired to 
overcome inertia for crank |X)Sitions difl'ering by 30 degrees througlioiit the 
•revolution. Plot these forces on a liase line representing twice the stroke. 

8. In Question 7 the steam cylinder dnving the mechanism is 

5 inches in diameter; the net pressure of the steam urging the piston 

IS 50 lb. per square inch up to half stioke, and is 35, 24 and 20 lb. per 
square inch at 0-6, 08 and the end of the stroke lespectncly. Jfraw the 
pressure diagram, and find the turning moment on the crank*for each 
position given in Question 7, making allowance for inertia. 4 )raw the 
turning-moment diagram. • 

9 . Two parallel shafts, 30 inches avis to a\is, have each a crank 

6 inches long connected by a uniform steel rod 30 inches long, 2 tnches 
deep and i inch wide. The shafts aic diivcn at equal speeds. Take the 
density of steel to be 0-28 pound per cubic inch, and find the maximum 
upward and downward foices due to the inertia and weight of the lod 
when^the speed is 150 levolulions per minute. 

10 . In Question y, the stress due to bonding of the rod is limited to 

10,000 lb. per stpi.uc inch. What is the inasimuin permissible speed of 
the shafts in revolutions per minute ? , 

11 . Take the d.ita of (Juestion 3 and lind the acceleration of the 
crosshead in the line of the stroke when the ciank has travelled 
60 degiecs from the inner dead point. Do this by use of Klein’s ion- 
striK'tion. Calculate also the aci.elerations when the c rosshead is at 
each end of the stroke. The mass of the rccipic)i ating parts is 
500 pounds; i;alculatc the forces recpiircd to cnorcome their inertia in 
these positions. 

12 . In Question 11, the total elfectue steam piessuie on the piston 
when the crank is 60 degiees fiom the inner dead point is (7000 lb. 
What will be the turning nioincnt on the crank, (a) neglecting ineitia, 
(A) taking .account of inoitia } 

13 . With the data of (,)uestion 3, find the .ic celeration image of the 
connecting locl when the c r.mk is .it ijo clogices to the connecting rod, 
and hence find the accelei.ition of the c entre of the rod. f 

14 . In Question 13, take the connecting rod to be of uniform section 
and of mass 3 pounds per inch length. Kind the resultant force which 
must act on the lod in order to oveicome Us ineitia. 

15 . Draw the bendmg monienl di.igiam for ths connecting tod as given 
in Question 14, and st.ite^thc value of the m.isimnin Ifending moment. 

16 . In an osrillatinj'-cnginc nicclia’nism, the ciank is 2 feet long and 
makes 50 revolutions minute. The distance between the centre of 
the crank* shaft and tlu' cylinder tiunnion‘is 5 feet. Find (he angular 
velocity of the cylinder when the crank is passing eafh dead point. 
Answer the same when the ciank is at 45 dtvgrecs from the outer dead 
point. 

17 . In Question ^6, if the ciank lotates clockwise, find the time of 
swing of the cylinder (a) from left to right,from right to left. Cal¬ 
culate the angle jhrogi;h which the cylinder oscillates. 

18 . The axis of a \ertical rod passes thiough tUe axis of a horizontal 
shaf. when produced downwards. The rotf h;^s a roller i inch dimneier 
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at its lower end and dii\en \crti<ally by a cam tivcd to the shaft. The 
minimum radius of the (am is 2 im lies, and it liarmonir 

motion to the kkI dining the upward ti.ucl of 2 inches, mlloNsed by a 
pciiod of rest wink* the shaft lotates thiou^jli 4-; decrees. 'I'hc down\sar<f 
travel is simple harmonic. Dr.iw the outline of tlie cam. 

19 . Answer Question 18, supposinj; that tlie axis of the uxl passes 
0*5 inch from tlie shaft axis when piixiiued. 

20. Ifbscnbe the ch.iiaitei of tlie stiaimii).; at turns to which the 

couphn^rod of a locomotive enj;ine is subject, and skcti h an appropriate 
forn^of transverse section. In a locomotive h.ivin^' diivinj' wheels of 
6 feet 6 inches diameter, the (ouplmj^ hxI is 8 (cet lon^ between its 
centres, and is attached to cianks of 1 fcMit i.idius. .Sujipose the kxomo- 
live to travel at 60 miles .m houi, and the weiplit W' ot tlie couplmg-Kxl 
to be uniformly disliibuletl alon^ the 8 feet of its lenj^lli, estimate the 
maximum bending momciu to whuli it will be subjected. (I.CMC) 

21. Dcsciibc, without pioof, a < oiistim turn foi deteimminj> the 

acceler.ilion of the slider in the shdei •( lank modianism. Ap| 4 y the 
constuiction to find the .ic(eleiation of the piston of an oidinaiy diicit- 
actln^ engine when the ciank is 30' fioni the inner de.id lentie. l.enj^th 
^)f crank, 8 imhes Length of (oniieiling uxl, 36 iiuhes. Six.ed of 
crank shaft, 200 icvoluliotis per minute. State the answei in feet nei 
second per seiond. (L.ll.) 

22 . In a slider-dank (h.un AH is the connciting io<l, 30 nu lies long, 

HC the (rank and AC the hon/ontal line of stioke In AH piaxluceil 
beyond H a point 1 ' is taken, HP licing 18 im lies. If the lo( us of 1 * 
IS an appioxim.itely v(MtK.d str.iight lii*e, while AH tiavels through .ingles 
fiom o to 30 with the hue of stioke, find a suu.tble length for HC. A 
load of 2000 pounds at P .ids at light .ingles to the line of stioke ; find 
the picssuie on the ciosshead iciiuiied to e(|iii!ibr.ile, and find also the 
thrusts on the guides .uul (r.ink'whcn HAC 30". (IMP) 

23 . In .a foui-b.u chain AlU l), AH is the diiving, CD the diivam 
(lank, and HC the loiiplci, D.A Ixing fixed HC, piodiued if nciessaiy, 

(Ills Al) in H. Show ili.it the i.itto of the angul.ii veloi ily of ( D to that 
of AH Is P.\/\D. Di.iu the V(loi ily di.igiam foi this < h.un when AH, 
HC, Cl) and DA ;iie i, 6, 3 and 7 feet lespei lively, the .angle lOD being 
(/j' and AH and (T) being on the s.ime side of ,'\ D. If llu' v^hx ity of li 
Is I fix>t per second, find the velix ily of C, .md < het k by using tlie lalio 
gjven above. (L.U.) 

24 . A simple slulc v.dv e ili iven by an ccc enli ic lias a liavel of 5 inebes. 
The cut-off IS at 5 of the stioke of the piston, a,nd the release takes pla<e 
at I of the stroke. I he Ic.id is*,) imh. Assuming tlial the v.alve and 
piston liave simple harmonu motions, find th(»> outside and inside laps 
of the valve and tiie position of the piston when (^)nipression Ijt'gins. 

(L.U.) 

25 . A connecting rcxl 1.? 5 feet long and 5 inches in diameter, assumed 
uniform throughout its length’ Stroke of piston, 2 feet 6 inches. 
Revolutions per minute, i8r. Weight of material, j8o lb. per cubic fool. 
When the crank angle is 60' me.isiired fujm the inner dead centre, draw 
the load and bending-mointnt curves on the rongectinj^ i(xl due to its 
inertia, and state the value of the maximunj bending monient. (LC.) 
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KLYWIIEKI.S. COVF.RNORS. 

Fluctuations in angular velocity. Ii frc(|ueiitly is the case tha 
it is i'liportant to secure tinil'ormity ofaiif'iilar velocity in some shuf 
helongiiif,' to a machme. 'I'his condition is usually veiy dcsirahle ii 
engines supplying motive power. In such cases there may he tw( 
kinds of disturbance owing to lack ol e(|uahly in the rates ol suppi) 
of energy to the engine and of abstraction of energy for dritiig 
purposes. In any machine we hase the following eciu.Uion ([). 328 
for the balance of energies during a stated time : 

Energy supplied - energy abstracted + energy wasted in the machine, 

Stipitose the energy supiilied exceeds that required in order tc 
satisfy the .above equation, then the ni.ichme must be increasing 
its speed, as the exces.s energy must oe disposed ol, and the only 
method available is by the storage of additional kinetic energy 111 the 
parts of the machine. The converse will be the case if the energy 
supplied fills below that reipiired in older to .satisfy the equation. 

For simplicity, suppose the moment of resistance to rotation ol 
the engine shaft, supplied by the machinery to be diiven, to l)e 
uniform. There will be a demand then for a constant amount ol 
eneigy dtiring each revolution of the shaft. Jhit the late of supply 
of energy to the shaft is never uniform, depending as it does on the 
turning-moment diagram (p. 470), 'which m.ay show great lack of 
uniformit;;. 'I'he result woul'd be evidenced in rapid alterations in 
the angular velocity of the shaft, a jerky action w'-ich it is the 
function of the flywheel to remedy. This thp flywheel docs by storing 
the exces.s energy in the kinetic form, and its large moment of inertia 
enables it to do so with comparatively small changes in its speed. 
It is evident ,that, if the energy .supplied during the revolution is 
exactly suflreien't to satisfy the equation, the angular velocity of the 
flywheel at the end of the revolution will be ‘equal to that at the 
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beginning, />. there is no net gain or loss of speed tiespite inter¬ 
mediate small fluctuations. 

A second kind of sariation in the angular velocity m^y occu? 
during a period cxtemlmg over several revolutions of the shaft. 
This would be owing to the supply of working fluid to the engine 
being too large or not enough, and wouki be evidenced by a steady 
ri.se or tall m the speed of rotation. The flywheel alone is incom¬ 
petent to deal with this mattei, which must be remedied by a 
conftivance called a governor. 'I'hc governor is diiven by the 
engine, and is constructed so that the relative posilions of its parts 
alter with change of speed. These movements may be made to 
operate valves which control the .supply of working fluid, and thus 
the shaft is kciit lolating at a speed whidi may \ary only slightly 
above and below the mean speed. Absolute steadiness of •speed 
cannot be attained, for change of speed must occur before the 
governor will more into another position, and .so operate the control 
valve. 


Kinetic energy of a flywheel. Some calculations regarding the 
capacity for energy of a giten wheel and ol its change of angular 
velocity in giving up a stilted amount of energy will be found on 
p. 420. 

Let I - the moment of inertia of the wheel, pound and foot units. 
u)-its angular velocity, in radians per .second. 


Then 


Kinetic energy of wheel ” I foot-lb. (1) 


I-et the wheel change it.s speed from N, to N., revolutions per 
minute. 'I'hcn 


(,’hange in kinetic energy = I 


Also, 


- I. 

N, rrN, 

(u. ^ . 2Jr = 

' 60 ,^o 

'> jtN., 

III.,- -. Mence, 

■ > ■ .10 

Lhange in kinetic energy = 

2g\ yoo ' yoo / 


I 800^ 




■ =0 00548 ^(Nj--N/)foot-lb.,..(2) 

A 

Again, the kinetic energy at any speed N r(?voltrtions per minute 
varies as N‘^; hence,' if H be the kinetic energy at one revolution pgr 
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minute, the kinetic energy at N revolutions per minute will be 
MN'^. Hence, the change in kinetic energy in passing from N, to Nj 
revolutions per minute may be written : 

(lhange in kinetic energy = M(N|'-- N./). (3) 

'I'he fluctuation In »p«ea of the wheel may be defined as (Nj - N^), 
and the coeiBclent of fluctuation of speed is taken as the nititi which the 
fluctuation in speed bears to the mean speed. It is sufficiently 
accurate to write 

Mean speed = .l(N| + N.,). 

N, - N„ 


Hence, (Coefficient of Ihictuation of speed == 


. 1 (N, + N,, 


In practice, values of the coefficient of fluctuatitm of speed are 
found varying from 0-05 to o-oo8 depending on the type of 
machinery. 

Dimensions of an engine flywheel. In estimating the dimensions 
of a flywheel for an engine, stifficient information intist be given or 
assumed to enable the Ihicttiation of energy (hiring a complete cycle 
to be a.scertained. The |)rocess consists in redticing the driving 
effort on the piston to a tatigetuial force acting on the crank pin, 
making proper allowance for the inertia of the reci|)rocating parts of 
the etigine. A crank-effort diagram showing the \ahies of this force 
thioughout a cycle is drawn. Another diagram is diawn on the same 
base, showing the (hiving resistances to be overcome reduced to 
another tangential force acting ;it the! ciank ptn. Comparison of 
these diagrams will enable the Ihictuatioti of energy to be obtained. 

The turning-moment diagram may be used in oidcr to calculate R, 
the tangential force acting on the crank pin. Thus, 

T- R X HC, 


where BC is the length of the ciank in feet and T is the turning 
moment in Ib.-feet. 

Values,of R for a stetan engine having a single cylinder are set off 
in Fig. 538 on a base having a length equal to the '•irctimference 
of the crank-pin circle. The resulting crank-effort diagram OCBDA 
shows the work done on the crank pin per revolution, neglecting 
friction. • 

The whole of the work done on the. crank pin is utili.sed in 
overcoming (a) frictkmal resistances in the engine, (/') the external 
resistances which are opposed by the machinery being driven. 
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Assumlnj; bolli of those to he uniform wlicn rodiicod to it tniigeiitiiil 
force at the crank pin, it is oMdcnt tliat both will bo taken account 
of by constructing a roct.ingulai diagram OEFA of hciglu oiltinl to 
the average height of the i rank-effort diagram. This rectangle will 
c.xpress graphically the eipiality of energy supplied and energy 
abstracted dining the reroliition, The driving effort and the resist¬ 
ance to be orereome are eipi.il at (1, M, R and I.. 


D C 



I-It. 5^8. - Mill III Iii.iii lit t n< l^;y iii a sImiii fiig:inf. 


Consider the portions of tile diagram showing the energies while 
the crank pin trarels through the ate repieseiiled by (HI. Work i.s 
elone on the crank to an amount represented by the area (IMCNll, 
and the Work abstracted is represented by tlic area (I.MNIi. Hence, 
surplus work, represented by the area M( N, has been done, with 
the result that the Hi wheel will haie its angular leloeit) ini leased 
while the crank is passing from C. to 11 . 

In the same way, while the ciaiik is passing from H to K, cneigy 
represented by the sum of the areas IINH and Ill’K has been given 
to the cr.ank and energy represented by the rci tangle IINI’K has 
been abstracted. InsuftieieiU energy, represented by the area NIII’, 
has been supplied during this interval and the llywlual will he 
decreasing its angular lelocuy. lienee, masiimim speed will occur 
when the crank is at 11 and minimum speed when Ihe crank is at K. 
Assuming that the speeds of the flywheel at (1 and K are equal, it 
follows that the esccss energy represented by MCN will he eipial to 
the deficient energy N!U\ and it ni.iy be said that the energy repre¬ 
sented by the area .MCN has been given to the flywheel and taken 
away again while Ihe cranl,^ is passing Irom (! to K. The flueliiation 
of energy is therefore given by either of the cs’]ual areas M(.N or 
NKP. In the same way, the area MX) is eiimd to the sum of the 
areas QAF and F.MO, and represents the flueiiiation of energy 
during the remaimicr of the revolution. 

The ooefficient of fluctuation of energy may he defined as the ratio of 
the maximum fluctuation in energy to the total work done in one 
cycle, the cycle occupying one revolution in a steam engine and 
two revolutions in an internal combustion engine vorking on the 
four-stroke cycle. 
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Let E-thc area M('N, ex])rcssed in foot-lb., representing 

the maximum fluctuation. 

and u_, = the angular velocities of the flywheel at H and K 
respectively, in radians per sec. 

1 = the moment of inertia of the wheel, in pound and 
foot units. 


'riien 




I 


. ’■(') 

-.b 

I.et 

where ii is a fr.u lion expressing the miniimim iiermissdrle ratio of w., 
to (U|'. 'riien [ 

(lu,1,-)^]';, 


The moment of inertia which the flywheel must possess may be 
calculated from this eiiualion. 

Centrifugal tension in flywheels. In Fig. yp) is shown the rim 
of a revolving flywheel, the other |)arts of the wheel being disregarded 
in what follows. 'I'hc centrifugal fegees produce radial loads on the 
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rim of a kind similar lo"^ those produced by internal pressure on a 
cylindrical shell (p. 94). 

Let t»-the velocity of the rim, in feet per second. 

r = the mean radius of th-fe rim,‘in feet. 

?« = the mass of the rim, in pounds per foot eiicumfercncc. 

' . . V]V“ 

Then .Centrifugal force per foot circumference lb. 





GOVEKNOUS 


4'W 


The resultant ctMitririigal forte for half tlio wlieel, corresponding to 
(fi-xd) in the cylindrical shell, will be 

2OTf'- 


„ nn- 
R X 2r 


11 ), 


Let ii sectional area of the rim, in si], inches, 

(/^tensile stress on a, lb, per stp inch. 
Then, a^'^uming // to bo (Jisiribuicd uiiilornily, 

R - 2,/(t (Fig. 540), 

2mv- 

r 2</,t, 

rm'-'- 


Ia;t 


0 -= 11). per s(|. inch. 

,s'' 

p - the density of the material, in pounds |ier cubic fool. 


1 Then 

;;/ /> X i ^ 

and 

fxir- 

*/ 


i 44 ,C'^ 

or 

„ f'" ,1 


144 ,!,' 


I If 


' sq. inch. .(1) 

This result shows that the stress due to centrifugal lorce is inde 
pendent of the sectional .irea ol the rim and of the radius of the 
wheel. Fi|ualion (1) may bi* wiitten 



We may deduce from this result that, for a given material having 
a density p, there is a maximum speed of rim corresponding to a safe 
stress q for the nntcriffl in ([uestion, and that this speed is iiiik |iciident 
of the dimensions of the wheel. ♦ 

Governors. In Fig 541 is shown .a sim|^ile type of governor such 
a,s was used by James Watt for controlling the speed of .ste*m engines. 
Two lie.avy ?evolving masses .A, and .A, are suspended by links A,I! 
and A., 1 ! to the upper end of a shaft liF; the joints at Ji permit of 
A, and A2 moving outwards or inwards in circular arcs. /Another 
pair of links A,L, and /\./'_, connect A, and A.^'to a sleeve 1 ), which 
will move upwards if A, and /\„ move to a larger radius. The .sleeve 
is connected by means of a bent levw, pivoted .a‘t (i, and a rod II 
to a throttle valve'K, which is situated m the pipe supplying<tcam» 
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to the engine and controls the supply of steam. 'I'he shaft BF is 
driven by the engine by means of bevel wheels at K, and hence the 

masses A, and A, will revolve 
about the axis of HF. The 
action of the centrifugal force, 
the weight, and the pull of the 
links on each revolving mass, 
will cause the mass to take up 
a definite radius depending on 
the engine speed. The working 
positions of the revolving masses 
arc .settled by the considera¬ 
tions that when they are at the 
extreme outer or inner working 
radius, the throttle vahe should 
be closed completely or opened 
fully respectixely. Fach of these 
radii will correspond to a definite 
speed of rotation, and the engine 
controlled by the goxernor will 
be capable of a range of s]iced 
between these limits. In order 
that the range of speed should not be too great, the difference 
between the extreme working radii of the revolving masses should 
not be too large. 

In Fig. 542, three forms of simple governor arc shown in outline; 
these differ merely in the position of the point of susp-msion of the 




upper links. In (n), the joint B is on the axis of rotation ; in {l>), the 
joints B, and B.^ am outside the axis,|and are situated at the ends of 
a short cross piete BjB., which is fixed to the shaft; the same 
arrangement is used in (c), but the links are open in {/’) and are 
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crossed in (c). The following argument applies etpially to each of 
these cases: 

I^et w = the angular velocity of the governor shall, iii radian" 
per sec. 

/« = the mass of either .A, or A.j, in pounds. 

r=the radius in feet of the retolving masses, corresponding 
to I'l. 

/r = the height in feet of the cone of revolution descrilred by 
the links and shown by YJ! in (n) and by VO in (d) 
and (c). 

- the pull m ear h link. 

Considering one revolving mass, it will be in eiiuilibrium under 
the action of three forces, \i/. its weight mg poundals, the centrifugal 
force poundals, and the pull ' 1 '. It is evident that /\|Yll in (<r) 
and .\|N’0 ill (/’) and (<) will be die triangle of foices for these 
* forces in eiiuihbrium. Hence, 

k' r ermr r 

- ,, or, - . 

!/!!; h /«(,’ h 



and .(1 ) 

(ij- 

This result neglects the effects of the mass of the link and also 
fiiction, and shows that the height is independent ol the weight of 
the resolving mas.ses. 

Such governors can be used for low speeds onl)'. Tor e.vample, 
if (ii-=47r rauians per second, corresponding to 120 revolutions per 
minute, h would be 0-2 foot nearly, a height which is not practicable. 
Running at low speeds, comparatively small forces will be available 
for operating the throttle valve unless the revolving masses are made 
heavy. Accordingly, simple governors usually have revolving masse.s 
of large dimensions, and am run at speeds rarely exceeding Oo 
revolutions per minute. • ■ 

Loaded (jovemor. 'l ire speed may be in ireaseil and (Ire revolving 
masses kept small by the addition of a load on the sleeve (Fig. 
543 (rr)). If -M be the ma.ss of this load, half its weight M,f will be 
carried by each pin C, and C,- C, is in equilibrium under the 
action of the three forces the pull R in C,A, and a horizontal 
force Q supplied by the sleeve (Fig. 543(i^))» Ibc puh I’ trans¬ 
mitted to A, by, the link, and applfes a force P to the revolving 
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mass wliich may be resolved into a vertical force and a 

hori/,ontal force Q. If all four links be equal, the triangle of forces 
A[l)iC, will give I Mf: O =//; r, 

where h and care equal resjiectively to BY and A|Y in Fig. 543(a). 


Hence, 




Ki<. 543 —l.ii.itUd I’ortf-r K')vcrnur. 


The revolving mass A, is now subjected to three forces, vi/:. T, the 
resultant (F- (,)) of the cenlnlugal force F and Q, .and the resullant 
(m.C+.lM,c) of the weights (Fig. 543(a)). AjBY will be the triatigle 
of forces. Hence, 

V -* ()__ ^ r 

'As L j M.s 

. M s c 

ui-mr -, - 

zhr 


(M + m) 

m 

-S 

'll 

■ ■■■(2) 

= (M4t) 


.(2') 

\m ) 

h 

=(^■) 

. ^. 

(U- 

.(2") 


.Comparison of these results with etjuatioivs (i) and (i’) for the 
simple governor will show that, for the same v.alue of w, h in the loaded 
governor will be greater than that for the s'mplc governor in the 
M + m 
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Equation (2”^ for tlie loaded governor shows that h will be made 
larger or smaller by an increase or diminution of M without alteialion 
in the values of m and o. The ariaiigement theufoie admits of 
adjustment of the working ladii of the re\olving masses by means of 
vai vmg the load. 

Frictional effects m the governor mechanism ina\ be taken iiitoairount 
by the artifice of eliminaling the fiictional forces aiul apply lug instead 
a farce to the sleewc, which will ha\e the same effect. This lone 
must be apjihcd alwnysof sense opposite to that of the dneciion of 
motion of the slee\e. The efieit might be piodui'ed by im.igming 
a mass M, ])ounds to be added to the load M il the slecwe is rising, 
and to be absiracted if the slecwe is I,tiling. Equation (2) then 
becomes; ^ , 


M + .M, 

m 


]h 

.M + .M, 


/.\I + .\1, 
\ m 


It 


(.;) 


the positiie sign being used if the sleeve is rising 01 allc nqiting to 
rise, and the neg.iliic sign if the slecwe is hilling or titteiniiling to tall. 

'I'wo t'slieine \alucs of// may thus be calculated fiom (3), indi¬ 
cating that, owing to fnction, the governor may remain at :uiy height 
intermediate between these extreme values while lunning at a given 
steady sjieed o. The effect on the engine is to iieimit some variation 
in speed to occur before the governor will begin to respond by 
altering its height. ' 


Effect of the governor arms. In Fig. 53.), /\ 1 ! is a lod hinged at 
.\ and 'otating about the veitical axis AK. Centrifugal lone and 
gravity vvil. compel the rod to assume an angle ci to the veitieal, the 
value of CI de|>ending on the speed of rotation. .Steady conditions 
will be obtained when the total moment of gravity about .A is ecjtial 
to the total moment of the centrifugal force. Considei a small 
portion of the nias^of the rod at P, and let the rod be uniform. 
m = the mass of the small portiop, in jKninds. 

/•=tbe radius of the small jiortion, in feet. 

_)' = its distance from A, in feet. ^ 

M' = the total mass of the rod, in jrounds. 

Y = tha distance cT the centre of mass G from A in feet. 

L = the length of the rerd, in feet. , 

R the radius of I’, in feet. 

H c= the vertical heiglif of A pver B,*n feet. 
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Then, taking moments about A of the forces acting on the small 
portion, we have ^ ^ 

or x_)'sin a = OTw'^j’sin a x_)’cos u, . ■-(i) 

.g. my = cos o. 7 ny-. 

The total moments for the whole rod will bo obtained by 
integrating both sides of this eriuation, 
giving 



f' f' 

•s' I "‘y = cos a 1 ; 
- = lu-’cos ul,, 


where is the inoiiient of inertia of 
the rod with tes|iect to A, m^. l.ML- 
(11.415). Heine, 


.1 


-i; 




This result determines the reiiuired 
relation of a and w for a given uniform 
rod. 

In the actual governor the arm is constrained by the action of the 
revolving mass to rotate at an angle to the vertical, differing fiom 
that given lor a tree arm in (r) above. In this 
case, the moment of the weight ol the aim may be 
calculated still as above by iniagmiiig that the whole 
arm is coiicentiated at the centre of grav.ly. The 
moment of the centrifugal force may be calculated 
by first imagining that the whole arm is concentr.iteii 
at the centre of mass and calculating the centrifugal 
force /produced thereby. Then lind the position 
of/(Fig. 545) in order tliat its moment may agree with the integrated 
result of the right-hand side of (1). 'I'hus, 

/= Mo- ^ • 



, F 

Moment of/= fx - Mw- -- .v - w-sin « cos 


f 

os a 1 

J 0 


- o- sin « cos « 


my- 

ML- 


.,R H mi;-; , „ , 

'"’ y/iT' f ’ (*®^'e-544) 


.MR ,>RHM 

■-.V = (U- ---> 

2 3 

a:= IrH. 








KFFECT OF THE G0VF:RN0R ARMS 



Effect of the arms in a loaded governor. 'I'liis rcMili may l)e 
applied to a loaded Porter governor liating arms (Fig 546(«)). 

»<;’■ is the weight of c.n h arm, ami in the ease of AH is eipiivalent to 
a force Jw" at and an etpial force at I! (Fig. 5.(6 (/>)). /(or eaiti 
arm is equnalent to a loice \f acting at )!, together with a force \f 
acting at the vertical s])indle The mass of the revoKing mass 

being M, Us neight will be M,g and the centrifugal force will be 



Fig. 546 —l-yrtcs iii a loaded Forltr i;oveii)or, iii<.!iuiing efTccis tltie lo iht .nitis. 


M(o-R. The m.iss of the lo.id is F, and half its weight, \i/. 
will be borne by the nght-hHiid arms .is shown. 'File forces at are 
balanced direct by the n.ictiuns of the pin securing AIJ to the 
spindle at 'Fhe (orce ,il (.' is balam.ed by the leaition on the 
sleeve produced by the spindle. Dr.iw (il) iierpeiuhcular to 
and produce AB to cut Cl) at 1 ) (Fig. 546(/')). 

'lake moments about 1) of the remaining forces, reiiiembering 

, ^ o R 

that /= mus- ~ ■ 

2 

{Me -R1- i/) I I (M - 4 -’ m:^) R + w.v: R + • 2 R, 

H -- M.vR + Jw^'R + .Iw.^R + R.^Rj 


or 


w-(M + '\m) H img + 

' .M + jw; /o- 


....(4) 


Stability of a governor. (Considering one revolving mass of a 
governor, the centrifugal force i,s given by 

F’ w-mr. . (I) 
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Suppose <u to be increased by a small amount Sm, and that, in con¬ 
sequence, r increases by or and F by oF. For the new position 
we have F'+ SF = (i(o)-(r-H 5 r) 

-=t/;((u-r-l-2W, ow-l-(U-. iV), , . ... (2) 

by neglecting the square of im, and also the term invohing the pro¬ 
duct of the small (luantities Sw and fir. Subtraction of (2) and (i) 
gives 

SF - m(2<«r. Ari -1- 0-. Rr) .(3) 

Dividing (3) by (1), we have 

2wr. fii'i-f 111-, fir S(o 8r 

1 ' lu-r w r 

0(0 (IF Rr 

or M - - . Ul 


If So) is an ini rease in angular velocity, the left-hand side is posi¬ 
tive ; hence -jg must be greater than ii\ the latc of increase of 

the centrifugal force must be greater than the rate of increase of the 
g radius, 'i’he result expresses 

the condition of stability in a 
\ |/i / . governor, ;.c. the moving to a 

^ j /jf definite new radius and remain 

.r /Ji when the revolving 

^ I ina' ses suffer a change in speed. 

An interesting example of a 
,/ governor whii h e.xliibits neutral 

F„i.5t7-Par.iMicRov,r„„r, equilibrium IS iirodiiced by 

arranging that the revolving masses move about H in parabolic 
instead of circular arcs (Fig. 517). Here the jitill of the link on 
A is supplied by a normal pressure T given by the guide Hence 
wc have, as before, 

F^AY^r- 

OT,g-i!Y“//’ 


or, 


tu-mr r 



Now h - BY is the subnormal to the dotted parabola, and it is 
known from geumetry that the subnormal to a given parabola is 
constant: hence h is const,ant,'and thcrefoie w must also be constant. 




HAHTNKI,I, GOVK KNOR 
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A governor of this type is isochronous, />, it will iiin at one .speed 
only if friction he ahsent, and any change from tins speed will send 
the revolving masses immediately to one or oihei extreme tnd ol the * 
range. 

Ihe question of sensitueness of a go\einor is allied c losely to its 
■Stability. Ihe change of ladiiis lor a gneii frauional change m 
s|)eed IS large m a Sensime gorernor, bin if too l.irge, as in the |)aia. 
bolic gcneinor, the stabilil) may dis.ippear. 

Hailnell governor. In the spring loaded Hartnett governor (I'lg 
54 ><), the rciohing masses A, and A, ,iie siippoiled by bent 
leier.s, which aie piloted at ll, .mcl li, on 
pins supported by a biaeket (not shown in 
the ilkistialion) which is hied to and diiien 
by the shalt. .\ spring h, bearing on a sleeie 
I) presses downw.irds the ends ('jC, of the 
byit leiers. 'Ihe reioliing masses li.uel a 
small distanc i’ onli lioiii the leiticals passing 
through ll| and If,, hence the effect ol tlicir 
weights 111 eieicising c ontiol m.iv be neglected. , „ „ 

■Supposing, for simplicili, ih.il .\|l'., and |{|('| 

are equal, then, by taking niomeiits .ibout I!,, we see that the 
centrifug.d force K acting on .N, will be ecpial to one half of the 
total force g() exerted bv the spring. I’roiided that the adjustment 
ol the spring is coirect, this gcnerncir will [lossess gri.'at sensiiiveness, 
but easily may be made unstable. 

Suppose that ihe reioliing masses are dis|)laced lioni to a 
slightly grcaW.T radius r_. without changing the angular lelocity w, the 
centrifugal forn^ will be increased to F + olg and (,l wall be mcTcased 
to Q+d<,j, ciwing to the addition,d compression of the s|)ring. 
.\ssuming that these forces are ecpial, we have 
^ F + F ^ Q + (it,), 

or * _ w(.j‘-V, Q + SQ. ^ 

.\lso, initially, otcu'Vj Q ; 

.'. rj) = oQ, 



Hence, 


r^) 

OTw'-r, Q ’ 


or 


cSr (it,) 

■ O ' 


The condition, therefore, tlwt the governor .nay,''remain in the 
new position with the speed unaltered is that the rate of increase of 
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the force in the spring is eipial to the rale of increase of the radius 
of the revolving masses. 'I'his condition may be secured by adjusting 
the spring; but as the stability of the governor then would be 
neutral, the practical adjustment is made so as to disagree with the 
condition above expressed. 

Effort of a governor. Sujipose that the sjieed of a governor is 
increased from oi, to lo,, and that the sleere is held so as to prevent 
outward movement of the revolving masses. 'I'here will be additional 
centrifugal force, and conseiiuently an effort will be e.xerted on the 
sleeve which may be utilised in overcoming the resistance offered by 
the control valve mechanism. It is evident that the effort will 
diminish if outward movement of the revolving masses he permitted, 
and will atl.iin zero value when they reach the position corresponding 
vvit'i the new speed of rotation. The effort of the governor may be 
defined as the average effort exerted on the sleeve during a given 
change ol speed executed in the manner described above, and may 
be l.ikeil as 0-5 of the maximum elToit. 

T.iking a simjile governor (p. 501) for which 



if P is the maximum effort in lb, it may be imagined that P is 
jiroduced by the weight of a load .M, arranged as in the loaded 
governor (p. 50:). Hence, ^^ ^ 

. 

- {//i + M),g 


Hence, from (1) and (e). 


— (1),- 
(U," 


My 

mg' 


Let 


Then 

I.et 


Me=-- 

P = weight of M, m lb. 
weight ofin ib. 


'I 


w- 

<p>, - //It), 


so that H expresses the fractional chan'^e ip speed. Then 

.'. effort of a simple governor = -1 (n ' - i jjf ’b. . 


2) 


■(3) 


...(4) 






RALANCINCi 


50 Q 


In the c:tse of a loaded gosenior (p. 502), I’ may he taken as l)eing 
equivalent to the weight of an additional mass M, applied to M. 
Similar reasoning to that ernploved foi the simple goternor will give 

ElT<)rt of a kudeil go\ernor-'(//'- I ^ '^Ih,.(t;) 

where >0 and W’ are llie weights of one levohing mass and of the 
load risperti\el\ m Ih. 

Balancing. 'I'he comjilete tre.iiment ol the ptineiples of lialaneing 
the mo\ing pails ol an engine or other nwuhine is he\ond the scope 
of this hook.* Reference will he made to s(»nu‘ 
of the easier principles. 

'l\vo rotating bodies may he inmle to balance 
eacli other li i)Oih ha\c their centres of mass 
in the same [)lam‘ whu'h is perpendicular to the* 
a\is of rotation, and if the centie ot mass of 
life combined bodies is in tlic asis of lotalion 
(p. 426). 

Thus, in hii;. 549, unil will hiiliuicu, 
provided the foices !■', K iiui e(|u.'d and are in 
the same stiaight line. I'his will he the (ase 
il'///|/-| and if llie line joining (1, and (h 

passes thiongh the axis at light angles. 

Three revohing bodies may lialame, |)rosided the lesnltanl eenin- 
Algal force of two of them, i', and ly., in Idg. 550, is eiin'al and 
ojiposite to the centrifugal force, K,, of the other. It is thus (wident 


14--«-.-x 

Ftr: 550 — Bahinctf of tliree revolving 

that all three centres of ma.ss must he contained by the same plane 

* For a complete discussion on this suljjeci, the student is referred to The 
Balaudii;^of Ez/g/nes, by 1‘rof. W. ]•]. Dalby; (Arnold). 
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which also contains the axis of rotation, and that the bodies must be 
dis|)osed as sliown in Fig. 550. 

Taking dimensions as indicated m Fig. 550, 

F, + F,-=F.,.(1) 

and FjU,. {2) 

These equations indicate the conditions of eijmlibrium to be 
fulfilled, and may be reduced thus: 

From (i), + luVyj tah//,/'.,, 

or w/jr, + w/', w/iy... .(3) 

This result shows that the cenlic ol mass ol the combined bodies 
falls on the axis of lotatioii. 

From (2), - 0'-;// 

or . . . . (4) 

I'his e(|ualion secuies that there shall be no locking couple set cp. 
In this l ase, theie are two eiiualions, (3) and (4), and eight quantities 
involved , hence six of these must be gi\en or assumed 

The balancing of four or more revolving masses is ca[iable of 
many.solutions, and graphical or semi giaphical methods aie best. 


Locomotive balancing. As an illustration of the method by 
means of which the balancing of four revolving masses may be 
carried out, the following example of a locomotive should be studied. 

F(|ual masses //q and ni., arc given (Fig. 551), rotating at etiual 
radii r, r, and symmetrically disposed in relation to the wheels A 
and B in the planes of which balance weights are to be [ilaced. 
The term “balance weights" is used to denote bodies which must be 
attached to the mechanism for the purpose ol obfaining balance. 
a is the' distance of w, from -A and of m., fiom I!; h is the distance 
of froiii B and of from .\. 

Balance the centrifugal force of w, separately by attaching balance 
weights to and B at the same raditis r. F these balance weights 
be represented by A, and B, respectively, then ni.asscs will be 

A,+ . . (1) 

and . (.3) 


From wind), 


a\h' 


.(d) 


and 


a + b 


■(4) 


In the same way. Kalance F.^ by attaching balance weights to A 
and B at the .sttmc radius f. l.et these be A., ,and B., respectively. 
The" it is evident from symmetry that A, and i!,'aro eipial; also 
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is equal to li,. T'hese balance weights are shown in the elevations 
of the wheels in Fig. 551 ; the views arc taken in the directions of 
the arrows c and (/shown in the plan. F'ind the centres of gravity* 
of AjA, and aKo of li,l!., by joining their centres and dividing the 
distances in (i ^ and G,, so that 

A, .A., .A.,G,:A,(;., 
and B, ;llj=ll,G„;ltiG„. 



Kk.. ^si-'-l^-'ilaiiciiiK in an iiisiJe cjIjiuIci liH'omotivc. 


Now, since .\| + l),=-m| and B, - it follows that A| + A,-W|, 
and lor a similar fca.son B| + IL“/«^ Hence, if instead ol .A,, A,,, 
l!|, 1!.,, a mass equ'l lo w, be placed at G,. and il another e(|ual to 
wi., be placed at G,,, the four masses will be in balance. Gr the 
ordinary practical solution may be obtained by applying balance 
weights having their centres of mass in OG^ and OG,, prodiued. 
Let Ml and M,, be thl'ir masses respectively, 'riicn balance will be 
secured if x K,,iO = x G^O 

and M|, X K„0 ' w;.j X G„(). 

Mx and M„ wil' be eciiial, jirovided their radii K^G and K|,0 are 
equal. 

Graphical solution of balancjng problems. I'his scdiition depends 
on the principles that the lentriftigal fon t s must not produce (a) a 
resultant force; (/-) a resultant couple. Reference is made to 
Fig- 55-- ' , ■ 
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Since the angular velocities of all the bodies are equal, the centri¬ 
fugal forces F,, F,, etc., may be represented by the products 
m./.,, etc. Each force, such as F,, lies in a plane which also con¬ 
tains the axis of rotation, and may be moved along this plane until 
it comes into a reference plane OZ which is perpendicular to the 
axis of rotation. To leave matters unaltered, with F, acting in OZ, 
a couple must be applied in the plane containing F, and the axis of 
rotation; the moment of this couple will be F| = F,n|, where a, is 
the distance of the plane of rotation of F, from the referei.x'e plane. 



The couple can be represented by an axis, or vector similar to that 
used in representing angular velocitier (p. 400), and this may be 
drawn as L[ from O in the reference plane. Treating similarly the 
other forces, we liave four forces F,, F,^, F., and F4 acting in the 
reference plane at O, together with four coiipLs represented by 
the axes L,, L,^, I-3 and also in the reference plane. 

The first condition of etpiilibrium'will be satisfied if the polygon 
of forces ABCl) ckrses. Tlve second condition of equilibrium will 
be satisfied if the polygon of axes of couples EFGH closes. 

It will 'be clear that, in order to satisfy these conditions, some 
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attention must tx; |mid to the data. I'he iX)lyf;on of forces will be 
impossible or insoluble if there lx.' less or more than two unknown 
<iuantities. These may be the maj,'nitudes of two of the forces, or 
the •direction of two forces, or one magnitude and one direction. 

Similarly, the |)ol\gon of couples rei|une.s two unknowns, \i/. the 
magnitudes of two couples, or the dnections of two a\cs, or one 
magnitudl' and one direction. 

Ajrparatus for testing balance. The above solution may lx; 
applied to any number ol lerohing masses exceeding three in 
number. .\ eontenient apparatus tor testing its truth is illustrated 
in Fig. 55 j wooden frame is 
slung from a suppoil by time 
chains andcaiiies .i shaft hating 
four discs, k'arious weights m.iy 
be attached to the discs, which 
jiay be placed at .my angle lel.i- 
live to one anolhet .nid may be 
fised at any plate on the length 
of the sh.dt. The shall is dineii 
by means ol a sm.tll clectio motor 
^Iso carried by the It.ime. II the 
revolving masses are in bal.mce, 
no vibration ol the Irame will 
occur when the machine* is 
running. A pioblem worked out 
on paper theiefoie can be tested 
easily. Ai.cthei interesting point Kic. 553.-Appir1i.1s f.rr .«,Hrimr-iir> on ii>e 

, , , b.-il.iDt niK (if rcvulvni); . 

jllustratod by tin^ iippamtus may 

be notic’d] as Uie speed risos; if there Ik; want of balance, violent 
vibrations will occur at a certain speed, vi/. that speed at which 
the natural period (jf ^)srill.ui<)n of tiic wludc ap])aratus is cfpial ir) 
the speed of rotation of the shaft. ^ 

Expr. 4y. d he following da'la will serve to illustrate one of the 
many problems whieh may arise, f-et tflere be lour.* rcvol\ing 
masses, ///j, all known and of vafVies selected from tlie 

weights supplied with the apparatus, bet the radii be equal, ihen 
OTj, tn.^ and wq may ITe Jaken to represent k,, 1*3 and 

respectively. Assume the directions of Fj andj*.,, and find, by the 
polygon of forces, the remaining two directions. This will al.so 
settle the directions of alkthe axes of couplc.s, J^d, as there mu.st be 
still two imknow'iis, assume values for#fij and a.^ in Fig. 552, and 
find the remaining iftes by*use of the polygon of couples. «, 

2 K 



1). M. 
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The values taken to represent the couples may be m^a^, etc., 

as the radii are equal. The (Hrlygon gives the values of and 

m^a^, and and a^ may be found by dividing these by and 
respectively. Having worked out the .solution on paper, arrange the 
apparatus in accordance with your solution, and then test by actually 
running it. 

Balance of reciprocating masses. Referring to Fig. 554, in which 
i.s shown a set of four balanced rotating masses, m.,, m.^ and 



Fh.. 554.—ComiKHXMils of llie centriftigal forces in a set of four balanced revolving liodies. 


the balance will not be affected if we imagine F,, F, and to 
be resolved horizontally and vertically. It will be evident now that 

the hori/onlal com|)onents must 
balance independently, .and so 
also must the vertical com¬ 
ponents. 

I.et the mas.ses be removed 
and arranged so that they may 
be driven in vertical lines by 
means of crank.s taking the places 
of the discs, atid connected by 
rods of length sufficient to give 
the mas.ses practically simple 
harmonic motion (F'ig. 555). It 
is evident that wo have got rid 
Fic. 555.-Tht bodies in Fig. 554 arranged as simply of the horizontal com- 

reciprocating masses. s-s/.ii 

])onents of the forces F',, F,, etc., 
and retained the vertical components. Hence, if the masses were 
in balance in their original positions on the discs, the forces 
due to their inertia'will also be in balance when the same masses 
vibrate in the manner illustrated in Fig. 555 with simple harmonic 
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motion. 'I'liib leads to the ride that prlmarr balance (/'.(•. Imlnnec 
ncglectiii)' the ohhque action of the connecting rods) may be secured 
by imagining tlie reci|iiocatmg masses to be attached to discs, and 
treating the problem as one m resolving masses. 

Approximate equations for the velocity and acceleration of the 
reciprocating parts. In Kig. 556, let the irank and connecting rod 
be R and 1 , feet long respectisely, and let the crank make an angle 



a with the ceiuie line, the angle whiih the connecting rod makes 
with the same line heing ji. Ill) is peipendicular lo AC and .v is 
the distance hetsseen .\ and C. 

Let the angular suloeity o ol Cl! he uniform. 'I'hen 

.s -CDfDA 

^ R cos <1 H-1, cos (i .(l) 

.■\lso, 111) ■!<sina Lsin/f, 

.. sin/C- j sin 11; 


and 


cos/C'vi^i ' sin'-'/f 

R- , y' 

|-,sin-aj. ... 

•Substituting thi' valfie in (1) gives 

R- . * 

V = R cos a + r,( I - sin-« 


•(2) 


On expand'iig the factor in brackets by flic binomial theorem, 
two terms only need be taken, a.s, for ordinary ratios of R to L,. 
the remaining terms are nejligible. Hence, 

o , f ) R- • .. > 

.V R cosa + 1^1 - ^ j ., sin-a I 

' • 

R^ 


=s Rcos,ri + L 


sin'-’a.^ .( 3 ) 
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'I'o oljliiiii the velocity of A in tlie direction of AC, differentiate .v 
with respect to the time, giving 

,, dx ,, r/ii R- da 


and 2 sin a cos a ^ sin 2«. 

Hence, ^ - wK sin a -sin 2a. .(j) 

if/ 2 1 ^ 

Kr(;in this csiuiuion, the velocity of A may be calcnlate<l for any 
( rank position. 'I'o obtain the acceleialion of A in llie line of A(', 
differentiate (4) with lesjiect to the tune, giving; 

i/\’x ,, f/u tuR- f/a 


— (n'‘R <’os a ~ 


The acceleration of A may hi' caleidated Iroiii this e(|ii.ition for 
any I'lank angle. Let M he the mass ol the reciprocating parts. 
Then the (orce reipnied in order to orercome their inertia when the 
Clank is at an angle a is 

1 ’~ - Miv'd<.cosa - cos 211.(6) 

.Suppose that the mass M is concentiated at the crank-pin centre 1 ! 

, (I’lg. S'il)- I hen the cential force 

, /Miu'R reipiired will be Mm-R, and the 

__.6 / component of this foice parallel to 

' ' ^Mw’RCasX centre line A(' will he j\io-R cos «. 

/ \ Evidently this is eipi'.! to the first 

/u \ term of (6). The lactoi cos 2a in 

1 C"”*" ^ the second term, having releience to 

/ an angle 2a, which will he dotihle of 

/ the crank angliy 111 all crank ])osition.s, 

may he inteipietcf] by reference to 
Fii. SS7 -Kquivaipni iiiiaBiiiaiy iliini.siy all iipitgiiiary'craiik rotating at twice 
I , the aiignlar velocity of the leal crank, 
<ii„ fofthe imaginap’ crank would he e(|ual to 2(v. Hence, 


Therefore the secijnd tem in (6) becomes 


■( 7 ) 





I’KIMAkV AM) SI-,(()M)AHY ISALANXlNi; 


5'7 


Ix;t a ni.Lss c‘<|ual lo M l)o ccmcontrutcd at a ciaiik radiii.s 
55^)i -k angle 211 and rotating 


with angular \elonty o,,. Tlicn 
('cntral I'orcc - M<u„-V. 

(,oin|)onent of this force parallel to the 
line ol stroke - Miij„'V( os ^ n . 

It tlna be made eipial to fy), we hare 

\ r " is ” 

• alo^i-/'eos 211 cos 2'i, 


4I; 




Mie’ 


..2<t \ 




hn. S5'^ Fi|tin.tlriit ItnaRin.uy 
sfi otnl.ii) nt i\N 

.. (S) 


Ileni'e the set ond lerm in eipialion (ti) would he produced by a 
mass M eijiial to that of the rei iproealing parts, |■oneentlaled at 

a I rank radius , its crank rotating at an aiigiilai seloeity double 

•that of the engine crank and making an angle with ('A in big 556 
double of dial made by the engine crank. I'lie 1 iimplcte c(]uualent 
system is shown in iMg. 559, where I'H is the real clank and Cl) is 
the imaginary crank. The balancing of the effects of M at 1 ! is 



Fk. 5S'} KlTf' Is of ilic rtciprocniinj; ntnAsci }»roflii<,(<l Iiy .in rtvolxiiik; s)Mein. 

♦ 

called primary balancing, and balancing the ^.‘rfects of M at 1 ) is called 
secondary balancing. The dislufbances pro<!iiced in the direction of 
the line of the stioke, if no attempt *ai l>afan< ing is mij/le, may be 
calculated s^isily from the first term of ('(ftiaiion (6) for primary 
disturbances and from the second term of the same eipiation fos 
secondary disturbam'cs. It •will l)e undiTslood, of course, that, if 
the disturbances on the engine fiaine are being c alculated, the senses 
of the forces shown in F[g. 559 must be reversed. 

* « 

KXAMt’l.K. A hoj-i/onta^ onj^ine, strolvC 2 feet, mass of reciprocating 
parts 300 pounds, lias a ''pc«l of 240 revolutions per minute. KiTid the* 
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primary and secondary disturbances on the frame when the crank is at o'’, 
45®, 90', 135" and 180" from tlie inner dead point. The connecting rod is 
4 feet long. 


Primary disturbance: 






cos a ib. weight. 


w = 27r-87r ladians per sec. 

.. 300 X 647r‘^ X I 

P, =-^ cos a 

32-2 

— 5880 cos tt 11). weight. 


a - - - 

. 

0 

45° 

ip' 

|j 5 ” I 

cos a • 

+ I 

I 

+ , 

0 

I 

" / ■ ' 



V2 


2 

P,, Ib. weiglu 

+5880 

+ 4ito 

0 

-4ifK> 1 - 5880 


Pi )s denoted positive when the distiirl)ancc on the frame is in the sense 
from H towards A (Kig. 556), and negative when of the opposite sense. 

Secondary disturbances: 


300 X 647 r'- X I 
= '^ - cos 2a 

32-2x4. 

t470Cos 2a lb. weight. 

'J’he same convention regarding signs being adopted, tlic dj'>tiirbances 
will have values as given below : 


t 

a ... 

0' 

45' 

()0 

135 

180'’ 

2a - - - 

0’ 

90 

180", 

270 

33 >o” 

cos 2a • 

s. 

0 • 


0 

+ I 

lb, 11).'vcighl 

^+1470' 

0 

-1470 

0 

_ 

+ 1470 


The combined primary and secondary distiwbances will be obtained by 
taking the algebraic sum of the corresponding values of Pj and lb: 


a ■ * * 

» /1 

0" 1 

45” 

90’ j 

' 33 ° 

180° 

(P, + lb), 1I>. weiglu 1 

+7350 i 

4 ' 4 ifiO 1 

V 1470 1 

-41710 j 

-4410 
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Whirling of shafts. In Fig. 560 is shown a vertical shaft AH 


running in sw ivci Ix'arings at A and II: these bearings do not in any 


way restrain the directions of the shaft axis 
at .'\ and I!; hence, bending of the shaft 
will corres|)onil to the case of a beam sinijrly 
supported at the ends. A heavy wheel is 
mounte(> on the shaft midway between the 
bearing.s, and it is assumed that its centre 
of mass (' does not fall (luite in the shaft 
axi.s. The effects of centrifugal force may 
be examined as follows: 

i.et M - the mass of the wheel, in pounds. 

Rj =tlu; distance in feet of the centre 
of mass of the wheel from the 
shaft axis. 

A^the deflei tion produced by cen¬ 
trifugal force, in feet. 

w - the angular xelocity, in radians 
per sec 

h the length of the shaft, in inches. 

I 1 the moment of inertia, or second 
moment of area, of the shaft 
section about a diameter, mi h 
units. 

Is - Young's modulus^lb. ]H;r sq. inch. 



hitc • W’liirliiiK of a lo.ulcd 


and 


•r 1 r i» 11 1 

( enlrifugal lorre = r = It). wcigiU .. 

Also, , 12A inches (|). 169), 

VIJ^ * 

‘^"5761-;^“'’ 

lA ' ■ .. 


(•) 


... . (2) 


•ls<iuating (t) and (2X we hav/; 

Mi..-;(R„ + A) 57fiEIA 


.VIuinA(R„-l-A) = 576 EI,g 4 

or 576h;i.gA - oi^M IAA ; 

. . _ Mio-TAR,, • , . 

•; 576Eig-'-u,'-MrA.'3' 

It is evident that a critical .speed wiU occur when the denominator 
of this fraction bectimes /tp; the deflection will become ver> large 
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then, and the ihaft is said to whirl. 'I'o obtain thi.s speed, we have 
S76EIi'=(i)-’MIA 
,o_S7hl-J,c 


ML'' 


.( 4 ) 

If the shaft i.s of steel, this equation will reduce to the following 
form by using the usual values of the coefficients: 


= .(5) 


If the wheel in Fig. 560 be removed, the plain shaft will whirl, but 
at a much higher .speed of revolution. 'I'he effect is owing to some¬ 
what similar conditions to those which iirodiire elastic instability in a 
long strut (p. 22S), \']/.. want of perfect straightness and of perfect 
uniformity in elastic |iropcrtie.s. .Any slight deflection will be in- 
crea.sed indefinitely when the whirling speed is attained. 




Fig. 561.—Whirling of a uniform shaft having swi\cl l>earin^s. 

Fig. sill/a) shows a uniform shaft in swivel bearings at A and B 
and dellected to the curve ACH by whirling. 

Let «» = tho mass in pounds per inch length. 

L==the length of the shaft, in inches. * 

_l' = the radius insnehes at P, distant-v inches from 0. 

A ^ the ma.vimum radius 0 (", in inches. 

to “ the angular velocity, in radians jicr second. 

F = the centrifugal force at any point, in lb. weight per inch 
length. , 

M = the bending moment at .any section, in Ib.-inclies. 

I - the nioificnt of inertia of the shaft section, in inch units. 
K = 'Young’s modulus, in lb. weight per scpiare iiicli. 

acceleration due. to gravitation, Inches per .<.eeond {)cr 
second. 
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then, at P, |h.weight per iiieli length; ...(i) 

A 

V cr.y. 

I his result imlicates that the I'tirve in Fig. 5(11 (a) not only repro-* 
sents the deflection, hut also the load per unit length to another 
scale. IJence, we may write 

F-O’. 

wheVe c is a numerical coeflirient rectihing the scale. 

Now, if the coordinates 1'and t refei to a given dellci lion curve, 
the second differential coe/licicnts, when plotted, will represent a 
curve of heiidmg nioiiieiits, and the loiiilli differenli.il 1 oeffu leiits 
will represent a 1 iirvo of loads vvhii h would produce the given dellei - 
*’tion curve. Hence, in the iircseiit case, 


• From this evpression, the shape of the (lelleclioii iiirve has to he 
obtained, and may he inferred to he a nirve of cosines 'I'liiis, take 
the e(|lialion_i' ^vost^and obtain the loiirlli diffeieiili.il (oefficieiil: 

a ,1 a "'’l' a a 

j’==cos<r;-; -- - sm n ; -cose; siiiy, cos W, 

i/x il\- tf.v' </.\' 


Therefore, in the curve rciiresenting the equationf- 


,i\v 

ihi 


=m;os 0 - y . 


cos 0 , 


III Fig. 561 (a), there is /.cro deflection at A and li and mavimiim 
deflection at Hence the corresponding 1 osine curve (lag. 561 {/>)) 

will have tfie -jrigin at O, OK and 01 ) will represent a. ^ and 

respectively (for which the cosines are zero), and 0(1 will represent 
coso=!i. HK, corresponding to f in Fig. 561(a), will rejiresent 
cosfl, where 0 is the angle represented by OH, corresponding to .c in 
F'ig. 561 (a). Frcyn tl.t diagrams, we have 


Also, 




cos 0 
cos o 


TT,. 

- COS I .V; 



A C( IS 


TT 




obtaining the fourth diCferential coeflirient onhis, 
t/^y , ttI t — 
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. d'y _ I t/-M 
dx' iil ’ dx- ’ 

/>! "'■‘'I 

Also, = I‘ ; 

dx- 

■■ rtlv' Kl. 

Hence, from (r) aiul (5), 

r/'r OTcr’r 

dxTVAx . 

Eciuating (4) and (6), 

m^-v .r' TT , , 

. 

'I'liis ccuMtion is Iruc for any rorresponding values of v and x. 
'Fake tlic value a =o, when ' 

JT 

COS I a = cos 0 ^ I 


wo-A .TT* 

"kT 7 “ 


The deflfM'tion cancels from hotli sides of this e<|nation, indicating 
that a critical speed lu has been attainejl, and going the result 


it' I 'lie 


/KIV 
1 .-V m'' 


This rcstilt expresses the whirling s|)eed. If the bearings restrain 
axially the directions of the shaft at A and li (Fig. 561 (a)), then it 
may be shown that the whiihng speed is given by 


T 74 '- VAc 

O - [ T . / ■ 'v. 

L .A m 


EXEI^CISKS ON CHAPTER XX. - 

1 . rind the M of a flywheel whu li, whun running at 200 revolutions 

per minute, will incic.ise its speed by’i per cent, while storing 5000 
ibot-lb. of energy. • • 

2 . A solid disc of cast iron, density 459 pounds per cubic foot, is 
8 inches in diaixetcr by 2 inches tliiik and runs at 2500 revolutions per 
minute. What percentage increase in specil w ill 0(,cur if it is called upon 
to strfre an additional 200 foot-lb. of energ,.? , 
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3 . A cast-iron flywliccl is 30 feet in mean diameter. The safe tensile 
stress is 2000 lb. per square inch. Kind the maximum permissible speed 
of revolution of the uhccl. Take the density ns 450 pounds per cubic foot. 

4 . A mild steel h(x>j) is 18 imhes in mean diameter and the clastic 
limit of the inatcri.il is 18 tons pei s((uaie inch. At what s[)eed of icvolu- 
tion would peimancnt damage begin to o<(Ui ? Take the density as 480 
pounds per cubic foot. 

5 . Whal*.s tlie limit to the \elocityof the itm of anoidmaiy flywheel? 

Docs it depend on (he di.imeter? l‘iovc your st.itemeiits (II 1 ' ) 

6. In the manuf.ictuic of ,i large dtuni for a stc.im tuibine a hollov\, 

red-hot steel billet is, at a high speed, mllcd betueeii internal ami 
external roDcis, uliidi ctTcct a giadual in< u-asc of diamclei .ind diminu¬ 
tion of thickness Show tliat tlie intensity of (lie tangential siiess of 
the matciial of llicdium icin.ims constant dining the lollnig opci.ition, 
assuming a constant ''pced of the lollcis. Detcimino the limiting s))ced 
of the lolleis to keep tiic tensile stress within « ton ))er sipiaie im h. 
(Wcigdit of -Steel, 485 11 ). per < ubi( foot) (l.C.lv) 

7. The indic.ited hoisc-poucr of a steam engmc is too; tlic mean 

crrtfik shaft .speed is 200 levokitions per minute I lie cneigy to be 
taken up by the fUuliccl of the engine between its mimimim .tnd maxi¬ 
mum speeils is to per cent of the uoik done in the (\Iindeis j)ei rcNolu- 
tion of the (rank sli.ift. If the ladius of g\ia(ion of the ihwlieel is 2 feet 
6 inches, dclciminc its weight m oidcr that the tot.d fluctuation of spci'd 
may not exceed 2 per cent of the mean speed. (HJ ) 

8. Show from first piim iplcs that two flywheels of the same dimensions 
but of m.Ucii.ils of different densities will liave etjiial kinctii encigies 
when run at the speeds which gi\c ccpial hoop stresses. Calciil.ite tiic 
kinetic energy stored per pound of iim m a (ast-uon flywheel, when the 
hoop Stress is 800 pounds per s(jua*c imh. Cast non weighs 450 pounds 

' per cul)i(: foot. (hi-) 

9. In a simple Watt governor, the liciglil of the cone of icvolulion is 
4 inches. WI.Mt is the sj)ced in revolutions pc'r minute ’ 

10 . A I’oitcr governor lias revolving masses of 2 pounds each.* 'I'lie 
arms are all c(|u.il and 8 inches long. If the height of the (one of involution 
IS to be 5 inches at 180 revolutions per minute, lind the dead load 
required. 

11 . In Ouestion ic\ ihcMiiottle valve is full open when the height is 

5'5 inches .md closed entitiJy when llic height is 4 5 in< lies. Kind the 
limits of speed of levokilion contiollcd by the governor State the 
total variation in speed as a percentage of the me.'',n speed of 180 icvolu- 
tions per minute. , 

12 . A uniform lod 8 inches long, mass 4 pounds, is hinged at ns upper 
end to a vertical axis of rcvohition. I-md the speed at which the arm 
will describe a cone of scnii vcrtic'al angle 45 dc-grees. Supjiosing this 
speed to be doubled withouUaltcration m the posilnn of the rod, what 
controlling (.ouj)le must be applied to the lod? 

13 . The mass of each o^ the lialls of a spnii?g loaded governor 
arranged as in Kig. 548 is 5 pounds. WhcA the radius of the balls is 
6 inches the governor makes 25c\d'evoIulions per minute. Kind the total 
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compressive force in (lie spring;, nnd, neRlcctmg fru tion, 6n(I the stifTness, 
/ c, the force per incli compression, of (lie spring that the governor nitty 
be isochionous. Shou that the effect of friction nould be to make the 
governor stable. (L.fl.) 

14 . A Porter governor has equal hnks 10 inches lon^:, each ball weij^hs 

5 pounds and the load is 25 pounds. When the ball radius is 6 inches 
the valve is full open, and when the radius is 7-5 inclies llie valve is 
closed. Find the maximum speed and the laiigc of sp^cd. If the 
m.iximiim speed is to be increased 20 per cent, by an addition to (he 
lo.id, find wliat addition is reciuiied. •(L.U.) 

15 . I'liree bodies of 2, 3 and 5 pounds mass respecii\ely revolve at 
ccpial radii round a hon/.ontal axis. The axial distance hetucen the 
oiilci pair of bodies is iSmchcs. Aiianj^cthc bodies so that they shall be 
in b.il.incc. 

16 . 'The four vvcij^lus 7i',, tcj, (Fi^". 562) rotate in one plane 

al^Hit an axis, their m.aj'niiudcs and the tadii .it \vhi<h they act bein^^ 



Find graphic ally the C((uivalent single m.iss m magnitude and direction, 
acting at a radius of 1 foot; and calculate the total displacing force on 
the shaft when the revolutions are 200f)er minute. (I.C.F.) 

17 . A shaft runs in beniings A, 11 , 15 feet apart, and carries three * 

pulleys C, 1 ) and F, which wcigli yio, qcx) .uul 200 pounds respectively, 
and arc placed at 4, 9 and 12 feet fiom A. Their (cnties^of gravity are 
distant from the sli.ift icntic line by amounts . C , 1 , u^< h, 1 ) J inch and 
K J iiTCh. Arrange tlic angular positions of the piillvvs on the shaft so 
that thert^ should Ijc no dynaniic force on 11, and find for that arrange¬ 
ment the dyn.imic foicc on A when the shaft inns at too revolutions per 
minute. (L.U.) 

18 . Find the positions and magnitudes of iht? baWnce weights required 

to balance all the levolving and 3 of tjic rciso^rocating masses in a simple 
inside cylinder locomotive specified as follows ; masses per cylinder at 12 
inch radius, revolving 4^20 pounds, reciprocating 630 pounds ; centre to 
centre ol i ylindcrs, ^6 inches; planes of balance weights, 58 inches 
apart ; radius of balance weights, 32 inches. • (LU.) 

19 . The reciprocating masses for the ftrst, second and third cylinders 

of a four-cylinder engine aic 4, 6 and tons, and the centre lines of these 
cylinders are 13, 9«ind 4 feet rcs[)ccli\cly frc»m that of the fourth cylinder. 
Find the fouith rccipuMalirg m.iss, and the angles between the various 
Clanks, in oiclcr thr^f these m.iy be lialanccd. (ll.E.) 

20 . Show that the distuifung cffcc t of 41 recipjorating mass connected 
to a crank by the e(|uivalcni of an infin’i>c cpnnecting rod is the same as 
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that pnxlured in llu* Imc of siii»kc In an cijiial nuss plarcd at tlie ciank 
p)n. An cnpine has thiee {ylmdei'* A, 15 and (.' wIjoso axes iuc paiallel 
The axis of B is at a distaiuc ti liom the axis of A and a distaiue < lioin 
the axis of C. The mass of the let ipnx aiin^ pai is of B is M. A'-siiniin^ 
that all tlie pistons have liarmonn motion .nul (lie same lenj^tli of stroke, 
show how the cranks on the <ianksliafi must he phued, and liiul tlie 
masses of tlie icciproiatin}; paits of A and (' in ordei th.ii all the 
leciprocatin^ paits may l)e lompielely balanced. i^L 0 ) 

21 . A four-( ylindei \ciii<al enpine, cianks at iiKht angles, has its 
nank'»ctjiially spa(e<l between the be.niiij^s, llie pii< h beinp 

d'aken fiom the left, the oidi r is A. B, 1 ) I lie * 

rcNohinj; m.iss foi eai h cylindei is M, and the lecijmKafinj^^ 

mass NU, and the sjiccd is w latlians |j<'i second. 1 he_ 

(lank radius is r .iiul the » onncctmj.;-iod leiij^lh / Kxaminc 0 D 

the piimaiy and sccundaiy balance, forces and lonplos 

when (a) the cianks aic as shown in Fi^.;. 5f>3, (/') the < lanks C 

ate at 45 de^iecs to the line ol siioke. (L I'.) Fi<. 5^1- 

• 

22 . A \ei(i(al s[e<l sli.ift t inch in diaiiietei urns in swivel lieaim^s 
inches (entie to ' eiili<‘. A wheel ot mass 20 poiiiuls is mounted .it the 
(efitie of the shaft, .tnd its ( eniie of mass is ;it .1 sm.ill dIslam e horn (he 
sliaft axis. At what speed of levululion will whiihn^ oiiui.'' lake 
K--30,0(x),ixx) 111 pci s(|iiaie ini h. 

23 . A steel shaft 2 inches m diametei inns in swivi-l be.um^s 9 feel 
ceiUie to cenlie. At wh.u spimd will ulmlinp oi < iii ? 1 .d<e K - 3u,ooo,ocx) 
lb per sijuare im li and tlie density o 2S pouml per < ubii iiu h. 

24 . Answer <)iicsiion 24 if the bcaiinys constiain the ditcctions of the 
shaft at Its ends. 

25 In Question 23, the speed of the sli.ift is Cxx> levohitions per 
minute. Find the hinitmv^ (list.in^e i enlie to ccntic of ih.e be.iiinj^s. 



CllAlTF.R XXI. 

TRANSMISSION OK MOTION ItY UKI.'I.S, ROTES, CHAINS 
AND TOOIIIED WIIEEl.S 

Driving by belt. Motion may Ih' (r.ansmilUtl liom one shaft to 
anotlicr hy nu ans of a belt iunnm(' on the rim.s of pulleys whieli arc 
fixed to tliy sliafts. 'I'he diivnig effort is Ir.ansmitted from the belt 
to the pulley hy the agency ol the frictional lesistance to .slipping of 
tli<‘ belt on the pulley. A tvill dine 11 m the same direction of 
rotation if the belt is open (Fig. 56^), and in the opposite direction 
if the belt i.s crossed (Fig. 565). In the latter ca.se, eacli portion of 


belt. Flo. 565.—Crnssctl licilt. 

the belt is given a half turn in order that the s*me side of the 
material ni.ay Irear against the rims of both .A and 11. In the.se 
diagrams the siiafts are parallel, and both pulleys are arranged so that 
their planes of revolution coincide , if this rimdition be not attended 
to, the belt* will .not remain on the 
pulleys. is customary also to 
round slightly the rims of the pulleys 
(Fig, 566), with a view to enable 
the belt to ride on th*e centre of the 
rim ; the action will be understood 
by reference to Fig. 567, which 
shows the exaggerated case of two 
frusta of 'Cones placed base to base. 
I be belt, in Ijbdding down on the conical surface, bends ,as showm ; 
con»equently the points it and a' will "ie Ijigher up the cone than i 



FlO 566 fiG. 567 
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and /% which came into contact a little Iwfore n and it'. Hence 
the belt will climb to the Inghcst ]).irt and remain there. 

It will be evident that the pint cjI' the belt winch is advanciiif; 
toward.s the pulley must be niininjt in the same |)liine as that in 
which the pulley is rotating The jiait receding' lidin the pulley may 
do so in a jilane which does not coineide with the pi,me ol rotation. 
Advantage is taken of tlie.se eondilioiis in t|i<‘ c.ise ol two shalls 
havigg directions at tight angles (I'lg. 5(18). is so aiiangcd on 
the lower shalt that the jiart (' ol the belt leaung it is uuning 111 the 
plane in which I! ml,lies, similail) I! is so aiianged that the portion 
D of the hell leaves I! in the same pl.iiie as that in wliiih is 
rotating'. I'lie belt will iidi' s.ifelj on hoth piillevs, provided tlial 
the directions ol lotalion aie not leveisedat any tiiiu-. Reveisal ol 



Fic. “’I ''■* .if 90* connii ('-<1 IKf of yx k»-y inili* js. 

hy •. UU 

direction must be preceded by a learrangement of the ptiireys. The 
distance between the shalt.s should not be small enough to render 
exce.s.sive the angle at v Inch the belt leaves the pulleys. 

In Fig. 569 is shown an arrangement ipi which A drives 1 ! by 
means of a belt which is guided into the proirer planes by Jockey 
pulleys running freely at C and I). ‘ ’ 

Velocity ratfio of belt pulleys, A certain hmount of slipiiing is 
always pre.sent in belt driving; in the best cases there may be 1 to 2 
per cent, of the motion of the driven pulley lo.st in slipping. The 
belt usually comes off tife pulleys if the slip e.icceds 10 per cent. 
Neglecting slipping, it will, be evident that the s[)eed of the belt will 
be equal to the speeds of the rims of both pullevs. Referring to 

Fig. 570. 
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Let IL - the diameter of A, in feet. 
i)i, = the diameter of B, in feet. 

V the velocity of the belt, in feet per minute. 

N* - revolutions per minute of A. 

N|, - revolutions per minute of B. 

'I'hen, Distance travelled by rim of each pulley = V feet per minute. 



Ueni e the speeds of revolutlou are Inversely proportional to ttie 
diameters of the pulleys. 

Strictly speaking, the dianielcrs should be measured to the mc^ 
thickness of the bell, i.f. the thickness of the belt should be added 
to 1 )^ anil l)|,. Tile presence of slip usually rendeis this correction 
an unnecessaiy lefineincnt. 

In I'lg. 571, .\ IS an engine pulley driving a line shaft pulley B; 
a counteishaft has a pulley 1) driven from a pulley C on the line 



Also, 



DR1V1N(', RY RFI.TS 


J-IO 


But 

Ne- 

N’h 

2 \gain, 

N, 

l>i 

N, 

1 >, 

And 

N, - 

N„ 


N„ 


0, 

1 ),,' 1>„' 

!*■ N- 


N, 


.N\. 


1)^x1), X l>, 

1 )|, X I ),J X I ), 

Now A, (.' and M are drivers and U, 1 ) and !•' iirc diiven j)ulli“ys; 
hence we have the rule: To obtain the speed of molution of the lut 
wheel, multiply the speed of the first wheel by the product of the diuneten 
of all the drivers and divide by the product of the diameters of all the 
driven pulleys. 

Supiiosini; that ea<‘h jiair of pulk) s <onnct tod by a belt «.'\p<‘rio‘ir('s 
a jiercentago slip /, i c. llio diucn pullo) losi-s by slip /» rcNolulions 
in e\yry loo . th<-n 

'' 1 00 - />\ 

100 /’ 

'100 ' p\ 

lOO /' 

''lOO - p\ 
lOO /’ 

Jk'sc rcdiK c to 
M 00 p \- 


Since N, 


N, 

an<l N 


|Na 

N, 

N, 


and 


N, 


w 

I), 

l>l 

I', 

I, N 

IS l>. 

I)„ I), 

I ) ^ X I ), X I )| 
I )„ X I ),, X 1 I, 


N,, 


100 - /• 
\ I oo 


rriction of a belt on a pulley. 'I'hc gri.iicst posMlile dilfcrcncc 
which can exist bclwcun the iiiilis nn the ti"lil and slack sides of a 
belt will depend nn the*nia\iimiiii Irii liniial resistance tn shp[)in^' of 
the licit nn the pulhy. In I'ljc 572 (<i) is ,^hnwn a pulley having a 
licit einbiating it n\ei an aie oi contact AB. bet ' 1 ', and he the 
pulls at the ends when the hell is nn lhi 5 |>nin? nl slipping, -'Mid let 'I', 
he the huger | 4 r.ill. l-et the angle subtended li^ AB at the centre nl 
the pulley bo d radians, and ennsider a small are Cl) subtending a 
small angle Sa radian. rKe.pnrtinn Cl) ol the belt will be m 
erjuilibrium under the ai tion nt Inrees 'band 'I'I', these being the 
pulls at I) .and C respeetirely (big. 572 (/d), together with a normal 
reaction /' fiom the pulley rim and alst^ the I'rictiontJ resistance to 
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Resohc T into components along and at right angles to/: these 
will be 'I'sin^&i and re.spectitely. In the same manner, 

T + 6'r will have components ('!' + S'l') sin J,6u and ('!' + ST) cos JSa 


C 0 




Fl<»i 572 .“FritMon of.T bell on a juilley. 


respectively along the same lines. The sum of the components 
along / must be eipial to /, hence 

/ = T sin |Sa + (T + S'l’) sin |Sa 
= (2T + ST)sin JSa. 

Neglecting the [troducts of small quantities, this reduces to 
/ - 2 1’ sin Ii 5 a. 

Again, the difference between the sine of a very small angle and 
its radian measure is infinitesimal. Hence, 

/ = 2T . JSa 

-T.&t . ,.(.) 

Let the coefficient of friction be /j. Then 

Frictional resistance of arc t'D^/i/ 

, /<T . &.(2) 

This frictional resistance must be equ”) to the difference in the 
components of T and T + dT taken at right angles to /, hence 
pT . Sa - (T + ^T) cos ISa - T cos I(S« 

= ST cos ISa. 

The angle i8a being very small, its Cosine may be taken as unity 
and the equation r-'duces to 
pTSa = ST, 

‘-jv=F-S«.L. .(3) 
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In the limit, wriliiti; (h iind li'W .iiitl integnitiii^' both sides "'c 
have c 11 


ii/l' ''Jc 


r/«, 




'>1 

'T, 


,iD. 


-ii) 




■ ■■■U) 


This ctjuation may be «ntlen 
T, 

r, 

where e is the Itase of the b\|H'ibolic logarithms (p. 11). 

'I'he physical meaimi" ol ibis eiiiiation may be uiiderstooil by 
dividing the total arc of ccmiact into a lumdter of equal arcs All, lit', 


Cl), etc. (iMg, 573). Ix't c.i 


ich arc sub¬ 


tend an angle n at the centre, 

Jensions in the belt at I!, C, 
denoted by T,,, T, , T,,. etc. 

(4) above a|)plics to each arc. 

^ I ^ I* — (SO ^ 

T„ '‘ ’ 'r,/ ‘ ’ ■!', 

.■\s the right-hand side is constant in 
each of these expressions, the r.itios of 
the' tensions will be constant, 


and let the 
I >, etc., be 
lopialion 
Hence, 

etc. 



'I'l 

T„ 


T„ 

T, 


'I', 


- a constant. 


S7.1.—Tensions in the lielt at 
tliflcictit parts uf the arc of 


Hence, if the value of the constant for a given angle is known, the 
ratio of the tensions for any angle when sli[)[)mg is about io occur 
may be calculated easily. 


ICxAMl’i.F. I. A rope cs (dilcd lound a fi.xcd drum over an aic of 
contact of 90^. It is found th;it slipping occurs when the ratio of the 
pulls is Kind the r.itio o.*' the nulls for an ate of contact of 270°. 


or. 


I ')0 I Isl) I '.'711 4 

I'm I iMi I util 4 4 4 

•T„^ 27 , 

Tail ^ 


Exampi.k 2. A leathef belt laps 180’ rounfl a jast-iron pulley. 
Taking /i=o*5, calculate the null on the slack side when slipping n^alront 
to occur, if the pull on the tigl.i si('“ "■ 
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Here 0= i8o’ = ir radians. Hence, 

lot',,!T-'=/re=o-5)r=i'57o8; 

* 2 

:[; = 4 ' 8 i, 

or T., = - 3 “=to 4 n). 

4-01 ^ 

Horse-power transmitted by a belt. It will bo ob.served tliat^the 
diameter of the pulley does not enter into the expression lor the 
ratios of the pulls of a belt or rope. For exam|)le, in the last result, 
the pulls would be 300 lb. and 62-4 lb. when the belt is embracing 
a pulley 3 feet in diameter or 6 feet in diameter, provided the arc of 
contact is t8o° in each case. Some other cause must be looked for 
to’explain the known fact that a belt which constantly slips on a 
certain drive may be remedied by substituting pulleys of larger 
diameter on lx)th shafts, keeping the ratio of the diameters .as at firs[ 
so as not to alter the s[)eeds of the shafts. 'I'he e,\planation lies 
in the fact th.at the belt is now running at a higher 
speed, and will therefore do the same work per 
minute, or will transmit the same horse-power, with 
a smaller difference in pulls. Thus, 

Let 'I'l - pull on tight side, lb. 

T., = i>ull on slack side, lb. 

V = velocity of belt in feet per minute. 
(Considering the driven pulley (Fig. 574), T, is 
urging it to turn .and T.^ is tending to jirevcnt rotation ; hence the 
net driving force is (Tj - T.^). 

r Work done per minute-(T, -' 1 \,)V foot-lb. 

Horse-irower tnansmitted ^^.(i) 

33,000 

Now let V be increased to V.^ feet per minute by the substitution 
of larger |>ulleys rtinning at the .same revolutions per minute. The 
horse power tr.ansmittedibeing the same as ,at fust, wc li.are 

33,000 33 -°°° 

where T,' and ’IV denoted the altered pulls in the belt. This gives 

‘(T,-T.,)v^(T;-'r./)\v.(2) 

As V., is greater ^han V, it follows that ('I',' - 'IV) nuist be less 
than (T|Hence thete is now less frictional resistance to 
slipping called for, and consequently ttF;ns_k of'slipping is reduced. 



Fio. 574. 
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ICquation (i) alxne for the horse-power titay be written in terms of 
the maximum pull in the belt. Thus, 


I 


' 1 ' , ^ 

Substituting in (i) gives 

* 

llorse-|Kn\er tratismitted - 


t'*"' 


■( 3 ) 


C'vli) 


\' 




.( 4 ) 


33>ooo 

I 

t''*/ .33,000 

h'rom this equation the dimetisions of a belt suitable for trans¬ 
mitting a given horseqiower may be obtaineil. The strength of a 
belt is stated in pounds [ter iiu h of width generally. 

I.et h -- width of belt in inehes. 

/--safe ptill per ineh width of belt. 

Then T, pb 

p/>\ 

' 33.000 


and Horsepower-- 




(.s) 


, The width h may be calculated from this result when the other 
quantities intohed are given. 

Driving by rope. Ropes iff cotton, hemp, inanila or steel wire 
may be u.sed for tratismitting motion. Iti such cases the rims of the 
pulleys are grooved to receive the ropes. The section of a pulley 





rim suitable for ropes of cotton or similar material is given in* 
Fig. 575. 'I'he ropes bear on the sides of the wedge shaped grooves, 
thus increasing the frictional resistance to slipping. In Fig. 576, 

Let a = half the angle of the wedge., 

p = the normal force on«a small arc of the rim, in lb. 
yt,= ttie cociF'.ient of friction. * 
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Tlien / will be eciual to the sum of the vertical components of 
the normal pressures q, q on the sides of the groove. Hence, 
p= 2(/sin a, 

(/ = j/cosec a...(l) 

Now the frictional resistance to sliding on the small arc considered is 
(= 2/i(/ = 2/1J p cosec a ’ 

=/>./!cosec a. .<(2) 

Had the case been that of a Hat belt on an oidinary pulley, the 
frictional resistance would be /i/. Hence, the results already 
obtained for flat belts may be u.scd for ropes which bear on the sides 
of the groove by writijig /ico,seca instead of /i. 'I'hus, from erpiation 
(4); !>• S 3 '. eciuation (4), p. 5,53, wc have 


1 . erfld CObCC a 

T, . 

■ ■ (3) 

11.P. _ I - - ^ -. 

\ coset. ay 

(4) 


In the case of wire ro|)e.s, the-rope should not bear on the sides of 
the groove, as it would suffer injury theiehy. log. 577 shows a 
suitable form of rim, in which the rope beds on the bottom of the 
groove; it is found advantageous to line the bottom of the groove 



577.—Section of a wire 
itipi piilk-y. 


Fig 57J^—Section of an idle 
pulley for a wire rope. 


with leather, with a view of increasing the frictional resistance. 
Where the ropes are very lohg, idle bearer pulleys may be used at 
intervals to support tllb ropes. 'I'liese run loose on their bearings, 
and may have rims of a .section shown in Fig. 578. 

The eiiuations for a flat belt apply w,ith'out alteration to the case of 
a wire rope bedding* on the bottom of the groove. 

Centrifugal tension in belts and ropes. I'he portion of a belt or 
rope which laiv; on the pull;;y is subject to centrifugal forces when 
the belt i.s running (Fig. 579). 
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l/;t m = the mass of the l>clt |>€r foot run, in i>ounds. 

V - the velocity of tlie belt, in. feet per sec. 

/•-= radius, in feet, to the centre of the belt. 

Then the centrifug.al force per foot length of arc will be given by 


, m7'- ,, . , 

^ lb. weight. 

'Ijhesc r.idial forces will have a 
resultant R directed towards the 
left in Fig. 570, and will be balanced 
by tensions T, T in the belt, which 
are in addition to those re(|uired 
for driving purposes. The case is 
analogous to a boiler shell sub¬ 
jected to mteinal pressuic, and may 
on |)p. 05 and oil. 

mv- 

• 2r --- 
"r 

Also, 2T - R ; 




lb. wcighL 


eight. 


For le.tthcr belts, m nitty be i,iken as 

m - o-4.\ pounds per foot run, 

where A is the cross-sectional area of tlie belt in .square inches. 

The general effects of centrifugal force are to increase the ])ulls in 
the belt, and also to reduce partially the radial pressures on the rim 
of the pulley As the latter are relied on for the producTion of the 
frictional driving effort, it follows that e.vcessive slipping will occur at 
speeds which are too big'll, and the power transmitted will be reduced 
thereby. . . , 

Belt striking gears. 'I'he intermittent motion retiuired for driving 
many classes of machines may be oblatned l»y means of two pullcy.s 
on the countigr.shaft driving the machine. In Fig. 5S0 a pulley A on 
the main or line shaft drives a countershaft having two pulleys, one . 

running kxiscly on the cfiuptershaft and the other H.^ fixed to the 
shaft. The belt may be moved from one pulley to the other by 
means of forks (', C, which loosely embrace the belt. The forks are 
operated by a sliding bar 1) and a hagdle F, Carried to a suitable 
position for the operator. Tj e pulley A is made specially wide, so 
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as to permit the belt to ride on either H, or llj; in the former case, 
the countershaft and machine will be at rest. 



Another arrangement is shown in Fig. 581. The countershaft B 
has two loo.se pidleys L, and I.,,, and also a pulley F fixed to the 
shaft. There are two belts, one 1 ) open and one F crossed ; these 
are operated by the belt-striking forks and bar shown at C. No 
motion will be transmitted to the countershaft if both belts are on 
the loose pulleys, and motion in either one or tlie other direction will 




Fig. 583.—Stepped cones. 


occur, depending on w^ich belt is made to ride on.F. 'The arrange¬ 
ment forms a convenient reversing gear. 

Variation in the velocity of rotation of the driven shaft may be 
accomplished by niAYns of stepped cones or speed pulleys (Fig. 582). 
These consist of a number of pulleys of di(ferent diamcter.s mounted 
on the shafts stfas to oppose/.he smallest and the greatest. The belt 
may r^de on any corresponding (tair. 
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'I’he length of belt reejuired enters into the (]ue.stion of stepped 
cones, as the belt has to fit any corresponding pair ttithoiit alteration 
lieing made in its length. Kor a crossed belt it may be shown that 
the sum of the diameters of any corresponditig pnlle\s shoitid be 
con.stant for the whole set. With an o|X‘n belt there is a small 
divergence from this rule, which becomes negligible it the distance 
between*the shafts is large compared with the pulley diameteis; siu h 
is usually the case. 

Transmission of motion by chains. In casis wlicie the driiing 
effort is too large to be transmitted by a belt lir lope, or where 
slipping is madmi.ssible, chains nia\ be ttsed iti combinalioti with 
tiKithed or sprocket wheels. A few [latterns of suitable chains are 
given in Kig. 585. (a) is a bloik chain in which a number of small 



blocks are connected b^ pairs of links and riveted pins. Chains of 
this pattern are used. for conveyors, as> the carriers are attav bed 
readily to the blocks, {h) is a similar jiattern, but made entirely of 
link.s. (c) is a better form, and works more'easily.' Thecnner links 
are connecteli by a tube riveted over at its ends, and a roller runs 
on the lute ; the outer links are connected by a pin passing through' 
the tube and riveted over at ils ends. 

A sprocket wheel is shown in big. 584. The'centres of the chain 
pins lie at the corners of a polygon having side.<j eijual to the pitch p 
of the chain. 'I'he driving force I’ may act at radii "which will vary 
from R, to Rj, and thus c.,uv# ariations in the turning momefft and 
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in the velocity ratio. These variation.s will he small, provided the 
number of teeth on the sjtrocket wheel be sufficiently larj'e. 

The form of the teeth may be constructed by first drawing semi¬ 
circles of radius r e(iual to that ol the chain pin, or roller. Using 
radii slightly smaller than (p- r) and centres nearly coinciding with 
the adjacent |)in centres, the sides of the teeth may be drawn. These 
will be such as to enable the chain to lease the wheel at* the top 
without the ])in or roller touching the face of the tooth. , 

In general there is practically no pull on the slack side of a chain ; 
hence, the work done [ter minute is given by the [troduct of F and 
the velocity of the chain in feet [ter minute. The chain is liable to 
stretching of the links and to wear at the [tins, both of which tend to 
increase the [titch. The effect of this will be ultimately that the top 
|)in, *)r roller alone, as is shown m Fig. 5.S^, will be bearing against 
its tooth, and this tooth accordingly will carry the whole load. 'I’he 



effect is manifest in the chain grinding on the teeth, thus introducing 
additional frictional resistance and also wearing the teeth. These 
effects may be obviated somewhat by using'a roller chain, and by 
making the s|)aces betwecyi the teeth widerjhmi the diametei of the 
chain |)in or roller. Increase in the'|)iteh is [irovided for [lorfectly 
in the Renold's silent (‘hain.' 'I’he links are of the form shown in 
Fig. 585 ; any increase^ in the pitch, caused by wear rr stretching, 
.has simply the effect of causing the links to ride on the teeth at a 
larger radius from the centre of the wht'ef. ,S|)eeds of 1250 feet per 
minute and honse-iicwcrs u[) to 500 hate been attained with these 
chains. 

Friction gearing. In casas where the shafts are close enough 
. togethtr, motion may be conimunicata^ Horn one to the other by 
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'I’he length of belt reejuired enters into the (]ue.stion of stepped 
cones, as the belt has to fit any corresponding pair ttithoiit alteration 
lieing made in its length. Kor a crossed belt it may be shown that 
the sum of the diameters of any corresponditig pnlle\s shoitid be 
con.stant for the whole set. With an o|X‘n belt there is a small 
divergence from this rule, which becomes negligible it the distance 
between*the shafts is large compared with the pulley diameteis; siu h 
is usually the case. 

Transmission of motion by chains. In casis wlicie the driiing 
effort is too large to be transmitted by a belt lir lope, or where 
slipping is madmi.ssible, chains nia\ be ttsed iti combinalioti with 
tiKithed or sprocket wheels. A few [latterns of suitable chains are 
given in Kig. 585. (a) is a bloik chain in which a number of small 



blocks are connected b^ pairs of links and riveted pins. Chains of 
this pattern are used. for conveyors, as> the carriers are attav bed 
readily to the blocks, {h) is a similar jiattern, but made entirely of 
link.s. (c) is a better form, and works more'easily.' Thecnner links 
are connecteli by a tube riveted over at its ends, and a roller runs 
on the lute ; the outer links are connected by a pin passing through' 
the tube and riveted over at ils ends. 

A sprocket wheel is shown in big. 584. The'centres of the chain 
pins lie at the corners of a polygon having side.<j eijual to the pitch p 
of the chain. 'I'he driving force I’ may act at radii "which will vary 
from R, to Rj, and thus c.,uv# ariations in the turning momefft and 
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will be no .sli|i anywhere, i.e. the rolliitL; «ill he perfeel. Wheels of 
this kind are called bevel wheels, 

Driving by toothed wheels, .Motion lost hy reason of slipping may 
be eliminated entirely hy the adilition of teeth to the rims of friction 
wheels. Fig. 588 shows two toothed nheels in gear; the original 

friction wheels are shown dotted, 
.and come intorontaefat a point 
on the line joining the centres 
of the wheels. 'I'his point is 
called the pitch point, and the 
circles are called pitch circles. 
The length of the arc oti the 
pitch circle hetween the centres 
of an adjacent [lair of teeth is 
called the circular pitch ol the 
teeth. It IS eiident that tl*e 
pitch must he the same for both wheels. For jiiactical piirpo.ses, 
the diametral pitch is used often, and is the result of dividing the 
diameter of the wheel hy the miinher of teeth. 

Let I) -“the diameter of the wheel. 

// - the nninher ol teeth. 
p ^ the circular pitch. 
p,) --the diametral pitch,* 

Thiai /’//-i-c’l), 

* "I' 

or / - . 

n 

Also, ' ^ JV../’. 

// TT 

Unless otherwise specified, the term “ [litcli ” 
will be taken to mean tire circular pilch. • . 

Referring to F'ig. 589, other delTnitions are 
as follows: The portion lifOt" of the tooth 
which lies outside the pitch circle i,s called the iddejidum; the 
dotted circle F'GT is the addendum cireje; the working sides of the 
tooth at FT<' and (Tf are called facev. 'ITe portion FTfKC' which 
lies within the pitcR circle is called the root of the tooth; the dotted 
circle UKM is the^root circle; the working sides FiFf and CK are 
called Banks. ‘I'iC is the tMckness of the tooth and til) is the wldtli 
of U16 space between the teeth. 



Fig. 589.—Propftrlions of 
wheel Icelh 
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Ordinary jiioirortions ol teeth may be stated. Reference is nimlo 
to Rig. 589, and p is the circular pitch. 

'I'hickness of tooth = 0^48/. 

Spai e hetueen teeth 0-5 
Total lengtli of tootli (11 + /') 0-7/'. 

• Length of addeiKhiin ■ (t: o-^/i. 

, l.cngth of root h - o \p. 

Width of lootli - ’/> to yj/". 

These pioportioiis allow of a 1 leai.ince ciitial to o-ogy’ between 
the thickness of the tooth and the s|)a('e into whiih it eiiteis on the 
other wheel: also a cleaiance of o i/ between the point ol the tooth 
and the bottom of the sp.iee W ith acenr.ite machine cut teeth, Ihe^e 
clearances are often m.ule smaller. 

Power transmitted by toothed wheels. Let 1 ’ lb. be tin- dining 
effort applied to a toothed wheel tangential to the |iiti h (iicle, and 
let R leet be the r.idms of the pitch circle. In one rcnolulion, work 
will he clone e(|ual to 2-RI’ foot lb. II the wheel makes N tevolii- 
tions per minute, we ha\e 

Woik clone per mimile = 2n-RPN. 

,, , sirRl'N 

Horse power Ilansmitleci , 

' ,3,?ooo 

,, •! !ooo X horse powe r 

or 

2irRN 


If the lic^rseiiowei be given, 1 ’ may be calculated, and hence the 
dimensions of Wle tooth may be estimated in order th.at sullicient 
strength may be seemed. It is best to use the rules of piwpoitional 
strength. Suppose it is known that a ceitain wheel made ol a 
given niatciial has transmitted a lorce R, sticcesslully, and that 
the width, length «.ncl thickness of its teeth aie /, and /, icspee- 
tively. The connectiem ol‘thcse climensicm? with those of the t(.:eth 
of .another wheel of the same material wlijch has to tiansiiiit a 
force 1', will be given by (p. 152) , 


It has been assumed here that R, and R., aie apjilied at theevtreme 
])oint of the tooth, as in,practice might bc'tlje case by arcicleiit. 
.Also that the whole of the (hiving effect may act piAssibly on one 
tecoth. • * ^ 
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Angular velocity ratio of toothed wheels. It is evident from 
Fig. 590 tliat two toothed wheels in gear revolve in opposite 
directions; also that the speeds of the eirctimfereiices of the pitch 


circles will be eipial. Hence, 



, 590. -Angular vcicxily ratio of 

_ tooilicd whf'cU. 


Nu I)/ 

.Also, « 

Number of teeth on .A = 

Number of teeth on I! = «ii 


_vI)a, 

A 

2rl)i. . 

“ P ’ 


and 


N, 

N„ 


(■) 


Hence, the revolutiona per minute are Inversely proportional to tlje 
numbers of teeth. It will be obvious, from what has been said on 
p. 539 regarding friction bevel wheels, that the same rule applies also 
to such wheels. 

If the wheels A and 11 are retpnred to revolve in the .same direction, 
an Idle wheel (1 may be interposed (Fig. 591). Since the velocities 




of all three pitch ciicle circumferences must be equal, it follows that 
there will be no change in the angular-velocity <atio of A and B. 
Hence, ♦ ‘ N,, _ * * 

, ♦ • N„ «.v’ 

Any number of idle wheels (Fig. 592) may be inserted without 
• affecting the angular-velocity ratio of .A and B. 

Trains of wheels. Fig. 593 shows a train of toothed wheels. In 
this case we have : * 

N^k _ ^ 

• N,. Nc /q, ’ Na 

ATsO, N,; = Nu; ■ 
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N, N„ N', 

N] i\, N^ «i 




. (-) 


If I*, II atul li he drivers, and h, (' and A followers, the 

above je^nlt gives us tlie rule that the angular-velocity ratio of the 
flrst and last wheels In the train is equal 

to the product of the numbers of teeth on B F 

the followers divided by the product of n\ 
the numbers of teeth on the drivers. f J i0 ) 

Fig. 594 shows the gearing wheels y 

used in tlie WoKeley motor c ars lor ELEVATlOfF -> 

enabling the ear to lun at dill'eient 

speeds. The shaft .\ 1 ! is driven by ipfiy ■ ,ig«ii»MMi' 

the engine, and h.is a wheel (' lived 

to it and ge.iring abvavs wiih a wheel IC . 

(; on the secondary shalt FF. W hen U J LI 

, , , • ■ I , PtAN 

the clutch between the engine and Ei., sci - n.u.. uf wiied«. 

AB is “in," the seeondarv shaft Ivl'' 

will be revolving. 11 , K and I, aie wheels of different si/.e.s mounted 
on, and revolving with, F,F. The shaft RS is connet ted at S to the 
1 road wheel a\le by means of gearing 

■ not shown in Fig. 594 , this shaft 

S ' F runs freely in the hollow shaft AB, 

t ' and Is made sipiare between R and 

[ III ! mill S M, N, 1’and arc wheels which 

' 1 - may slide on the scpiaru. shaft RS, 

! „ and are undei tie c( lUrol of the 

II III] III ^ driver by means of an arrangement 

I II I ||]]||||' of interlocking bars (not shown in 
: the liguit').’ The wheel (i IS hollow, 

i ■ and is furnished with internal teeth 

II l| 11 lllllllll when so situated, AB will drive RS 
BFa j ^ ' E' ’ direct, the secondary shaft FF' then' 

I I ^ , ' running idle. Other speeds may be 

I I ^ obtained by withdrawing M from C 

. and gearing'FI "'idi H, or 1’ with 

'aI— j—) K, or t,) with L. 'l*he lever system 

Fig. SQg.—(tear whejg for .1 nio' .r car. for sliding the whcels is SO dcviscd 
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as tf) prevent two pairs of wheels being in gear simultaneously. 
Reversal of the car is obtained by sliding idle wheels (not shown in 
the figure) on another secondary shaft. 

Bevel wheels. If the directions of the shaft axes intersect, it has 
been shown (p. 539) that cones may be used for driving; hence 

conical [iitch surfaces are em¬ 
ployed for toothed heels on 
intersecting shafts. In Rig. 
595, the axes of the shafts 
intersect at O, and OAR and 
ORO are the conical pitch 
surlaces. 'I'hc dimensions 
are settled from the relation 
N,,„_RC 
N,„. ’AR' 

To obtain the shape ot 
the teeth, ADR and REC 
arc other conical surfaces 
obtained by drawing Rl) and RE perpendicular to OR. These 
conical surfaces are develo|)ed by describing arcs RE and RG, using 
I) and E respectively as centres. The teeth may then be drawn on 
these .arcs as [iitch circles by ordinary methods. The teeth are 
tapered along tlie conical surfaces AOR and ROC, and finally vanish 
at O ; hence portions only of the conical surfaces are used, shown 
in the figure at RRIIC and RKI..'\. 

Mitre wheels are be\el wheels of etpial size on shafts meeting at 
90“, and are used in ca.ses where the shafts are to hav^ eiilial speeds 
of rotation. 

In Eig. 596 is shown an example of the use of mitre wheels. A 
is a continuously rcMilving shaft having a mitre wheel R li.xcd to it, 
and driving other two mitre wheels C and DVhiclwun loose on the 
shaft El'. Each of the n^tiie wheels C and.I) lets projecting claws tm 
Its inner laie, which may engage wirii the claws of a clutch (!. G 
may slide fcii the shaft, .And h.as a long fe.ather key which compels it 
to rotate with the shalT; a pivoted lever H enables^ the»clutch to be 
.operated. In the position shown no motion will be communicated 
to the shaft EE; motion of either sense of rotation may be obtained 
by causing G to engJige with either C or 1 ); the arrows indicate the 
directions ot rotation. . The arrangement thus piovides for inter¬ 
mittent motion nnd for leversiil. 

E'ig^597 illiistiates a common type oMlfttrentlai gearing used for the 


o 
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driving axle of a motor car. A toothed wheel A, shown in section, 
runs loose on the axle RF", and has two bevel wheels li, 1 ! mounted on 
radial .siiindles. EF is the axle to which the road wheels are attached, 



n 


iLo 



Fic. 596.-Arrangempiil for inlermitteiu noiioti ami for reversal. 

and is made in two pieces. A bevel wheel Ci is fixed to the portion 
E, and another bevel wheel D is fixed to F; Ci and D gear with the 
bevel wheels IS, IS. The wheel A is driven by the engine, and, if 
both road wheels arc rotating at the .same speed, the wheels IS, B 



lanil 
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Flo. 597.“Differential gear for a n:.>tor car. Fic. 598.—Milne'siPaimler differential gear. 

will not rotate on their spindles. In rounding a curve, the inner 
road wheel must rotate at a lower speed than the outer whe^, and 
this difference iri s’pee' is permitted by the bevel wheels B, B 
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rotating on their spindles. It will be evident that, if (. were held 
fixed, O would rotate at twice its former speed. 

Fig. 598 shows the application of the same arrangement in the 
Milne’s-Daimlcr differential gear.* All is a shaft driven by the 
engine and carries mitre wheels 1), 1), running loose on cro.ss 
spindles C. C. 'I'hesc wheels gear into mitre wheels E and K at 
the inner ends of sleeves which run loose on All, thus permittiirg 
differential motion to the sleeves. F and L are bevel wheels at the 
outer ends of the sleeves, and gear with wheels O and M fixed 
respectively to the halves H and N of the road-wheel axle. 

Epicyclic trains of wheels. In tniins of this kind theie is usually 
one fixed wheel A (Fig. 599)—r.c. A does not rotate—together with 

one or more wheels mounted on an 
aim D which may rotate about the 
centre of A. 'I'he solution of such 
liains may lie obtained by tho 
following method. Imagine the 
whole set of wheels to be locked 
and th.it the bracket cairyiiig A 
is free to rotate, (live the whole 
arraiigemeiit one rotation in the 
clockwi.se direction, then, keeping 
the arm fixed in position, apply 
a correction by giving A one levolution in the anti-clockwise 
direction. Falling clockwise rotation positixe, the process may be 
tabulated thus; 



Bait - 

A 

1! 

c 

1) 

Wliecls all locked 

+ I 

+ 1 

-'/a 

1 

d-1 

Correction - 

1 


• 

Ui '■ 

0 

-- 


-— 

-- 

- - 

Final lesult- 

. 0 

I +"■' 

1-”^ 

4 I 



fhi 

Jh: 

.. 


The result shows that, if A and H have the same mimbef of teeth, 
B will rotate twice clockwise for one ylo'ckwise rotation of the arm. 
If A and C have thk same number of teeth, C will not rotate on its 
spindle; a radial arrow sketched on the upper side of C will point 
always in the same direction ns the arm I) is rotated. 

* five. /its/. .Met h. iiig-^'.s°7. * 
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Epicyclic reducing gears. In I'"!;;, iioo, showing an arrangenii'nl 
for reducing the .speed ol rotation, the wheel I) is li\ed and has 


internal teeth ; Is is an arm lised 
to the .shaft F, and eat lies two 
wheels li and F fixed together 
so as to revolve as one wheel, 
(i geais with the internal teeth 
of*l), and H is driven hy a 
wheel .\. It will he noted that, 
if I) drives (' with the aim F 
fixed, hoth wheels will have the 
same sense ol rotation. The 
solution is as follows ■ 



- - - ! 

A 


C 

1) 

J-: , 


WIlGflT .til locked 

t-1 

'' 

+1 i 

)■ 1 

' *■' 

) 1 

(.'oiU'f lioll - 

^_//ii w,, 


//i> 1 

1 

i <-> 

o 


/t K 

/h- 

/li 




Final icbult • 

i(m 

I 


o 

I-1 

1 1 




//, 





In Mg. hoi, showing another type ol speed rediielion gear, the 
shaft Al! IS driven by a wheeT at A, and has an aim (i lixeil to it 



ri<;. 6oi —Another ty|)P of ‘•jiecd reduction gear. 


carrying a loose bevel wheel*I). 1> gears with two bevel wheels E 

and G running loose on the shaft AB. E may be a fixed wheel, or 
may be rotated in the saaie or in the opposftmsense to that of AB. 
It is evident that D does not rotate on V. during the locked opmation, 
and that E ant* G wiP rotate in opposite directions during the 




MACHINES AND HYDRAULICS 


' 548 


correction operation with AH ami C IKed, 1 ) being an idle wheel 
during this operation, Su|)posing M to be a fixed wheel, the .solution 
will be as follows: 


Part - 

AH 

c 

“i 

(; 

Wheels all locked 

1 

+ 1 

+ i 

+ > 

Correction - 

0 

0 

- 1 

fh. 

Final result - 

+ I 

+ I 

0 



Suppose now that 1 C is not a fixed wheel, but is lotated + N, times 
during + 1 revolution of.Mi. 'file solution will be: 


l^ut - 

All 

C 

1C 

(i 

Wheels all loi Kc^i 

■f I 

+ I 

4-1 

+ I 

Coireciion - 

0 

0 

- i + N, 

-h"' F^^-' N, 
fh. //,, 

Final result - 

V I 

FI 

h-N,.- 

i-f"' (i fN, ) 

'h. 


In the result for (I, the - sign is to be taken if A and 1 C are 
driven in the same direction, and the + sign if they are drixen in 
opposite directions. 

'file Humpage gear is shown diagrammatieally m Fig. 602. A is 
the driving shaft and has a bevel wheel 1! fixed to it 'fwo bevel 
• wheels (C and 1), made in one 

piece .so as to rotate together, 
run on an arm 1 C fixed to a sleeve 
F, which runs loose on the shaft 
A. C'gears with a fixed bevel 
wheel G, and 1 ) gears with a 
bevel wheel H, which is .secured 
to the driven shaft 'K. F'or the 
sake of.obtaining balance and of 
producing practically a driving 
couple, the arm E and the wheels 



biG. 6o2.--HumpaV.e ?ear. 


C and I) are duplicated. The solution may be obtained by giving 
the whole gear + 1 revolution with the wheels locked ; apply a 
correction by keeping the sleeve F .and tlFgaini E. fixed and giving 
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- I revolution to G. Durinj; tliis (orreetioii, (’ will act as an idle 
wheel between G and 1 !; also G will drive 1 { in the anti-clock- 
wisc sense through the wheels (' and I): the ratio of the rexohitions 
of G and I I during this operation will be 
N|, /!,, X //„ 

N,. X 

'rabiilaiing the operations, we ha\e 


Part ■ ■ ■ ' A 

Wheels all liKkeil I +i 

,. I e, 

Correilion - - I 


Kin.il lesiilt - 



K 


I-1 
o 


I- I 


G I K 

(I f I 

//(.X Hit 

I , 

' "c X //„ 



/ Hi. X /I|,\ 
'//, X/liil 


"l. 



Shape of teeth. The sha|ie of the teeth niiist be such as to fulfil 
the condition of a uiiilorni ratio of an;,'iilar \eIocities in the wheels 
which ge.ir together. If this condition be neglected, the teeth will 
work together badly, prodiicin* c\cessi\e wiar and rattling owing to 
bai k la.sh. 

Referring to Kig. 6o,^, let P be the point of loiitait ol two teeth, 
one on tiie wheel which has its centre at and the other on the 
wheel wh.rh reiolves about H. At P a point on wheel A is nuning 
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at right angles to AP, and a point on wheel B is moving at right 
angles to lil’. Let v^, and !>„ be these velocities, represented by 1 ) 1 ’ 
and CP respectively. Let PO be the direction of a coniinon normal 
to the tooth .surfaces at P; it is clear that, if contact is to be main¬ 
tained, and if there is to be no interpenetration of the teeth on A and 
I!, the components of and t'n along PO must be eiiual. Resolving 
t'li along and at right angles to PO by means of the triangle CEP, the 
e()iial normal coni[ionents of tr^ and t'n will be represented Jiy 
lCP = r»^. Produce the line of and draw AM and ItN perpen¬ 
dicular to Then, if and w,, arc the angular velocities of the 
wheels A and It lespcctively, 

cu _ HN _ 1 !N 
. Oi, AM 7 'v AM 

Ag.ain, from the similar triangle s AMO and UNO, 

UN _ 150 1 ,^ 

AM^A0"‘o„' 


If O be .selected as the pitch ]Kimt, the latio 150 /AO will be 

constant, as 0 is then a lived point. Hence, 

III. 150 R|, 

' ^ ---'a constant. 

wi, AO Ra 

Tints, the condition to be fullilled in order to maintain a constant 
angnlar-velocitv ratio is that the common normal at any point of contact 
of two teeth must paea through the plfch pole'. Theoretically, for a 
given design of tooth on one wheel, the teeth on the other wheel may 
be shaped .so as to enable the common normal to comply with this 
condition. In practice, however, cycloidal teeth and involute teeth 
alone are used, and, in modern machine-cut wheels,'the teeth arc 
generally of the involute form. 

Cycloidal teeth. The cycloid is a curve traced by a point P on 



t _ ‘ 

the circumfercivce of a < irclif which may roll along a straight line 
• (Eig. (104). In any gnen po.sition, t'he ‘lynnt 'of lyuntact I is the 
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insUntaneous centre lor the rolling wheel; hence the direction of the 
cycloidal cur\e at 1’ is perpendicular to II’; therefore the normal at 
I’ passes through the point of contact I. 

If the rolling circle having a centre (', (hig. 605) rolls on the 
ciretiniference of another circle ha\ing A for centre, an eployoloM 01 ) 
will he traced. It the rolling circle rolls on the inside of the circum¬ 
ference of the circle, a hypooycloid OM will he traced (fig. 605).' In 



the epic)( loiil. if N, is the point of contact of the 1 in les, and I’, is the 
corresponding [losition ot the tiacing point, it will be clear lhat 
the direction of the epicycloidal curve at P, is at right angles to N|P|, 
as N| will he the instaiitaueous centre ol the rolling circle in the 
given position. Hence Ni|l'| is the normal to the curse at I’,, for 
similar reasons, N, is the instantaneous centre of the rolling circle 



when the tracing point is at'P. on the h) pocyijoidal curve, and NjP.^ 
is the normal to the hypoiycloid at lA. ^ 

In fig. 606 is shown J useful way of,producftig an^epicyi loid. 'I'he 
wheel .\ and the rtilling c-ri li»revolve alxmt fixed centres at A and 
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and drive one another in the same manner as friction wheels but with¬ 
out slip. A piece f)f [taper I) is fixed to the wheel A and revolves 

with it, and a [tencil P on the 
rolling circle bears on the [taper. 
'I’he result is the e[ticyrloid P^P. 
It is evident that the normal at 
P passes through the [tit*-h point 
O. In Fig. 607 is .shown^ a 
similar methetd of drjiwing a 
hypocycloid by means of another 
wheel having il.s centre at B, 
and the .same rolling circle 
revolving about a fixed centre 
C. A [liece of |ia[ier attached 
to B will have drawn on it a 
hy[iocycloid P|,'P. If there has^ 
been no sli|t, in each of the.se 
figures the arr-s OP„ and OP, 
on the wheels and on the 
rolling circles respectively, w’ill 
be equal. Let the ares OP„ in each figure be eriual, and imagine 
that the two figures are sri|)er|)osed, so that the wheels and B 
come into contact at the [lilch point O (Fig. 608). The arcs OP 
on the rolling circles in Figs. 606 and 607 will also be equal, and 
the points P will coincide in Fig. 608. OP will now be simul¬ 



taneously the normal to the e|)icycloid and also to the hypocycloid, 
and these curves will be in contact at P, Thelefore the cuives comply 
with thf condition that the common nvrm.il mu.'jt [lass through the 



Fi(. 607 —Mfchanital cuiistiuclion of a 
hyi)uc>t.luii]. 
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pitch point, anti thus may bo used for thf faces of the teeth on A, and 
for the flanks of the teeth on l’>. I he flanks of the teeth on A and 
the faces of those on 1 ! may be priKliiicil in the siine manner. It is 
evidently essential th.it the vime mllin" eiule must be used both for 
the faces of A and for the flanks of li; the rollin;; i irele usetl for the 
flanks of A and for the fates of 1 ! ma\ be of tlie .same or of another 
diameter.* It should be notetl tl\at the htpoeytloid becomes a 
straight line, forming a ditimeler <if the wheel if the rolling lirclc has 
a diameter c<|ual to the wheel radius; hence the flanks of the teeth 
would be radial lines. Any l.irger diameter of lolling i ircle wtaild 
produce teeth thin and weak at the roots. In designing a set ot 
wheels, the rolling circle should imt hiue a ilianieter larger than the 
radius of the smallest wheel of the set. , 

Path of contact. From Figs 606, (107 and 608, it will be evalent 
that l’,| and P'„ on the cycloidal dines were initially in loiil.u t at O, 
ayd that the point of l■onlal t has traielled along the aic (IF of the 
rolling circle. Contact will cease when the circimifereiice of the 
rolling circle pas.ses outside the addendum ciri le. In F'lg (109, FF(j 


E 



Fk, --P.itli of contact in ry< lindal (It. 


and LMN are part's of the udderdiim eirclvs,of the wlieels A and I! 
respectively. These intersect the rolling ein les it F and (,) respec¬ 
tively: hence the ('ompleto path of contact is VOI,), and is.foiiiieii ol 
two circular arv's. ’ 

In Fig. dio two teeth are just starting eontaet at F. The point (' 
will be ill contact when it rAiches (), and the an ( O on the pitch 
circle is called the arc of apbrc'cch. In Ihe same f>gurc, Iwc) teeth are 
just finishing contact at (,) ; F was iii contact .whe n passing through 
0 , and OF is called the arc of recess FO and' 0 (,l an- called the 
paths of approach and of recess* ri ..jieelicely. I.et the arc OF be Oijual 
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to the arc- OE, Then COF is tlie length of arc which passes the 
pitch point while a tooth on A remains in contact with one on B, and 



may be called the arc of contact. If the condition is to be fulfilled 
that two pairs of teeth are to be in contact alway.s, the arc of contact 
should be twice the pitch. 

Involute teeth. Fig. fir • shows an invrrlute B,)l\} to a circular 
curve P„OiOr i wrapping a string rourai 

the circular curve and hating a tracing 



Kh.. 6i I. Iiivoluto to a circle 


pencil attached at its end B„. On the 
string being unwrairpcd, the pencil will 
trace out the involute I’nl^. It is evident 
that the string, in any |)osition such as 
O.db, is perpendicular to the diiection of 
motion of the pencil; ()., is therefore the 
instantaneous centre ot the string O.^lb 
and Od’.> is normal to the involute at I’.j. 


In Fig. 612 is shown a mechanical method of drawing an involute 
to the circle having A for its centre. Let a crosset^belt be [lassed 



Flu. 612.—Mecli.imcal coiislruciion of an iiiYulute to tiic circle having centre at A. 

round two whwls revolving a^aout A and H respectively, and let a piece 
of pdper be fastened to wheel A rflid•revolve with it. A tracing 
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pencil secured to the belt at P will draw an involute on the [taper. 
It is evident that CP, the normal to the involute at P, [lavses alwa)s 
through a point 0 on ,M!, and the two [wits of the belt intersect in 
the same [loliit. An iinolule to the wheel 1 ! may be drawn in a 
similar manner (Fig. 613) b) securing tbe [)a[)er to wheel It. T'hc 



normal at P' passes through the same [lomt O. If the diagrams 
(Figs. 612 and 613) be supei[)osed .so that P and P' eoim ide, it is 
evident that the two involute ctirtes fiillil the condition that the 
commoti normal [lasses through a fixed [lomt (), which accordingly 
may be taken for the [tttch point of a pair of wheels having teeth 
shaped to the msolute cuives. 

l,ct V be the velocity of the belt. 'I'heti, in Fig. 612, 


“a 

W|, 


V Dll 

AC f 


1)11 

- a constant. 


Also, from tln^ similar triangles .VOC and HOD, 


DB dlO 
AC " AO ’ 

■ * . HO 

Ao' , ^ 

Hence the radii .\C and Dll of the generating circles should be 
inversely [)ro|)ortional to the angttlar velocities'of the wheelj. 

It is clear ‘Jiat Jiart of the straight line Cl") (Fig. 612) will be 
the path o'f contact. Practiiul considerattons rtile that this line • 
should make about j 5” with fliii common tangetit to the pitch circles 
at O (Fig. 614). 'File inteiseetions P and (,t of CD with the 

addendum circles of the wlieels will deterimne the length PQ of 

* 

the [tath of contact. j 

Using the sanie^)aii»of geiferafing circles connected by a belt Jis in 
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Fig. 612, the same involute curves will be produced irre.spective of the 
distance AB separating the wheel centres. .As the resulting teeth will 
be of the same shape as at first, it follows that the distance apart of a 


To h ' 


To A- 


Flo 614.—Pdlh uf cuiilact in involute teeth. 

pair of involute toothed wheels may bp varied to a small extent 
witliotit interfering with their correct working. This may be advaji- 
tageous for taking up back lash. 

If one of the two wheels in gear becomes of infinitely'large radius, 
^ ^ the case of a rack is obtained 

If \ir^ 0C7 \J A_' straight, and the involute is a straight 
"F,n.6i5.-A.i involute rack. ■'16 perpendicular to the line of 

< • contact*Or\, Hence the sides of 

the teeth in involute racks are straij;ht lines. 

Helicai and screw Rearing, (Ireatcr smoothness of running may 
be obtained by using wheels possessing several set^ o'" A-eth (Fig. 6i6), 
each set stejiped back a little from the adjacent set on one side. If 
the steps are made indefinitely iiarnmv (Fig. rtiy), we obtain a helloaJ 
wheel. Single helfcal wheels would produce axial thrusts on the 
shafts, and this ob^ecsion is obviated, asps indicated in Fig. 617, by 
employing double helical •teeth sloping in opposite ways. Such 
wheels, with machine-cut teeth, run wj^h r?ma{kable smoothness. 


/ 



'i 
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and art' etiually suitable for low and liigli sirceds of runninj; and for 
heavy loads. When the speed is high, n is best to run the wheels in 
an oil bath. 

A pail of screw wheels is shown diagraniniatuall) in Kig. 6i8. The 
cylindrical iriteh surfaces of two wheels A and B touch at O. CU 



Fic 6i(’> —''i- ])|>*,| K'fth. h<. ^>17- Dinilils-In li. tl (rvdi. ^ 

and EFaie the a\es of A and 11 lespei lively. Imagine a sheet ol 
p.iper having a stiaight line f!OH drawn on it to he pi.teed between 
the eylindeis. If the [laper is wiapiied round .\, (iOlI will nia|i 



out a helix, a.id, if wrapped, round B, a corresponding helix will be * 
described by GOHt 'I'tiet.e helices define the shape of screw teeth; 
the other teeth may be produced by Having a number of lines [larallel 
to GOH and drawn on the sheet of paper. Ip, Fig. 619 GOH and 
ed show two of these lines, 'riie.perpencrtcular distanc'd Oi^ separating 
these lines is called 'the ^Ivlded normal pitch, and is evidently the 
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same for botli wheels A and B. Oa, measured along the circum¬ 
ference of A, and Uc, measured along the circumference of B, are 
called divided drcninXerentlal pitches; it will be clear that these pitches 
must divide evenly into the circumferences of A and B respectively.* 




Ratchet wheels. In Fig. 620, a wheel A is to ha\e inteinnttieit 
motion to he derived fioin an arm 1! which vihiates about the axis 
ot A A pawl (' is i)i\oted to li, and will 
engage the teeth of A when 1 ! is ino\ing 
anticlockwise; the [lawl sli|)S over the teeth 
of .\ when It is moving clockwise. Clockwise 
rotation of A may he prevented by a pawl 1 ) 
pivoted to some fixed pait of the machine. 
It will 1 le nutJd that lo.st motion to the extent 
of one tooth may occur between A and B ; 
this may he reduced by means of a second 
pawl li pivoted to B. ’I'he [los^ihle'lost motion 
will now he half the former amount, In cycle 
flee wheels, several pawls are often fitted so as 
to reduce lost motion to a minimum. 

Couplings for shafts, 'fhe oidham coupling 
is,IIIustrated iij Fipi 624. .A flanged colliding 
A is fixed to‘a shaft B, and has a groove cut 
hi its (ace. Another similar coupling C is fixed 
‘to the shaft 1 ). 'I'he axt^s oh the shafts B 
and 1 ) are parallel.^ A plate li is interposed 
between the fates of these couplings, and has 
a projection on each side which is a sliding 
Fig. 6 ai.-Oldham couphnn. jit in the grooves ; the projections are at 90° to 
• • 

*Kgr a complete discussion on toothed ^hc^ls, sec ^faihiiie Daign, Pari /., 
by Prof. W. C. Unwin. Longmans, 1909 . 
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each olhor. One shaft can thus dri\c the other, and as the grooves 
will always make 90' with each other, the shafts wdl have etiual 
angular velocities in all |«)silions. 

Hooke's coupling is illustrated in Fig. 62:, and is used for con¬ 
necting shafts in tthieh the ases OA and OH inter.scct, but ate not 
neces.sarily in the same stiaight 
line. 'I'lfe end of each shaft is 
formed uiili a jaw, and the l oii- 
neetion is made by means of a 
cross (', wliii li is flee to swivel on 
the setscrtws I). 'I'he arrange¬ 
ment is shown in outline in 
Fig. 623, III w liich the ends of the ai ms ()(' anil 0 ( attached to the 
shaft A (Fig, 623 (/')), rot.ite in the einle \'(''\(Y (Fig. (uyfft)), 
the ends of the aims OI> and OD,, att.iched to the shaft B (fig. 
f'.i3(/')), also lotate in a cinular ])ath, btit this ]iath iiiojeets as an 
I llilise V,X\'„ (fig. t,23 (<;)) owing to the 1111 linatioii ol the shalt 
a\es OA .and OH, 

,Su|i|iose ()(' lotates honi OY to OC' through an angle 0 (fig. 
623 (a)), and th.it the sh.dts ()A and OH aie in the same stiaight line. 
'I hen Ol) would loiate through an ei|iial angle d lioin 0 .\ and D 
would be situated at D", Ol)" being at 90' to <)(". II OH makes 
an angle u with 0.\ (fig. 623 (/')), then D will oecii|iy a position on 




Fir,. 62 j.-'I^.it^iini of a Mixikii's coupling. 

the ellipse, obtained by rotating the cross about fi'C,' (Fig. 623(a)); 
this operation will cause B" to move at 90" to 0'0C|j and gives the 
position of I) as 0 ' on thejClHsse, t'.e. OC and 01 )' are still aj 90°. 
The angle XOD^ is not jhe true magnitude of the angle through 



Flo 623 --H»K>ke\ LcnijiUtiK. 
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which 01)' has rotated from OX; the true an('le may be obtained by 
drawing D'E parallel to OY, cutting the circle at E; XOE = </) will 
then be the angle from OX through which 01) rotates while OC 
rotates through an angle 6 from OY. Produce ED' to cut OX in M, 
and let « be the angle between the directions of OU and OCj as 
seen in Fig. 623 {/>). 'I'hen 

D'M = ME cos «. 


Also, 


or 


tan 0 = 


DM 

OM 


ME 

O.M 


cos u 


= tan f/> cos«, 


tan ‘j> - 


tan 0 
cos a 


(■) 


•This gives the relation of <j> and 0. The relation of the angular 
velwities of A and 1! may be obtained by differentiating both sides 
of (1) with respect to time. 'Thus, 


sec'h/i 


1/^ 
' <// 


cos a sec"y i/l) set -O i/O 
cos'll <// cosu /// 


Now, 


or 


Now, 


,hl> , dd 
w>H =■ ) and = 


dt' 


(lilt sec“(/> — < 0 .^ 


dt 


c-d 


cos u 
sec-d 

sec''’</>*cos u 
sec'h/i = I + tan‘-</) 
tan-d 

= , + (from(r)); 

. Ml, • scc-d 


tan'"d 


cos j 

co.s"d.cos-a + sin'-d 


coso 

cos-d( I - sin'-a) + sip^' • 

cos a . , , 

I - siiV'^n co.v’d ' ' 

This ratio will have^ maxima values when cos-d is a maximum ; 
this will occur when4C0sd is + i or - i, i.e. when d is o” or 180°. 
The jninimum' value of thj ratio, 'jill occur when cos'-d has its 
minimum value; this occurs when cos d i^ o, t.c. nvhen d is 90° or 
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2'jo\ lC(jUiiliiy in ihe angular veliK'iiics occurs when tl)c nuimrutor 
and denoinniHior in {2) are e^ual, giving 
I - sin-a cos-O = (os u, 
sin-’a - I - CON «, 

,,, l - cos a I ' cos tt 
sin-a I - cos-<i 
_ I 
I + cos u 

a>s<y + , ' .(3) 

s l + cos <l 


The student will find it a usi-fiil (^xcicise to plot \alues of the ratio 
of Wji to (u^ for values of from o to 360 . 


KXKKCISKS ON CIIAPTKR XXl. 

* 1 . An engine runs at 200 icvoUuions j)er minute .uul drives a line 

shaft by means of a bdl. 'I'he engine pulley is 24 m< lies diameter and 
the line-shaft pulley is 20 inehes diameter. A dynamo is diiven from a 
pulley 36 inches diameter on the line shaft by a belt lunning on a pulley 
8 inches diameter on the dynamo shaft Kind the sjieeds of the line shaft 
and of the dyn.imo (/r) if iheie is no slip, (/>) if theie is 5 per cent, slip at 
each belt. 

2 . A line shaft runs at 150 revolutions per minute. A machine has 
to be driven at 1800 revolutions pei miiuitc by bells fiom the line shaft ; 
the pulley on the mat hinc is (> inc^ies in diameici. In this pailicular I'ase 
It IS not desirable to use pulleys exceeding 36 inches or less than 6 inclies 
in diameter, and rt may be assumed that thcie will be 4 per cent, slip at 
each belt. Sketch a suitable airangcmcnt giving the diamctcis of the 
pulleys an.^ the speeds of any counter shafts employed. 

3 . A belt K.ps t8o degices lound a jailley nm. 'I'he larger pull 
applied 'S 4 o lb. and the coeffu iciH of friction is 0-5. I- ind *hc smaller 
pull, T.;, when slipping just occ urs Kind also the pull m llic belt at 
intervals of 30 degrees round the half-ciicumfercncc of the jHillcy, and 
plot these on a base r<4)r(%cnting angles. 

4 . A rope is \?oui.d tince times lound a rnugli post, and one end of 

the rope is pulled wif.i a lorce of 20 lb. It the cociTicient of friction 
between the rope and tlic post is 0 35, ulnt pull at the other end of the 
rope would cause it to slip tound the post*.^ * ■» (IKK.) 

5 . Kind, ff:’'' tjie following data, what width of leather i.edt is needed 

to transmit 2~ horse-power to a iLutam machine: (<0 Diameter of belt^ 
pulley, 30 inches. (/>) The bcU is m contact with ^ of the ciicumfcrence 
of the pulley, (c) Re\-olutions of* pulley per minute, 150. {</) Coefficient 

of friction between belt and pulley 0-22. {e) Safe tnaximum tension per 
inch width of bell, 80 lb. • (IJ.K.) 

6. A factory engine develops 400 borfc-powe^ which is transmitted 
to the line shafting in the various •^ill floors by 20 liemp ropes. Kin< from 
the following data, the ma'imum tension in any one of the ropes, if they 
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a!! transmit an equal share of the total power :—(a) Diameter of Krooved 
flywheel on which ropes work, 20 feet. (/>) Angle of groove, 60 degrees, 
(f) Angle of contact of ropes with flywheel rim, 240 degrees, (rf) 
Coefficient of friction, O'lS. (c) Revolutions of flywheel per minute, 80, 

(RE.) 

7 . A compressor is driven by a gas engine of i8 indicated liorse- 
power, running at 240 revolutions per minute, by means of a bell 0-5 inch 
thick from tlie engine pulley, which is i foot in diameter. The com¬ 
pressor is double-acting, mean pressuie 50 lb. per scpiarc inch,Vyimder 
diameter 8 inches, stroke 14 inches. If the mechanical efficiency of ihe 
engine is 82 per cent., of the compressor 86 per cent.,'and if the slip ol 
the belt is 5 per cent., find the maximum speed at which the compressor 
can be run and tlie minimum diameter of the pulley fitted to it. 

8. A rope drives a grooved pulley, the speed of the lopc being 5000 

feet per minute. Find the horse-power transmuted by the lope from the 
following data : p--0-25 ; angle of gioove 45’; angle of lap 200' ; weight 
of rone per foot run 028 pound; maximum permis.sil)Ic tension m the 
rope 200 pounds. (You are expected to make allowance for centrifugal 
ctTccts on the rope.) (L.U.) 

9 . A machine demands 6 horse-powci, and is diiven by means of r* 
spur wheel 18 inches in diameter and lunning at 150 levolutions per 
minute. Find the tangential driving elToi t on the teeth of tiic spur wheel. 

10 . In a turning lathe, the slide-resl holding the tool is diiven by a 
leading screw having 3 threads per inch. It is desiied to cut a sciew of 
r8 threads per inch. Give suitable numbers of teeth for a wheel tram 
connecting the lathe mandrel to the leading screw. 

11 . A watch IS wound up at the same tune each night and the main 
spiing spindle receives 3 5 turns during the winding What is the velocity 
ratio of the tram of wheels connecting tl e hour hand uiili the m.iin spring 
spindle? What is the velocity latioof the train connecting the minute 
liand with the hour hand? Give suitable numbeis of teeth ibr the latter 
train, no wheels to have more than 36 nor less than 8 teeth. 

12 . The diivmg wheels of a motor car are 3-5 feet in diameter, and 
the engine runs at a constant speed of 900 revolutions pei minute. Find 
the velocity ratios of wheel trams suitable for tar speeds of 20, 12 and 5 
miles per hour respectively. 

13 . Sketch and discuss the use of a difleicntial gear (o) as a suital)le 

means of connecting the driving wheels on a motor cai, {/>) as a speed- 
reducing gear: show how ip^r.dculate the speed ratio (L.U.) 

14 . In the epicyclic train shown in Fig. 600, the wheels have Jeetli 
as follows; I), 48; It, :o ; C; 12; A, 30. If F makes one clockwise 
revolution, find the rcvcJuiions of A. 

15 . In the gear shown in l-ig. 601, the numbeis of teeth a-e; I), 40; 
IC, 20; G, 40. If E IS fixed, find the revolutions of <i for one clockwise 
revolution of A. Answer the same if F is diiven ''.t the rate of 3 anti¬ 
clockwise revolutions '‘or one clockwise revolution of A. 

16 . In the Humpage pear illustrated in Fig. 602, the wheels have teeth 
as follows : B, 25; C', 30; (1, .^5. Calculate the numbers of teeth on I) 
and H. so that the latio of tiic rolationi'’ speed of A to that of K is 56 :5. 

. (LU.) 
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17 . State and pm\e the ^^eonietiical condition which must be satisfiecf 

in order that a pair of spur wheels may gear lOi^eihcr with a constant 
angular-velocity ratio. • (I.C.K.) 

18 . The centres of two spm whce!'> m go.u with one .mother are 

13 inches apait. One wheel has 40 teeth, and the other h.is 20 te.eth. 
Neglecting friction, the line of iiressurc between the teetli in gear m.ikcs 
a constant angle of 75® with the line of centres. The loctli aic designed 
so that the path of contact of a pair of teeth in geai !•> 2 in< hes long, and 
IS biscaed by the line of centres. Di.iw full si/e a side ele\aiion of two 
teeth lit ge.ir (b-T.) 

• 19 . The axes of two shafts inlcrsc< t at an angle of 150'. 1 ho shafts 

aic connected by a Hooke's (ouplmg. On a stiaight h.ise 8 imhes long, 
representing 360°, di.aw .1 (iir\e whose oidinates lepiescnt the .ingnl.ir 
velocity of the diuen shaft foi one levohition, the .ingnl.tr veloi ity of the 
dii\ mg sh.ift being const.mt .ind rcpiesenied by .m oidin.iKr 2 in< hi‘s long. 

(b.H.) 
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HYDRAULIC PRES.SURE. HYDRAULIC MACHINES. 

Some properties of fluids, a fluid may be defined as a substance 
which cannot ofTer permanent resistance to forces which tend to change its 
•haph. Fluids arc cither liquid or gaseous; gases posscs.s the 
property of indeliiiito expansion. Liquids alter their bulk but 
slightly under jiressure, and such small changes may be disregarded 
usually. (lases exist either as vapours or its so-called perfect gases; 
the perfect gas was supposed to exist as a gas under all conditions of 
presstire and temperature ; but it is now well known that all gases 
can be liquefied by great pressure .and cold. .\ \apour in.ay be 
defined as a gas near its litiuefying |ioint, and a perfect gas as the 
same substance far reinoted from its litiuefying point. 

).i<iuids are said to be mobile when they change their shape very 
easily; chloroform is an example shtnying great mobility, a property 
which renders it tiscfiil for delicate s|)irit levels. Viscous liquids are 
those whit'll change their shape with diffictilty ; examples of such are 
cylinder oil anti treacle. 

(Jh.angc of shape of a botly always occurs as a consequence of the 
application of shearing stiesses. j\ rectangular block under the 
action of etjual push stresses on .all its faces will have its volume 
diminished, but will rem.ain roctangtilar; .shearing stresses applied 
to the block would alter its shape (]). toy). Hence, if shearing 
stresses be applied to a fitiiU,'change of shape of the fluid will go on 
continuously during the appiioation of the stresses, i.e. the fluid will 
be in motion. Conversely, If the fluid is at rest, there cannot be any 
shearing stresses acting on it; the stresses must be noiUial at ■Ul parts. 
Erictional forces always occur as tangential or shearing forces, and 
hence must Ire absent from any fluid at'rest. 

The principal liqtiid in use in hydraulics is water, and it will be 
understood that water is being referred to in the following sections 
unless some other liquid is specified. 
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Stress on horizontal immersed surfaces. In I'lj;. (>.’4 is slniwn a 
Unk containlnn a liciiini at rest. ('(iiisKlor the c([iiilil)ru]m of a 
vertical coUiinn of ilic li(|iii(l sianii- 
itift on one si|nare loot of llie tank 
bottom. 'I'Ih' lorccs acinic wi|| he 
(a) llie Meiitlit of the toinnin, (/’) 
an n|i.iar(l reaction from the tank 
Ixittoin, (1) normal lorces Hindi the 
surronndme liiiuid .i|i|)hes to the 
vertical sides of ilie column. 'File 
normal forces, beiiift lion/onlal, tan- 
not conlnlmle lo the sn|>i)oil of ilic 
Hciclit of tlie column, hIikIi is a 
vertical lone, luaue (it) and (/') I'n, (...4--secis-m ,i ii.iti..iiti(.ii nniiicocj 
ei|Uililirale c.n li other. 

’ Let 11 the height ol the lolumn, m led, 

'f'.= lhe Height ol .1 (nbi( loot of the lii|ind, in lb. 

.\ the total arc.i ol the lank bottom, m s(|naic feet. 

I'hcn W'cighl of the column 11 x 1 x 1 x tc 

- ;i']l 11), 

and this will be the reai lion of one S(|nare foot ol the lank bottom. 

I lence, , 

Stress on the tank bottom-dell lb. |)er sijn.ire fixit. 

I'he tank bottom being hornonlal, the stress on any other s((uare 
foot will lie roll ; hence the total pressure on the bottom nitiy be 

calculated by'multiplying the area of the bottom by rcH. Thus, 

• • 

Total pressure on the tank bottom = rcHA lb. 

It will be noted tho^ this result is quite inde|)endent of the shape 
of the tank, pMvided the bottom is hori/ontal. All tanks having 
horizontal bottoms lif eipial areas and cli^irged with the same liijuid 
to equal depths will have equal totil pressures on their bottoin.s 
irrespective of the actual weights of liiiuid iiiithe tanks. The student 
should guard against the error of sujiposing that the weight of lirpiid 
in the tank gives the pre^spre on the bottom. 

Stress on inclined immerBed surfaces. Lga a/v (Fig. 625) be the 
end elevation of a triangular prism immcr.sed in a liquid and having 
its a,xis horizontal. The triangular ends are «taken perpendicular to 
the a.xis and are vertical. , (a.';«sidering the equilibrium of the prism, 
the fluid pressuies’on t,he ends will evidently e(|uilibrate each other. 
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If tlic t.idts of the prism be taken to be vcr)’ small, then the weight of 
the prisnt may be disregarded, and tiie fluid stresses /, y and r, acting on 
ah, A'and m res[iecti\cly, may be assumed to be distiibuted uniformly 



Fh, 625 —Siress on im lintd himictsctl siirfatcs. 


over the faces of the prism. Let the lengtii of the prism be uiiitv, 
when the resultant loiees on the three faces «ill be given by 
\<=f'.ah. 

^ . /'r. 

K - /•. (U. 

For equilibrium of the prism, these foiees must balance. It nill 
be noted that 1 ’, (,) and R meet at the centre of the iiiele passing 
through a, b and c, and hence comply witli the condition that the 
three forces mu.st pass through the .same point. A HU (Fig. 625) is 
the triangle of forces, in which .\B, ]!C and ('.\ represent 1 ’, Q and 
R respectively. ,\s these sides are drawn pcr|)eiidicular to ah, hi 
and ia respectively, the triangles ABU and u/'caie siiiiil.ar. Hence, 


1 ’ '.\K ■— p . ah ■. . hi •. r, ca . .( 1 ) 

- AB : BU ; UA .(2) 

= ah : he : ca.^- .( 3 ) 

F'rom (t) and ( 3 ), 

p .ah ■.(]. he'.r. ca = ah-.he •. ea ; 

P = <l = r. 


, We may say therefore that the fluid stresses on the faces of the 
prism are equal. Uonsidering the limiting ease of the end elevation 
of the prism being reduced practically to a point by reason of the 
sides being taken indeftnitely small, the law may be stated thus: 
The stress at a point in a fluid t? the same on all planes passing through 
that point, or fluids transmit stresses equally ‘n all directions. We have 
already seen that the stress on a horizont.,! plane is wH lb. per 
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square foot, and it follows tliat llic stress at a point M feel deep on 
any plane will be given by the same expression. 

It will be noted tliat tbe stress at any point is proportional to the 
depth, and lienee varies uniformly from zero value at the free eurflioe 
of the iKpiid, ! I-, the surface exposed 
to tbe atmos[)heu‘. Stress diagrams 
may “Ite employed with advantage ; 

■stich a diagram is given in big. (>26 
for the water stre.sscs on eai h side of 
a lock gate having differing depths ol 
water on the two sides. 'I'lie stiess at 
B will be/|- rtdl, and th.it at K will 
be/i7fdl.,, and these aie lepreseiited 
by <d! and KIC respectively. 'I'lie 
complete stress diagrams are ABC and 
■' ni'd'’, and their boadllis will give the strrss at anv depth. 'The 
term stress at a point in a fluid may be ilelined as the pressure which 
would he exerted on unit area embracing that point If the stresses were 
distributed uniformly. 

Total pressure on an immersed surface. In I'ig. fir; (a) and (fi) 
are shown front and eiul elevations of immersed surfaces, the former 
being vertical and the latter inclined. The method of finding the 


* la) 

Fig. 627 —Total pressure on immersed surfaces. 

total pres.sure*a[)plies ctiiially to both surfaces. Consider a small 
area a at a depth /, 'llie stress on a wifl be 

= , 

and , Force on a = fru'rr > 

The'total force on the surface may be found by integrating this 
expression over ijie vvholt area. Thus, 

'I'otal force = rt'l'rrr. ^ 

If the total area is A square feet and th^ depth of the centre of 
area is Y feet, then = Ay, (pp. qrj and 145). Hence, 

’ * 'I’olal force = rcAY lb. 
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The expression wY is the stress at a depth Y, and may be defined 
as the average stress on the' immersed surface. Hence the rule: 

To Sad the total preaaure on an immersed surtaoe multiply tbe average 
stress (which will be found at the centre of area) by the total area 

It will be noted that the force acting on the small area a, given 
above as will have the same value in the case of the whole 
surface being curved. 'I'he rule for the total pressure is therefi 'e.not 
confined to flat surfaces, but may be applied to any immersed surface. 

Distinction shoiiUl be made between the terms total pressure and 
resultant pressure. The latter term refers to the resultant of all the 
fluid stresses acting on a surface, and is obtained by resolving 
these stresse.s along chosen .'ixes and then reducing by the methods 
explained in Chapter I\'. Usually the operation is sini|)le; for 
e.xamp'e, the resultant pressure on any vessel containing a liquid is 
evidently etjual to the weight of the contained lunud. A method of 
dealing with the resultant pressure on flo.ating or immersed bodies s 
will be explained below. 

liX lMPLE t. A cyluuhical tank, diameter 7 feel, cout.iins water to a 
depth of 4 feet. The bottom is lioiirontal. Calculate the tot.d prcssiue 
and the resultant pressuic on llic wetted surface. Take 62'5 lb. per 
cubic foot for the weight of water. 

Total pressure on the bottom-7e.\,Y, 

. 7 n/~ 

= 6’-5x ^ x4 

= 62.5x(Vx<;’)x4 
= 9625 11). 

Total pressure on the curved surface = » 

= 62-5 X (Wx.;) X 2 
=62-5xCyx7X4)x2 
= 11,000 lb. 

Total pressure on the wetted siirface=9625 + 11,000 

= 20,62; lb. 

The stresses on tbe curved surface will equilibrate each other ; hence 
the resultant pressure is simply the total pressure on tlie bottom, or 
Resultant pressure = 962S lb. 

Ex.xmpi.e 2. A spherical vessel 3i feet in diametei'Ts sunk in sea 
water, its centre being at a depth of 40 feet, frlculate the total pressure 
on its surface. Sea water weighs 64 lb. per cubic foot. 

Total pressureswAY 

=64X4t>-*x^o 
= 64 X 4 X xy X ? X J X 40 
=98,560 lb. 
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•Resultant pressure on a floating or immersed body, li'licii a 

body i.s floatijig at rest in a lliiid wliidi is .-dsi) at ri'st, it is subjtM’tod 
to two resultant fories - its weight and the resultant fluid pressure 
on its surfaces. The ueipht is a downwaid rertiral force acting 
through G, the centre of gravity of the body (Fig. 6’8(ft)). The 
resultant fluid pressure balances W, and therefore must be an 
tipward reilical force R -W, and must act in the same straight line 
with R IS due to the buo)ant effect of the fluid, and is called 
the buoyancy. 

Imagine for a moment that the surnninding diiid becomes solid, 
and so can preserre its shape, and let the body be removed, le.iving 
a cavity vvhich it Ills exai fly (Fig. (ig.S(/d). Lcl this lavilv be filled 
with the fluid, and let the stiirounding fluid rctuin again to its original 
condition. 'I'he pressures on ihe fluid now filling the cavitywill be 
identical with those vvhich acted on the body, and the effect will lie 



the same—the weight of Ihe fliiul will be supported. Hence the 
weights of the fluid filling the cavity and of the body must be eipiul, 
as eacb is eipial to R, the resultant pressure of the surrounding fluid. 
Further, R must act through the centre of gravity of the fluid filling 
the cavity ; thi.s centre is Ciilled the centre of buoyancy, and from 
what has been said it will be clear that the centre of buoytincy 11 
(Fig. 628 (/i)) and G (Fig. 628 (n)) must be m the same vertical line. 
W'e may state, therefore, thal when a btde Is floating at rest in stlU fluid, 
the weight of the body is equal to tho weight of the fluid displaced, and that 
the centres of gravity of the body and of the displaced fluid are both In the 
same vertical "ne. 

A sliip floixting at rest in still water, a submarine boat wbolly 
immersed and .".t rest, ,aml a balloon preserving eonslant elevation 
are examples of this principle. In each ca’se it will be noted that 
the re.sulUnt pres.stire of the surrounding fluid is equal to the weight 
of the body, and acts vertically upwards through the centre of 
gravity of the body. 
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A body wholly immersed will experience a resultant upward fluid 
irressure eiptal to the weight of the fluid displaced; it follows that, 
to maintain the eipiilibrium of the body, an u|)ward or a downward 
force will be re(iuircd, depending on whether the weight of the body 
or the weight of the fluid displaced is the greater. Fig. 629 (a) 
illustrates the former case ; W is the weight of the body, B is the 
buoyancy, and, \V being greater than B, 
an upward foice P is re<|uired giten by ' 
P + 1 ! -- \V. 

Fig. 629 (/d shows the cast; of B being 
greater than \V', when it downward force 
P IS required, given by 
P c\V B. 

'I'he speoiflo gpravity of a substance is 
defined as Us weight in air as compaied 
with the weight of an eiptal volume of pure water, usually taketi at a 
temperature of 60° F'. 

I.et = weight of a given substance in air. 

\V„^ weight of an equal volume of water. 

c r •. 
bpecilic gravity -- /i 


cb O 


I® 

I'W 

\'a) 

6:!Q -K.|' 


I 


^8 
' w 

ib) 

ililtiiuin uf inniirrsi-rl 
'itodlCN 


Then 


'Pi, 


and 


\V„ 


P ' 


It therefore follows that we may calculate the buoyancy of a .solid 
body wholly immersed in pure water by dividing the weighUof the 
body by the specific gravity of its mateiial. This prin. iple may be 
applied to find the sitecific gravity (A a given substance which is 
heavier than water. In Fig. 629 (<r), let P be measured by suspending 
the body by means of a fine wire or cord ‘'■'om a balance; also 
weigh the body in air to find \V,. Then 
P + B-W,. 

Also, B='-?; 

P 

.. w 

p + l'j = \v,, 

P 

S '’“\V,-P' 

** 

Since - P) ‘ is the apparent loss ajf weight of the body when 
immersed in water, we may state that the speclflo fetrivlty of a body is 
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equal W the weight of the body in air divided by ita apparent lose of weight 
when immersed in water. 

Centre of pressure. In l''ig. (>30(1/) is sliown ii flat vertical plate 
immersed in a li(|uid. R is tlie resultant inessiiie acting nn nnc 
side of the jilate and pa.sscs through a iioint (', which is defined a.s 
the centre cf preseure. The position \ertnally ol (.1 may he lotiiid 



h^’ taking nioiiients ahoiit OX, the line in wlinh the plate iiroihiceil 
cuts the suiface of the lupiid. ('onsidenng a smtill aiea 11 at a ilepth 
we hate I’icssure on 

Moment of this pressure = <('(ri'-. 

Intcgr.ition of this will gite the total moment. 'I'htis, 

Total moment -= it'-d/’. 

Now ilui-’ Is the second moment of area or moment of inertia 
(p. 145) of the surface of the plate about 0.\ ami may be written 
I,,x or -X/f’-, where A is the area of the jilate anil k is the radius of 
gyration about O.X. fleiice, 

• ’ 'I'olal moment. (1) 

Again, if I) be the depth of the centre of pressure, 

R= 7 (’AY 


and Mament of R = 7 r'AYI).(2) 

Hence, from (f) and (2). 

rr'AYD^JeAT^, 

or 1 )=Y.(3) 

Both k and Y should by, taken in foot units, when I) will be in the 
same units. , 

The ca.se of an inclined surface is shown in Fig. 630(3). If <(> is 
the angle of inclination to the horizonttilj it may,be shown that 

, 1) = sin-<#) Y' 


(4) 
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whore k i.s the radius of gyration about OX, the line in wIhcIi the 
plate cuts the surface of the water, and Y is the vertical depth of 
the centre of area. 

In practical e.xamides, usually the position of 0 hori/.ontally may 
be easily determined from tbe symmetry of the plate. 


E.x t.MlM.K. \ dot k gate is 6o feet wide and has watci on one side to a 
depth of 2-1 feet. Kind the centre of pressure. 


Let 

Then 

..Also. 


/'--the breadth of the welted sinf.uc. 
tf-the depth „ „ 


lo\ — 



t/- 

3 ’ 



U- 




Y 


,/■ . ,/ 
3 2 


• lb feet. 


The ccnlie of pressure is therefore at a depth of i6 feet, and lies in 
the eential \eitical of the gate. 


Stability of a floating body. A body floating at rest in a still 
liipiid will be in stable equilibrium when, if rotated through a small 
vertical angle, it e.vperiences a resultant couple tending to return it to 



the original position ; the equilibrium wdl be unste.ble if the resultant 
couple has a moment tending to increase the angle of rotation. In 
Figs. 631 (a) and (/') are shown floating bodies which have been 
disturbed slightly from their positions of equilibrium ; tbe weight, in 
each case, is a vertical force \V, acting ihrough the centre of gravity G; 
the buoyancy in each case i.s a vertical force R = IV, acting through 
the centre of buoyancy li. It will be observed that in Fig. 631 (a) a 
couple is formed by R and IV te.'.din.g to restore the body to its 
original position; the equilibrium in the ciginal position is therefore 
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slahlc. In Fig. (i^i (/>) the couple lend'i to ilK're.l^e the angle through 
which'the body has been turned, and the equilibrium in the original 
position is therefore unstable. floating ball would be in neutral 
equilibrium. 

It will be noliceil th.it the line of K cuts the original vertical 
through t; in a point M, which lies aliowCi in Fig 631 (<;) and below 
G in Fig. fiqi (/>). C'le.irl) the sense of rotation of the couple formed 
by R .'uul»\\’ is determined by considciation of the position of M above 
or Ijelow (i ; the couple will be ol righting moment if .\I is above G, 
and of upsetting moment if .\I is below G. The point M is called 
the metacentre. The metacetitie is of impoitance in calculations 
regarding the stability of ships ; generally the nav.il aiehitect finds 
the metacentre for transverse angles ol displacement, which affects 
(luestions of the ship rolling, and .iKo the met.ieentre for longitudiiyd 
angles of displacement, wlm h affects questions of the shi|) pitching. 


In F'ig. 632, G is the centre 
b’uoyancy of a body floating at 
rest in still water. G and li 
must fall in the same vertical, 
and the conditions of eipiili- 
brium are satisfied by the re¬ 
sultant water pressure R being 
equal to W, the weight of the 
body, both forces falling m 
the same straight line BG 
To test for st.ability, the body 
is rotated through a very 
small angle S, which, in order 
to avoid complication in the 
figure, has been secured by 
rotating the water jil.'sno fiom 
its original position ah into 
the position ah'. G will ri^mam 
unaltered in pos-tion, and B 
will move to B' in coi'setpiciice 
of the body now being immersed 
deeper on the right-hand sitte. 
The weight i/ the body is now 
\V' = \V and acts through G in 
a direction periietidicule.' 'o 
ah '; the restiltant pressure of 
the water will be R' = W " = \V, 


of gravity and 1! is the centre of 



acting through B' and also perpendicular to a'h'. R' produced cuts 
BG [troduced in titc metacentre M. •' 
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As we assume that \V" and W are erjual, it follows that the weight 
of the wedge bdV, which has been added to the volume of water 
displaced, must be etjual to that of the wedge aCa', which has been 
taken away. In the [)lan of the plane of flotation ab (Fig. 632), 
small areas a and d trace out arcs I and /' as seen in the elevation. 


Volume swept by a ^al. 

Now, " = ^ ; 

X 

i=xQ. 

Hence, Volume swept by a = axO. 

Weight of this-twn.vfl, .(i) 

w being the weight of the water per cubic unit. 

The total weight of both wedges must be zero from what has been 
said, and may be obtained by integrating (t) ovei the whole plane 
ot flotation. 

Total weight of wedges = tefl-u.v = 0 . 

Hence, i’d.v - 0. 

This shows that the avis in the plan must pass through the 
centre of area of the plane of flotation. 

The resultant effect of the altered distribution of displacement 
will be found by calculating the total moment of weight of both 
wedges about CZ. 

I'rom (r). Weight of the small volume 

Moment of this about CZ 7 i’0ax‘. 


Total moment of both .vedges = 

= «’0k, .(2) • 


In this result, T,; is the second moment of area of the plane of 
flotation about CZ 

Now, if R' be brought back to its original positioii R, we see that 
the effect of the altered distribution of di.splacement will be the 
couple, of moment Rx BB', which must bo supplied m con.sequence 
of the shift. 

Moment of couple = R x BB'd W x BB'. 


Now, 


'BB' 




BM 
BB'-flx BM. 


.'. moment ot couple = W X X BM. . ..'.-..,.(3) 

Hence, fiom (2) and (3), 

W X X BM = tt'fll, z ; 


BM- 


7vlcz 

W 


(4) 
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Ltt \' = volume of water displaced by the Ixtdy. 
Then W - reV, 


7(1 


Substituting in (4), we have 


HM 


I., 


(5) 


. \' 

•Writing for we oirlain a well known filiation for l!M 

.Ur, 


l!.M 




From l''ig. 652, we have 


i!.M =I!(: + (;m. 


(i\[ will be positive if M falls above (j, in which case we Jiine 
stable eiinihbrium ; the ciiuihbrinm will be unsttible if (i fulls below 
M, leading to a negative value of (IM. 

* It will be noticed that the completion of the calculation depends 
on a knowledge of the position of the centre of gravity of the body. 
Ill the case of a body of simple outline and homogeneous in structuic, 
this point is detcrmmeil easily, but, in the case ol a ship, is obtained 
only by long and laborious calculation. 'I'he calculations for 
•AX',’,, and for V reiiuired m e(|uativin {(>), and also for the position of 
IS, ate earned out easily for a ship-shape body, and the result may be 
applied to the finished ship in an experimental determination ol the 
centre of giavity. 'I'his is effected by moving weights on board .so as 
to produce a small angle of Tieel, which is measured carefully by 
means of long plumb lines suspended in the holds. From a 
knowledge of the positions of M and H, together with the moment of 
the weigiits which have been moved and the angle of heel produced 
by this mov, .neiit, the position of (! is calculated easily. 'I'liu.s, 
referring to Fig. 642, let the liiVe of W' cut lili' in N and draw fit,) 
perpendicular to IS'.\i. 

Let re-the weight flioved, in tons. 

r/ -^the rlistance tjiroiigh whir.h ^hy weight is moved, in feet. 
ti the angle of heel [froduced by moving 7 t\ in radians 
Then ('apsi/mg moment due to moving rrv/ tonTeet. 

, lighting moment R’ x R'N 
4', -WxGf,) 

» • W X GM X fi 

W X G .M X y?('(/, 

rrv/* 


I lence. 
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' 'rile aulhor is iiidebted to Mr. E. L. Attwood, .Member of the 
Royal Cor|)s of Naval (Constructors, for the following example of a 
recent inclining experiment on a large ship. 


ExaMI'I.K. Draught of ship, forward, 24'4". 

Draught of ship, aft, 26' 2i". 

These dimensions conespoiul to a displarenicnt of 15,357 tons, and a 
position of the tr.insverse metaicntrc of 676 feet above the load water¬ 
line of the ship, too tons of liallast was used, arr.ingcd on the upper 
deck, in four lots of 25 tons c.uh. The following mc.asurcmcnts were 
taken by means of pendulums 20 feet in lengtii, one forward, one aft: 



DisiaiK.c 

iiiDvcd, 

fett. 


llcflectiuiib »)f jrtiKliilums, 

Wfij^Iit iiiovetl, 

lull''. 

1 >irfcticHi of iiKivcrncnl. 

■n in 

!'\>rwArtl. 

dies. 

2 \fl. 

— _ - 

- - 

-- — ' - 

- - 

-- 

25 

62 

)\)rt to stailwaid 

7 9 

8-1 

50 

62 

„ 

157 

15-8 

25 

62 

Staiboard to port 

80 

8 0 

50 

62 

” 

156 

156 


Taking the mean of these goes a deflection of 15-84’' for a shift of 
50 tons thiough (>2 feet. Hence, 

rcf/ 


(;m = 


wo 


X 62 


15.35: 


' 5-^4 

240 


3 06 feet. 

The centre of gravity of the ship is therefore (6-76- 3-o6)=3'7 feet 
above the load uatei-lme. 


Retaining wall for water. Referring to Fig. 633, AH(CI) i.s the 
section of a w.ill subjected to water pressure..on its vertical face AB. 
In considering the stability of the wall, a iiortion one foot in length 
may be taken. For the simple trapcvoidal section of wall illustrated, 
the weight may be calcuFted eisily. Thus, 


AD-l-UC^ 


H lb., 


where tv is the weight of the material in fb. per cubic foot. H is the 
height of the wall, and AD and BC are the thicknesses at the top and 
bottom respectively, ah in foot units. 

The centre of gravity of the wall section may be found by applica¬ 
tion of the following graphical method. Bisect AD in a and also 
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BC il l/'; then (i lies in n/’. Make Ae and (Vequal lo l!(i and AD 
re.s[)ectively, and join nt entting (t/> in (i. 

If the re.servoii is empty, the point m, in whieh the line of W cuts 
the Ijase BC, will he the centre of pressine of the Ixtse of the wall, 



nml the pressure on the liase will !).■ owing to W only, and hence 
will be enliiely normal to the hasi-. To find the presstiie on the 
base and the 1 entre ol piessure when the lesenoii is lull, proceed as 
lollow's: 

I'otal water pressme on the wall - I’ reAV (p, 567) 


where ?(' is the ■weight of the water in lb. per eubie foot. 1’ will act 
at .‘H feet Ironi B (p. 572), and will meet the line ol \V Ul /. (ion- 
struct the ))arallelogram ijf lorces /"/(•/; for I’ and W acting at /, thus 
finding the lesultant pressme R on the wall base. R interseet.s BC 
at «, thus gtving the eetitie of pressure 'of the base for the ease of the 
reservoir being full. It is taken usually t/iat the wall will be safe if 
Ixjth m and « fall within the middle third of the ba.se. 

Every horizontal section of the wall will have a centre of pres.sure 
for the reservoir empty and another for reservoir full. If these 
centres be found, eyirve./'joining them may be drawn and give thfe 
lines of pres.sure lor the wall. Fig. 634 shows how the construction 
may be carried out for sections 22', 33' and 44'. P, is the total 
water pressure on the whole wall, P, Pg and' P^ are the pressures 
respectively for the p,ortiot’ai lyiAg above 22', 33' and 44'. W, is the 

D.M, . '20 







578 


MACHINES AND HYDRAULICS 


total weight, and W,, Wj and W, are the weights correspondmg to 
Pji Pj centres of gravity G,, G.,, Gj and G, are found 



FlC 634.—Ltnev of pressure for a reseivoir wall. 


as before, and the lines of weight passing vertically through them 
give ?«,, m.,, and w, on the line of prcssuie for reservoir empty. 



R| of P, atid \V| is found by 
means of the triangle of 
forces, and a line drawti from 
the point of intersection A)f 
P, and W| pat.dlel to R,, and 
cutting bC in ?/, gives a [toint 
on ,the line of pressure for 
icservoir full. 'I'he triangles 
of forces for the remaining 
forces are shown, and enable 
pvints Wj. "3 and to be 
found similarly. The lines 
of pressure have been drawn 
sopa.ately in Fig. 635 for the 
sake of dearness. In Fig. 635 
uv and st inclose the middle 
thirds of all sections, and the 
lines of pressure a«, and am-^ 
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I*- L->i 


=F 


A 13 

/. Wi.ik.l.mrl,) . 


fall thioiiglioiit within the initUlle thiidv The student will note that 
the upper ends of the linos of jiressure bisect AD in ii. 

Work done by a fluid under pressure. Woik may he done by a 
fluid, either li(|uid oi p.iseotis, by allow int; it to exert pressure on a 
piston which ina) mine in a cylinder. In 
Fie. 6,56, 

Let f)-|he di.imeter of the cylinder, 

• in leet. 

L^ the leiyylh oftlie stroke, in feet. 

1’ 'tile piessiire ol the fluid, in 
lb. pel sipiare loot. 

Then, if a liipiid be emplo)ed, owiiii; to the absence ol any 
expansiee [)ro[)eil)', the piessiiie 1* must be maintained by coiilinuoiis 
ailmission of hi|uid to the iwlinder. The woik done while the piston 
nunes from A to Ii will be 

Work done ' I’ x x L foot-lb 
4 

Now L is the volume swept by the piston, and also re|)resents 
4 

the volume ot lii|uid .ulmitted in cubic feet; writing this volume V, 
we have Woik done l’\' foot-lb. 

This expiession also applies to the ease ol a gas sup|)lied under 
gonstant pressure thioughoiit the .stroke. 

Fig. 637 shows in outline ,i hjdraulic engine using water as the 
working fluid. There are thiee cylinders, y\, Ii and (', arranged 

at angles ol 1 20 “; the water 



pressiiie acts on one side of 
the [listoiis only, afid all the 
pistons are connected to a 
single crank I )F. The arrange- 
ntciit produces a fairly uniform 
tiirSifig moment. In engines 
0^ this^ type, as the cylinders 
must be, filled completely with 
water during each .stroke, the 
efficiency will fall very rapidly 
unless the demand for power 

Fig. 637.-Three cylinder hydiaiilio tiigme. j,. steadily at its 

maximum amount. Othtjrwise, devicej may l*e applied by means 
of which the capacity of, thc»engine m^^’ be rc'duced w+icn a 
diminished demand Tor [rower oftcurs. 'I'liese dovicc.s u.sually take 
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the f<irni of having the crank of variable llirow; the strokes of the 
pistons will then vary to correspond. 'I'he crank atljn.stnient may he 
effected either by means of a governor or by means of an automatic 
spring coupling between the engine and the machine to be driven. 

If a g.a.s is used in the cylinder in Fig. 636, advanlage may be 
taken of its e.xpansive property by cutting off the supply alter the 
piston has moved a short distance and allowing the remamdfer of the 
stroke to be completed under the continually diminishing pressiirc'of 

the gas. In Fig. 638 is plotted 
a cuive All, showing the relation 
of piessure (vertical) and volume 
(hoii/ontal) while a gas is ex¬ 
panding and doing woik. Usually 
the law of the curte AB takes 
the form 

I'X'" -= a constant, 
will le 1’ is the picssuie of the gas 
in lb. per spiiare toot measured 
fiom /CIO. On this basis the 
pressiiie of the atmospheie is about 1 lb. per sijuaie inch or 
2116 lb. per .square foot. \’ is the volume m cubic lent, ;; is an 
intie.x which di'pends on the conditions undei which the e\[)ansion is 
performed. II the tempenUuie is preserved i-onstant, then Hoyle’s 
law is being followed, n is unity, and the e\]iansion law will be 
I’V - a constant; 



n usually lies between i :ind 1-5. 


'I'he woik done may be found from the area of the diagram under 
,Ali in Fig. 638. 'I'hu.s, a.ssuming Hoyle’s law to be followed and 
taking a narrow strip EF, for which the pressure is P, the volume V 
anil the increase in volume represented by the breadth of the strip is 
8V, we liave ^ ' ‘ 

Area of this strips P. <iV. ‘ 

Now, frpm Boyle’s law, HV = P,V,;. 


P = 


V 


Hence, 


'.Area of the strip = P,V 


J 5 V 

\\f‘ 


Total area under 


ab=p.v,£' 


r/V- 

y ’ 

V, 


.'. wdrk done = PiV, lc%« ^ CootJb. 

' y 1 
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Hydraulic transmission of energy. In l''ig. 639 A niul (' arc tuo 
cylinders charged fully with water, and c(inneclc<! by a |ii|)c K. 
H and I) are phingcis or rams fitted to cylinders, 
and carrying loads 1’ and W. Owing to the 
practical incompressibility of water, any descent 
of U will produce an ascc'iit of I), and hence work 
done on I’ may be transmitted ny the iiieditim of C 
the moving water tinder pressure, and be given 
out in the form of work done on W. The con¬ 
necting yipt K may be of any length In practice, 

A represents a set of power-driven piini|)s, whiih supply water under 
a pressure of 700 to 1000 11). |)i:r .square inch. A pipe sTstem distri¬ 
butes the water over the district to be supplied, and I) may be taken 
to rc|)reseiit one of the machine.s to be o]ierated. 'I’lie |)rincipiil 
apiiliances required in a hydraulic ‘power distribution plant are 
shown diagrammatic ally in h'ig 640. A 4s one of tlie power-driven 
pumps supplying water to tjje pipe lini; A .vilety vahe is placed 
at 1). Is is an accumtilator consisting of a large cylinder fitted with 
a loaded. ra%, .fnd connected to the pipe line; its function is to 
absorb energy by raising dye weight if the machines,are stop[x;d and 
the pumps are stifl working*; it also assists in pre.serving a .steady 
pressure of water. A stop valve F is tinder the control of tlie 
consumer, and another safety valve is placet! M. G in order to guard 
against damage to his pipits and machines., H, H’represent two of 
the machines being* driyen, eafh is fitted with a control valve K, 



E 


Fir,. 639. 
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K, for the use of the operator. Usually the exhaust water from the 
machines is collected and passed through it meter, where it is 
measured for the purposes of charging for power. 



Klir. 640 —Di.igram of a li><irdiili< iiisl.tll.ilion. 

Referring again to Fig. 639, let ami cA be the diameter of I! and 
1) respectively in indies, and let p be the water pressure in lb. per 
square inch ; also let 'V and P be measured in lb. 'I'heii, neglecting 

friction: j-,/ - 

P= ' A 
4 

,,, rri/,- 
W’ r/- 

'I'his gives the mechanical advantage of the anangement neglecting 
friction. If P descends one inch, then the lohinie of water delivered 

from into C will be cubic inches. To acrommodaie this 
4 ' 

volume in C, 1) will rise’a! height // 'indies .s;ty, and the additional 
volume in L' will be h cubic inche.s.' 

Hence, 


Hence, 




4 

Now 1 4-// is the \docity ratio of the ..rriingement. Hence, 
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Cftniparison of tlifso resulis sliow-, tliat iii this hydraiilii' arrange¬ 
ment, as in other machines, the mei hanical advantage when ftiction 

is neglected is ei|ual to the \eloeity ratio , _ 

(p. ,^28). 'I’hc resistance \\, which may he /y 

overcome liy the ram 1) in this airangeineni, If A 

may he \cry huge if the ram is made of \ t / 

sufficient diameter. Koi example, a ram \y \y 

i£i inches in iliamcter, and supplied with f — ! 

water at 700 lb. per sipiare inch, will exert a S ^Xxxdx’; ^ 

total force of about 24' tons 'I'lie piiin iple ; a 

is made Use of m htdratihc pre.sses, forging ; ii 

and other mat hines. ■ 3 

Some examples of hydraulic machinery. j , 

The cylinder for a hydraulic lift is shown in ' 3 ' 

some detail in Fig. 641. The lani passes 5 .1 

through a stuffing box 111 the lower eiul of t 4 

the cylinder, and carries two pullejs mounted s 4 

on its end and both running on the same 'e t i| 

spindle. .Another pulley is placetl on the lop . 4 

enil of the t ylinder. The wire rope used for ,, 4 

hoisting the cage is attachi-d to a fixed point 1 M ^ 

at A, and is led round the inilleys, as shown, H 

before being taken away at I! to the cage. f-t, 

The object is to ntulti[ily the i ompaialnely Ell h 

.small movement ol the ram Into the larger 1 

travel lequiied for the cage. The same type 1 

of cylinder is made use of 111 hydraulic cranes. 1 --1 

Some pcs of leather 1 __ I 

O * packing aie shown in ^ 

(ai l>t. b4>, (,r) is a U- '/\r 4 \ 

leather,used for Jteeping I l(^ 11 

,. wa'cr-tight lamsotl^irly \\ JJ 

P large oiameter ; the 

water mav eiftcr ttie in''. 6<i/-Cyliiidcr for a 

UufifJ:’ , ,, r I it lift 

noilow interior oMlie U, 

ai„| piesse.s the leather outwards against the 
U • wall* (jf the recess and also ‘against the ram. 

Fio. 642.- Tj,|)cs ofic.iiiirr In (!>) Is .sliowu a hat teather, used for .sliding 
plungeis and rods; is a (tip leather, used 
for pistons in cases where tlj^ watei'acts on one aside of the [liston 
only. 
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A simple hydraulic accumulator is illustrated in Fig. 643. The ram 
A is fixed to the base plate, and the cylinder B is loaded with a 
number of cast-iron plates and may move vertically. A tail rod C is 
fixed to the cylinder, and .serves as a guide. Water enters the 
cylinder by way of an axial hole bored through the ram. IVhen the 
cylinder i.s nearing the top of its lift, it raises the end 1) of the lever 
DE ; the movement of this lever is transmitted to the belt-Ltriking 



gear on the pump, or to the throttle of the pump engiii", and .so stops 
the pump. A sjjrmg F pu'U the levers Ixsck t.) working position 
when permitted by the descent of the accumulator, and so starts the 
pump again. The following simple calculations may be made 
regarding hydraulic accumulators: 

Let rf^the diameter of the ram, iii inches. 

p - the water pressure, in 'b. per square inch. 

\\' ^ the total accumulator load, in lb. 

1-1 = the heig'ht of lift, in inches. 

W-/ X — -lb., neglecting friction. 


Then 
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\\^hen the accumulator is " up,” the volume of water stored will be 

Volume stored = ~- H cubic inches. 

4 

■Also, Energy stored \VH inch-lb. 

Occasionally it occurs that a hydraulic niachim.’ re<iuircs a greater 
|>ressui;e of water than that supplied in the mains, and an lutensifler 
ii* used in order to secure this. In Kig. 6.14 a lylimler A has a 
hollow ram 11 which passes through its lighi-liand tiid. A fixed 



Vu. 644 —tl)(lr.iuln ItllPIlslfllT. 


IioIIdw rnni C ini.s-ii's into llic interior of 1 ! as shown. l,ow-|)rc.ssnre 
water is supplied at D, and water of a Inpher pressnic is disrliaif;ed 
at Is. 

I/Ct /i -the lower pressure, in lb. per sipiare inch. 

f>, = „ higher. 

|/| -■•the external diameter of li, in inehes. 

(A- the external diameter oft', in inehes. 


, 'I'hen, iieglceling friction, 


or , /p/,-- 

. . ./i '// 

With a ratio of diameters of 2 to 1, the supply pressure of 700 lb. 
per square ineh may be intensified to i8oo Ih. pea' sqii.ire inrh, 
neglecqng*frietjon. Valve arrangements are provided for enabling 
the lower pressure to^bp.nised in the machine, and at the moment 
when the highei’-pressnre. water is reipiired, low-pressure water is 
admitted to A in the intensilier, and at the sftmo time the machine is 
connected to Is. ^ ' , 

Pumps, log. 645 shows S', hydraulic pump siiilahle for .supplying 
water for operaHiit^ hydraulic .machines. A cylinder A is fitted with' 
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a piston 1! operated by a plunger rod C. W'ater enters the cylinder 
at 1), and is prevented from flowing back by the suction valve E. 
G is a discharge valve opening to the discharge branch H, and F is a 
passage conne(aing the right-hand side of the piston to the discharge. 
The valves E and G arc cushioned on lifting against rubber discs, 
separated by metal washers; the piston |)acking consists of two cup 
leathers. 'I'he action is as follows: Suppose the piston to be moving 





Fh. 6|5 -Ilydr.mlic piiiiip 

towards the right as shown : E is open and G is closed. Water will 
flow into the pump through li, and will till the space vacated by 
the receding piston ; at the same time]( the water on the right-hand 
.side of the |)iston is being forced into the discharge pipe through F. 
If the diameters of the piston and of the plunger rod are and d.,_ 
re.spectivoly, and if the stioke is Finches, then the volume duscharged 
from the right-hand side of the piston during this stroke will be 


cubic inches. 


Now let the piston be inoring towards the/left; E will be closed 
and G will o[)en, and the watej; on the left-hand side_ of the piston 
will be discharged through ,p. The volume so discharged will be 

—' I, cubic inches, but i-y^poitkm of this .•inly will be sent into the 
4 

discharge pipe, the remainder finding its way throughT to*the right- 
hand side of the piston: the amount so pastatig through F' will be 

'j L cubic inches; hence the Folume discharged from the 

pump during this stroke, will be 
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1 lie pump is thus double-acting, i.c. water is discharged dm ing both 
strokes. For ecpiality of dischai^e, we haie 




rr/,- 

4 

r/| - - 


4 


</, 

'Phis vcMilt may be expressed tiKo by staling tliat the sectional aiea 
of the plunger tod slioukl be half that of the piston. 

Fig. 6.j6 illustr.ites a t)pe ol bucket pump used in raising water Irom 
a lower to a higher level. The piston or bucket is shown ascending, 
jtnd water is passing into the cylinder A 
through II and the suction xabv ('. The 
water already on the top of the bucket is 
• being disiharged through the discharge xahe 
F and the passage (I. During this stioke, the 
bucket xabe is closed. <tn the downward 
stroke, the suction and discharge \al\es (' and 
P' both close, and the bucket \alvc opi ns, per¬ 
mitting water to pass Irom the lower to the 
upper side of the bucket. It is not absolutely 
necessary to have a discharge ^alve P" in this 
type of pump, but, if fitted, it serves as a 
check on the suction valve during the down¬ 
ward stroke of the bucket. Plus pum|i is 
si'ngle-actmg ^ 

In Fig hr 7 is shown a singl*; ai ting plunger 
pump. On the upward stroke of the plimgi i 
1!, water enters the [)un?li thiongh the suction 
valve 0, and is delivered, dining the d*wnwaid 
stroke, through the discharge valve ?)• PI is an air vessel, the 
function of which is to get.rid of sIkhTs. 'Phe watei (oining from 
the pump Hows pattly into the air vessel, durpig the earlj' part of the 
dischargg ^roke^ and compresses the air contained therein; during 
the later part of the dis^lwfje stroke, and ;dso possibly during part 6f 
the suction stroke,* the jiressure of the compressed air drives .some 
of the water out of the air vc.ssel into the discltirge pi|)e. 'Phe accele¬ 
ration rei|uired to be giyetr to the column (V^vater in the discharge 
pipe in starting it into njotio* is lowered^ by the •action o|, the air 
vessel, and hen^e llie fiirce retjuired is also lowered, and shock is ‘ 



1' M, (>\b I’.inkei pump. 
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avoideti entirely. The cushion of compressed air is also beneficial 
in quietly closing the discharge valve at the end of the stroke without 
depending on any backward movement of the mass of water in the 
discharge pipe; thus hammering of the vahe is avoided. Thq air 



vessel should be situated always as close Wpossible to the di.scharge 
valve. The type of pump illustratetl is: much ii.sed for forcing the 
feed water into steam boilers. 

Fig. 648 illustrates a combined plunger and bucket pump. During the 
downward stroke, the sucbon valve C is clpsed, and the bucket valve 
1 ) is open, the plunger E is thus operating iti dischaiging water 
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llirough K. During' the upwani stroke, tlie Imeket vahe 1 ) is )'l()se(J 
aikj iho suction \al\e (' o|H‘ns. I’lcsh water thus f]ows into the 
cylinder A Irom H, ami tiv watei alieady on the top’ol ilic hm kel is 
discharged ilirough K As is the case in the juiinp shown in 
Kig. 645, the aiea o! the plungrr should he one liait that of the 
iaieket for e(|uality of discdiaige on the two stiokes. 

J^unifis may be placed at some lu iglit above liu.’ suppl\ water, and 
iif this case depend on the jiiesMiie ol the .itmospheie acting on tiu' 
supply water and forcing it up the siu iion pijx* mto the partial 
vacuum ( reated by the action ol thr pump biK kel 01 plungci. 'The 
maximum possible height thiough which tIu' atmosphciK pi(*ssurt‘ 
will laise water thus i'* about h'vt; bom 25 to \o ha t is the 
greatest jiractical height. 


K.\Kk( bsKS ON (HAIMFK XML 

A KNl.mgnl.u lank !•> fi(t lun^, 1 feet wide and 2 fist deep. 
Find llie total pie'.sini on tin* lioiioin, on one Mile and on one end when 
the tank is full of oil ulikh weighs 50 Ih jici t ubn foot. 

2 . A tank to feet long has a hoi i/onial hoitoin 4 fe< I w i<h‘ I h<- ends 
of the tank aie veimal, and l»ot)i tin* sides aie iin lined at 45' to the 
hotizonial. Watei is nintaiiu'd to .i depth of 6 feci lond the lolal 
jacssiiics on the hottuin, on one sale and on one end. l ake 7e (>2 5 Ih. 
per cubic fool. 

^ A dock gate is Kn h et wide and has sea watei to a depth of jo leet 
on one side and 9 feet on the other sale 1' ind tlie total jiiessiiie on eai h 
sale of the gate, and sliou tlie lines of action, find also the resultant 
foice on the gale, and show'Us position. T.ike 7c 64111 } er ( uha fool. 


• 4 . A’lank is in the foim of an in\<‘it<'<l cone, 6 feet di.unelei at tint 
top and 4 feel ^ei tical deptli. When full of oil ha\ing a specific giavity 
o-y, find the weiglit of the conttfined oil and die total pie?suie on the 
curved suiface of the lank. 

O. A rectangular (^pen^ng in a reseivoir wall is 4 feet high and 3 feet 
wide, and has it'- tup eelge 20 feet be low,die water level. Find die total 
water pressure on the dour^or gate < losing^lla* opening, and find also the 
centre of pressuic. \ * 


6. A rectangular pontooif 100 feet loiig an{^3o feet wide has a draught 

in fresh u.aer of 8 feet (u\ tlic bottom of tlie j^uitoon is 8 feet below die 
surface of the wjv^er). Find the weight of the pontoon. Supposing the 
weight to*'remain unaltered ^d the pontoon to he floating in sea wat^;r, 
what wdl be the draugUT^'or fresh water 7c = 62-5, and for sea water 
‘U'=64 Ib. per cubic Toot. • 

7 . The weight of a subrnaiine is 200 tons, ruid it lies damaged and 

full of water at the bottom of the sea. Suppo?ii^^ the specific gravity of 
its material to be 7-8, find*what total pufltnuist be exej-ted by the lifting 
chains in order rais^ the<yc(;5S(^ from the bottom. Take a'==t?4 Ib. per 
cubic foot. • 
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8. For the pontoon in Question 6, when floatin^^ in fresh water, find 
the heights of the transverse and longitudinal metacentres above the 
centre of buoyancy. 

9 . The pontoon in Question 8 carries a crane, and is hoisting a load 
which produces a transverse capsi;^ing moment of 200 ton-feet. Calculate 
the angle of heel. It may be assumed that the centre of gravity of the 
complete pontoon is 0-5 foot below the surface level of the fiesh water. 

10 . A retaining wall for water is tnangular m section and nas the 
wetted surface vcilical. 'I he height is 30 feet and the breadth of the 
base IS 25 feet, l-'rcsh water has its suiface level 3 feet below the top of 
the wall. 'I'he weight of the material is 140 lb per ( ubic foot, 'l ake one 
foot length of wall and find the resultant force acting on the base. 
Answer tlie same if the reseivoir is empty. Do these foices fall within 
the middle thud of the base ? 

11 . Answer Question 10 for sections at 3 feet, 10 feet and 20 feet from 
the .op of the wall, using graphical methods so fat as is possible. I’lot 
the lines of pressure for the reservoir full and empty. 

12 . Water is supplied by a hydraulic company at a pressure of 700 lb. 
per square inch, and is charged at the rate of 18 pence ]>er iliousand * 
gallons. How much water must be used in an hour to obtain one horse¬ 
power, and what would be the cost? Neglect w.iste. 

13 . A single-acting hydraulic engine has three rams, each 3^ inches 
diameter by 6 inches stioke. 'The effective mean watci picssuie on the 
rams is 120 lb. per square inch, and tlie engine runs at 90 revolutions per 
minute. Neglect all sources of waste and calculate the horse-power. If 
the elficiency is 65 per cent., what is the useful hoise-povver? 

14 . 2 cul)ic feet of air at an al)solute picssme of 80 lb. pci square inch 
arc expanded in a cylinder until the volume is 5 cubic feet. Assuming 
that the law l*V'--a constant is obejed, calculate wlial work is done. 

15 . Answer Question 14 if the law of expansion is PV^^'-a constant. 

• 

16 . A hydraulic accumulator has a lam 7 inches in d imeler and the 

lift is 12 feel. If the water pressure is ‘.o be 700 lb. per sqiiaie inch, find 
the w’eight requited. How much water is stoied when the accumulator is 
up? Find also the energy stored. ^ 

17 . In the hydraulic lift cylunler shown in Fig. 641, find the velocity 
ratio if there are three rope pulleys on the nun end and two pulleys on 
the cylinder top. Suppose the lain to be 4 inches diameter and that the 
water pressure is 700 lb. |)er square inch, and calculate the pull on the 
cage lope, neglecting fricuonal waste. What is the pull if the total 
efficiency is 65 per cent. ? What stroke of ram is requiicd fo” a tol d cage 
lift of 60 feet ? 

18 . A hydraulik pump, similar to that shovnrin Fig- 645, has a piston 
4-25 inches and a plunger rod of 3 inches m diameter; the stroke is 
18 inches. If the pump makes 60 double strokes per minute, how much 
water will be delivered, neglecting waste ? If the water pressure is 750 lb. 
per square inch, find the force-w'hich must be applied to the rod (a) when . 
the pistdn is moving towards the valves,'(^) vhen the piston is moving in 
the contrary direction, assuming the p.essure on the suction side to be 

lb. per square inch. Neglect friction. 
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19 . ' A bucket pump (Kit;. ^>4^) li.is to raise 400 gallons of water per 
minute to a hei^Mit of 30 feet. If tlie ])ump makes 30 double b,iiokes (one 
up and one down) per minute, and if the len^^tli of llie ^tioke is 15 times 
the diameter of the bucket, find the stroke and the bucket diameter, 
neglecting waste. Calculate the useful uork done per minute, and, if the 
efficiency is 60 per cent., find the hoise-|H)wci lecjuircd. 

20 . A boiler feed pump has a plunger 3 inches in diameter. The 
delivery pipe leading to tlic boiler is 40 feet in length and 3 inches m 
diameter. The pressure in the boilei is 100 lb per s<|naie inch. There 
isjro air vessel. Supposing th.it the ufieleration of tlie plunger at the 
beginning of the stioke (the watei in the delnciy pipe being then at lest) 
to be <p feet per second per second, what total foHC must be exerted by 
the plunger in order to stait the w.uer into motion? If a peife» t-acting 
air vessel were fitted, uhat tot.il forte would lie retjuiretP 

21 . In finding the total force in tin* axial diieitiou whuh a thud 

exercises upon a piston or lam, we talcul.ite fiom the < loss se< lion of t’je 
cylinder or ram ; why is the at tual shajic of the face of the piston oricnd 
of the lam of no importam e ? (IkK.) 

22 . A \citiral flaj) closes the end of a pipe 2 feet m di.nucter; the 
^piessuic at the centieof the |)i]>e is e(|u.d to a he.id of 10 feet of watei. 

Kind the total pressuic on the v.iUe in pounds. (You may neglect the 
atmospheric picssurc ) (IkK.) 

23 . 'I'he ram of a veitical accumulator is 4 mclies in diameter; tlic 

cylinder is 6 indu's in mtcinal diameter and 50 feet high. I'he lam 
c.anies a total load of 5 tons. Kind the watei piessiue, in lb. per square 
inch, at tlic top and bottom of the cylinder. (IkK.) 

24 . Detcimme the depth fiom the suiface of the ( enlie of pressiue on 
a rectangiilai sluice valve, (> feci Ijing and 3 feet wide. 'I'he cenlie of the 
valve is at a depth of 8 feet below the siufice of the watei, and the v.alve 
lies in a plane im lined at an angle of 30 degrees to the hon/ontal, with 
one of the long edges of the valve pai.illel to the suiface of the water. 

(U.E.) 

'■ 26 . Adioii/ontal channel of V section, whose sides aie in< lined at 45'’, 

IS closed at the end by a vertual pailition. The watci-surface has a 
width of 4 feet, and consequently a maximum depth of 2 feci. Calculate 
the total hydrostatic 'juessuie upon the partition and the lieiglu C)f tlie 
centre of pressure. (I.C.K.) 

26 . Define nclai cntiic height. A vessel has a length of 150 feet 
between perpencbculars and a beam of 28 feet. 'Phe mean load draft m 
sea w’ater is ii feet, .ilul tbd coefficient of hiicness, or ratio between the 
product of length, ))readth .uul draft and the displacement volume is 0-47. 

'I'he second moment of the load \\ater-p1.ine .a1)out its fore and aft axis is 
63 per rent, of the moment of the c ircumscn'bmg rectangle about the 
same axi^ i'he centre of buoyancy is situated 3*95 feet below the water¬ 
line. If the transverse .entnc height is to be Im^ted tb 3-62 feet, 
determine the distance frthrt ilit centre of gra\ity to the water-line. 

(L.U.) 

27 . A masonry dam with vertical water face is 20 feet high and 13 fect_ 

wide at the bottom, sloping gr.idually till it.is 6 fedt wide at the top. The 
water reaches 2 feet from tliij top. T)raw tlic hpe of thrifst throughout the 
dam. Specific gi^vity of masonry.,2-25. (L.U.) ' > 
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IlVDKAlJI.ICS. KI.OW OK M.UIDS. 

Fluid friction. \Vu have .'ict-ii iilivady that llierc can he no friction 
IP any lluiil at rest , consiilrrahlc liictional reii^lances exist, howevei, 
when the lliiiil is in motion, h’or Iniiiids, the laws of fluid Motion, as 
dediieed Irom e\|ieninenlal exidenee, haxe been mentioned in 
Chap X\'., and are slated ajrain lor leferenee as follows: 

(n) 'I'he resistance is |>ro|)orlional to the extent of the surface 
welted l)y the lii|md 

(/’) The lesistanee is independent of the mateiial of which the 
Ironndaiy is made, lint deiieiids on the roughness of its snilaee. 

(i) 'I'he lesistanee is independent of the piessuie to which the 
liipiid IS snlijeeled. 

(i/) Rise of temperaUnc ol tlu' liiiidd diminishes llic lesistanee. 

(c) .At slow speeds the lesistanee is very small. 

(/) Helow a eeilain ciitieal speed, the resistance is pro|K)rtional to 
the speed ; at speeds above this, the resistani'e is [iroporiional to some 
liower, a|)proximately the si|n,ire, of the speed. 

'I'he eritieal speed depends on the liiinirl used,and its temperatuie. 
lielow this speed the motion of the liiinid is steady, the |)articles 
moving in stieam lines; above it, the liriuid breaks up into eddies. 
As the flow of xvatei is the most important case in practice, we xvill 
coniine attention to this liiiuid. 

Kinds of, energy of flowing water. Neglecting effects due to 
changes of temperature and of volume, we may state that the total 
energy of a [tarticle of water is made up of (a) potential energy, 
(i) pressure enirgy, (c) kinetic energy, '.'’'’be potential energy will 
be proportional to the elevation of the particle above some datum 
level; the kinetic energy will be proportional to the square of the 
velocity of the particie. T^ic, pressure energy requires some fuller 
explanaiion. 



ENFHr.Y OF FLOWING WATFR 


Ilf Fi;;. (149 is sliowii a l ylinckr fitted witli 11 pistiin and siiiiplied 
with water fnai) an (iterliead tank, in wliieli the level is maintained 
constant. If the pi.ston is allowed to mote outwaid.s slowly, work 
w’ill be done by the water pre.ssine on the 
piston overcoming the evternal resislani'e 'f 

acting on the other side of the piston or on I - - • - 

the pi.sVai rod. IS - 

.Ixt 1‘. fluid stress on laston, in lb. per 

sipiare foot. [ 

A='area of |)iston, in scpiare feet. 

L=t}ic distance piston is moved, in l_P 1 I 

Icet. Ki(. (S49. I'n-wsiiti* lu 

'Then Work donel‘AI> foot II). 

In performing this uoik, a \oliime AI, ciibii' l<‘et ot water has hva n 
admitted to the cylinder, ami the work has l)e(m done at the expense 
of the energy of this water. Tlie work done pel eu))ic loot of water 
may be found by diviiling the aboxe lesiill by AI-, giving 
\\'ork done per cubic loot of water = I' foot-lb. 

Let weight of one cubic foot of w’ater in lb. 

'I'hen -- ^ volume of one lb. of water. 

IV 

Hence, Work done per lb. of water == foot-lb. 

’ ‘ 'iV 

It has been assumed that there lias been no waste of energy ; 

therefore — represents the whole energy available in one pound of 

water due to its [iressure. We may say therefore that water at rest 
and under pressure possesses encigy due to its pressure to the 

amount of ^ foot-lb* per pounefof water. 
w 

Transformations of energy in flowing water. In hig. 650 is 
shown two tanks at difl<;rent levels, ^nd connected by a pii>e so 
that water may fi'-v froi;. tlie upper irtti' the lower tank. OX is 
an arbitrary datum level. j^Jonsidering a pound of water at A and 
assuming it to be at rest, there will Ve nd^kinetic enf-rgy; it will, 
however, possess Ha foot-Ib. of potential energy owing to its elevation 
Ha feet above OX ' water, being expo.sed aimospherh:' 
pressure lb. per square T(iot, will also [lo.ssess [iressure energy to 

the amount of ^ " foot-Ib. iier jK>und. Hem>.‘, 

7V 

* / r ' • 

'I'olal energypit A t (^Hf-h ft. lU iicr lb. of w-ater.* 


D.M. 
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It is reasonable to sti[)pose that the bulk of the water in the u])|)er 
tank is at rest, only a portion near the pipe entrance, mapped out 
by the dotted "urvc abc (Fig. 650), will possess any considerable 
velocity. Hence, at li, a pound of water will have potential energy 

p 

H„ foot-lb., together with pre.ssure energy " foot-lb. owing to its 
ab.solutc presstirc P,, lb. per .s(iuare foot. 'I'herefore, , 

Total energy at IS = -1-ft.-lb. per lb. of water. 



Consider now a pound of water at C, having acquired a velocity of 

feet per setond, under pressure 1\. lb. per s(|uare foot and at an 
elevatioji H,, above OX. The total energy will be given by 

Total energy at C =- + -T -t- J J ft.-lb. per lb. of water. 

In the same way, a pound ol water at 1 ) wil' have a total energy 
given by 

Total energy at 1 ) -■= (h,> + -E ft.-lb. per lb. of water. 

At the surface level L in the lower tank, the water may be assumed 
to be at rest'again, and also exposed to atmospheiic pressure. The 
total energy heie will be 

, ' r 

'I'otal energy at F - -f ft.-lo.' jier lb. of water. 

We may now trace the transfoimations of energy which have taken 
place during the passage c" the water liom A to F. It may be 
assumed that a pound of water moves from A 'o 1 , very slowly, and 
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arrives without any apprecialtlo diminution of energy, since the 
frictional resistances will be very small. Hence, 

Total energy at A = total energy at fl, 

or 1 ^+'’"- H„+*’‘'. 

If w 

Thj water has given up potential energy represented hy (H^ - H„) 
ft.-lb. per pound, and has acipiired an eipial amount of pressure energy 

given by ^ ft -lb. per pound. 

During the passage from 1 ! to ('.considerable velocity has been 
acquired, and hence the frictional resistance will produce correspitid¬ 
ing waste of energy. In passing along the pipe from C to D tlvre 
will he further frictional waste of energy. II these sources of Waste 
be disregarded we may apply the principle of the conservation of 
energy in a.sserting that the total energies at I), (1 and 1 ) are etjual. 
Hence, 

Total energy at (1 = total encigy at D, 

or H, = H„-f ‘’"-t-''"'.(i) 

m 2g’ re gy 

This ctiuation is the algebraic expression of BemouUl’i law, which 
asserts that if there be no waste of energy, the total energy of water flowing 
from one place to another remaiijs constant. Calculations may be made 
on this assumption, and then corrections can be applied in order to 
account for known sources of waste. 

Referring again to Fig. 650, the water leaving the pipe and entering 
the loiter tank will produce surging of the water in this tank, accom¬ 
panied hy a considerable waste of energy. The total waste of energy 
in the complete passage from A to F may be estimated by taking the 
difference in total encrgjjes at these places. Thus, 

Total waste of energy --- - ^H, + 

= (Ha - H|) ft.-lb. per lb. of water. 

It will be noted that (lit - II,.) is simply the difference in surface 
levels ottife wader 111 the two tanks, H feet say (Fig. 650). lleiice^in 
the case before us, thy total waste of energy per pound of water is 
repre.sented by H'foot-lb. « ^ 

'Venturi water meter. In Fig. 651 is s|iown a straight horizontal 
|)ipe, which converges Q-om .A to IS ayid then'eiilar^'es again hetween 
1 ! and ('. As the pipe iy hori^ailal, tnerihwill be no chan^ in the, 
potential energy olAlie water flawing through it; there will, however. 
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be interchanges of pressure and kinetic energies, and if pressure 
gauges be fitted as shown so that tiie pressure lieads may be measured, 
it is possible to cidculate the velocity of flow, and hence the qtiantity 
of water flowing, from a knowledge of the ])ii)e diameters. 



The same ipiantity of water, (,) cubic feet, will pass all sections of 
the |)ipe per second. If the sectional areas be A,, A.j and .A^ siiuare 
feet at A, I! and C respectively, and il the velocities j',, jc and I'j be 
measured in feet per second, we have 

Q = 7i,A, = 7y\.,-?v\i.(') 

Applying Bernoulli’s law and neglecting any frictional waste, we 


have 


H,+ 


7 -,'- 

2.C 


H.,+ - = 11 ., 



(2) 


H|, H, and H., being the prccssiiie heads in feet. 

If the pipe diameters at A and C an eijual, as is tisually the case, 
fi, and 7'5 will be equal, and H, and H., will also be eijual, neglecting 
Iriction. Using the first two terms of (2), 


From (1), 


Hence, 


-f'l. 


Now 


'’^=a 7 '‘’ 


H, - H., 


(^-0 


. V 


A|--A.,y^ 

2,1; .'O ‘' ’ 

Q='V\. ' „ 

I A A, 

cubi(,\feet irer sec. ...(3) 
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I’racticiilly, the tiuanlity flowing (lifTers soiiiewhat from the result 
cakulated from e(]tiation (3). A coelticieiil, the value of which i^ 
approximately opS, may be used for multiplying the right-hand 
side of (3). Small V'entini meters used in lalioratories for testing 
lHir|X)ses usually retiuire ealibralton, especially I'or low heads and 
velocities, 

St%ady motion. Steady motion of a fluid may he defined as that 
•state of motion when all |«rticles passing through any lived point 
arrive at the point with the sinie velocity, both as regards magnitude 
and direction. Thus, in steady motion, the particles will be 
travelling in lines or filaments either straight or curved, ihese 
filaments being called stream lines, I'or evample, if a line jet of 
coloured water be injected into a mass of water moving with slAtdy 
motion, the coloured water will follow the stream line which passes 
through -the point of injeclion, and will 
move unbroken through the mass of 
water, giving a < oloured band whidi 
will be straight or curved de])ending on 
the circumstances of the flow, but will 
appear to remain fixed in position. 

A fluid can only move 111 straight 
stream lines piovided there is no resul¬ 
tant force ailing on the boundary of 
the filament in a direction perjiendit ular 
to that of the motion of the lilanient, Ku. 65?.—Tranwerec yrs,sutes oil 

. , ^ -n I I • turvtd wtieaiil luicw. 

Any ^uen lorce will produce a (hange in 
^tbe directiofi of the motion, and the path of the filament will be 
curved, the resultant force being found on the convex side of the 
filament (Fig. 652). 

In a mass of fluid*nioving in curved stream lines, each stream 
line comnuii’ieates pressure.s to tile adjacent stream lines and is 
itself reacted on As’ the concave 'sWe of any stream line i.s in 
contact with the convex wide of the iidjacijnt .stream line, the pressure 
on the concave side ab of the first will be o<iual to that on the convex 
side ak o’! the'second; let this pressure be p (Fig. 652 (a)). The 
pressure on the concijvi- .side cd will be less than p by an amount S/, 
and that on </vvill be greater than p by ajiother small amount 8/.* 
Applying the same reasoning to all streapi lines in a body of fluid 
moving steadily in a aiurved imlh .(ing. 6^2 (t 5 )), we see that the 
pressure /j on^the convex boJlidary m will diminish gradually across 
the stream, attainnig a lower vlilue at the concave boundary cd. 
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Discharge ftom an orifice. One of the simplest cases of the fiow''of 
tvater is found in a jet discharged througli a small sharp-edged circular 

hole in a thin plate. In Fig. 653 
such a hole is formed in the 
vertical side of a tank, W'L being 
the free surface level, giving a 
steady head 11 feet over* the 
orifice i/c. OX m.iy be taken ' 
as a datum level. .\t A, a pound 
of water being at rest will have 
a total energy given by 

+ 1’.',.(') 


B ' 6, 1 


b 1 , 


1 I ' e u 1 

1 i V 

1 

1 ^ V 


„ 1 1 


!■ 1 r' 

1 

1 

. :'-b.v/zz;’.'z-/77v 



K,v - H 


Ku/. 65 j.--hisclKi 


Rf lliroiigli 
onlke. 


X 


l’„ being, as before, the atmo- 
s[iheric pressure in lb per sipiare 
loot, and the weight of the 
water in lb. |)er cubic loot. 
I’assing to a [loint I! on the same level as the centre of the orifice, 
some of the potential energy possessed at .\ will have been converted 
into pressure energy, giv ing a total energy at 1! of 




.... (2) 


.\s the motion of a particle p.issing from .\ to 1) will be very 
slow, it is reasonable to suppose that frictional losses may be 
disregarded. Hence, K, - E,, 

nr - + = 

w w 


Again, + ■, 

or ^ _ IE^hZ-H.,,. . . (3) 

'I'his eiiuation simjily e4.pie,sses tbe fact that the superatmospberic 
prcssuie head at II is 11 . ■' ' , 

Assuming that .the motion inside the rej^ipf im]iorlant velocity, 
(j/'c, is stream line, we yiay stale that a particle situated at level 
with the centre of the orifice, will move along a straight horizontal 
stream line and so pasieout; |,’)Articlcs crossiug the boundaiy al>c at 
other poihts will approach t,he orifice iii-curvted stream^lines. Clearly 
the sharp edges of the orifice Je canndt produce a'sudden change in 
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(he (lircctioii of any stream line; hence the cnrvatnro will l)e niain- 
tamed for some distance after the plane of the orifice has beer 
pitssed. Tliis leads to contraction of the issiiinj* jet, and such 
contraction will not be complete until a section (’1) has been 
reached ; this section is called the contracted rein. 

In the body of water between de and CD, the stream lines are 
convex* towards the axis of the jet, hence Iheie must be resultant’ 
Diiid |)ressures actinj; transversely to each stieam line and directed 
outwards tim,irds the bound,iry of the jcl. ,\s (he boundary is 
exposed to ,itiiiosphcrlc pressure it lollous that sii|iei.ilmo,s|)heiic 
[tressure, of x.dues uradii.illy incieasiiip' tow,nils the axis of the j< I, 
will be found in the interior of the jet, the maximum pressuri' 
occnrrinp' at the axis, I'Voin Cl) onwards the slicain lines will fte 
[larallel , heme the u.iler in the jet bejond Cl) will be under 
uniform pressure ei|ual to l’„, and will possess pussnre energy 

given by ^" ft -lb pel poimil. 


'file xelocity ol any particle has been incusised giadiially in |i,assing 
from the bound,ii}' n/x to the serlion CD, and hence tlu^ partu'le has 
been acijuiring kinetic eiieigy gi.idually, this being obtained at the 
expense of its other kinds of energy. For exaiiijile, a iiound of water 
at b has had its .sn|)eratinospheric pressure energy, 11 foot lb, changed 
into an equal (piantity of kineJlc energy (neglecting frictional losses) 
while [i.issing from h to (.'D. 'fhe conversion is com|)lelcd on arriving 
at CD, and hence we lind the maximum velocity at this section, 
Supposing V feel |)er second to be the velocity of the jet at CD, 
tfien the total energy per pound of water at CD will be 

* • l'„ V- ’ / , 

• It,— H, 1 , a— 4-. ■ • -(a) 

'iV gg 


Applying Bernoulli's Law and neglecting frictional effects, the total 
energies at A and CD will be equal. ’ Hence, 

1’,. .. .V,, V- 


Hs.+ : 


H, 


n H— H—; 

♦ W i> 





This eijuation may be written 


or 


(5) 
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The actual velocity at (M) will be somewhat less than V, due to 
, waste of energy in overcoming frictional resistances in the flow 
between a/ic and*C I). 

Exirerimentally it is foimd that the actual velocity V„ is about 
0-97V, this number being called the coeffloiont of volocity, written c,. 
Hence, 

= .•■.,.(7) 

The quantity of water discharged can be obtained, provided we 
know the area of the section Cl). For a small round orifice this will 
be about 0-64 of the area of the orifice; this number is called the 
ooofflclent of contraction, written c,. 

Let Q.=-the (]nantily discharged per second, in cubic feet. 

' A = the area of the orifice, in .sipiare feel. 

H = the head over the centre of the orifice, in feet.. 

Then Q = ivAV„ 

= ->-vAV 

-o,As/2i,Hf. (8) 

In this result, <4 is called the coefficient of discharge. For a 
round orifice its value will be 

I'd - 0.64 X 0-97 
= 0.62. , 

The discharge from a small round sharp edged orifice therefore will 
be given by q ^j,p[ cubic feet per second. 


If the orifice is situated in the tank bottom so that the ^ct di,'.- 
charges vertically downwards (k’ig. 654), contraction does not cease 
at Cl). This is owing to the potential 
energy of the water in the falling jet con- 
tinually diminishing; hence the kinetic energy, 
and therefore the velocity, musT be increasing 
f continually. In a steady jet (prior to its 

I .. bri'aking up into drops) the .same quantity of 

1 Water passeseach section per second,and there- 

be diminishing 

as the jet recedos “from' the orifice. The 
appro.ximate velocity aCany section may be estimated from 


[ ‘ f' = ,-,.s/2A'H, 

where H, is the head mea.s^iired from the free surface level in the tank 
to the section considered. 
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Contraction of the jet after ptcssing the orifice may he got rid of hy 
means of a trumpet orifice (Kig. f>55). In this case tlie discharge is 
estimated by applying a coelficient of \elocily onlyl 

Q-c.As/.’gH. 




• 1 1 iini|>ct 


Plow of a gaa through an orifice. Assuming that 
the pressure in the rcscnnir containing the gas is 
only slightly greater than the pressuie m the space 
into which the jet of gas is discharged, and that 
there is no change in temperature, theie will he 
very little change in the weight of the gas per cubic 
foot, and the flow through the oiifice may he estimated m the s.une 
manner as for a Inpiid. 

Let -0 the velocity in the leservoir. 

7'.- the maximum velocity of the jet, in feet |)er second. 

/i ^ the pressure in the re.servoir, in Ih. [ler sipi.ire foot. 

/!., = the pressure in the space whic h the jet enters, in Ih. 
per stjuarc foot. 

7e -. the weight of a cubic foot of the gas, m lb., under the 
conditions e.xisting in the reservoir. 

A = the area of the orifice, in scpiarc feet. 


Then 


^>+0 = ^^ + % 
W W 

. A-/' 




(A 


■lA 


Hence, applying a coellicicnt of discharge C,f, we haw 
Qt=oiAr', 




A -Pi) 


cubic feet |)er sec. 


Experiments show that for circular sha.p-edged orilices discharging 
air, the value of Cj, is in the neighbourhood of o 6. 

Reaction of a jet. In Eig. 656 is shown a tank mounted on 
wheels and discharging water through a trumpet 
orir.Ce in one side. The issuing water has 
acquired momentum in passing out of the 
orifice, and a resiiltaig'force acting towards 
tl)e right on th,e watei in the mouthpiece is 
required in order to produce this ciiange of 
FiG.SsO.-ReaccioiiofajM. niomentUTO. There must also be an equal 
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opposite reaction, and hence there will be a tendency to move the 
, tank towards the left when the jet is flowing. The magnitude of 
this force may be found by estimating the change of momentum 
per second, 

bet H = the head over the centre of the orifice, in feet, 

velocity of jet, in feet |)cr .second. 

.\ - area of jet, in sipiare feel. 

IV-- mass in pounds of a cidric foot of water. 

'J'hcn (,)u,mlily flowing per .second \'t’w pounds; 

.'. momcniiim acciuircd per secondAwe. rr. 

Force reiimrcd ‘‘ |b. 


Neglecting the coeflicicnl of \clocity, we ha\c 
rC.-.y.-ll, 

.\:v. 2;d 1 


Hem 




Force icipmcd - 


: 2.\?cH lb. 


If the oiilice be clu.scd by a plate, the pressure on the plate would 
be Arell lb ; hence the reaction of the jet is double the pressure on 
a plate closing the orifice. 

In the liorda mouthpiece, a short tiiljc projects into the interior of 
the tank, and has its inner edge sharpened (Fig. 657). This orifice 
[iioduces an effect differing considerably from a 
tium|)ct orifice or from a simple hole in the tank 
side. In the latter cases, owing to the cursature of 
c the stream lines in the vicinity of the orifice, the 
walls of the tank there are somewhat relieved of 
pressure, the pressure diminishing from a maximum 
Kic.. 657 .-BorI.s at the axis of the orifice to a minimum at the 

"'“'“I'’’'"". boundary. *■ In the Rorda mouthpiece, the curved 

portions of th'; stream lines art removed sufficiently from the tank 
side as not to modify th'e pressures on the sides. Hence, the force 
producing change ol momentum in the issuing wate'f will bs simply 
that which would exist on a plate closing Uic o'ifiee. 
f'Cl A--area of orifice, in .sipmie feet. 

H = hpad of water, in feet. 

‘a = area,of jet, in sc,uare feet. 

V ~ velocity of jet, fn feet per sec. 
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Then Force producing change of momentum-■ rrdIA Ih. 

Quantity flowing per second = rrwr |)()unds; 
Change of momentum per second = rcA-’; 

.. reaction ol jet = , - In. 

A 

Ilcncot ti'fi A - 

A 

Neglecting the coefficient of \elocity, we hare 


adlA- 


II. 


<i - L\. 

'I'liis mouHi|)iece has thcieloie a coelficient ol (ontiaclion ol 0'5. 

‘ Thomson's principle of similar flow. I'lof. j.mus I'liom.son's 
principle ol similaiily is of importance in dealing witli the flow 
througli oriliccs and over wens. it m.iy be staled as lollow.s. 
Suppo.sing we have a drawing of a vessel containing a Irictionless 
liquid up to a fixed level, and that the liiiuid is flowing out thiough 
an orifice, the stream lines being shown on the drawing. The 
principle states that this drawing will sene for the discharge from 
any similar vessel containing the .same luiuid, the ves.sel having 
been constructed b) merely altering the scale of the chawing ; the 
stream lines in the similar vessel wall also have the form shown in 
the original drawing to the altered scale. Further, 

Let c/-i any linear dimension mi the drawing. , 

j) = velocitv. of flow at any point. 
cr = sectional area of a stream line at this point, 
c/= discharge through this strgam line. 


Then 

and 

Also, 


?’ cr.d-, 

• a V. d '-. 
!/ = va ; 


h 1/cc ; 
r. 

.'. V/occ/'. , 

A convenient linear dimension to choose it the head of liijuid H 
from the point considered Mp to the free^tjjrfaee'level., Then ^ 
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Change notches. A gauge notch is a device used for niea.suring 
the (|iiantity of water flowing along a stream. Tlic stream is 
dammed hy ertnal hoards, and a notch is cut in the dam to 
|iermit the water to flow through. 'I he usual form is triangular 
(Kig. hsS) or rectangular (Fig. 659). In the case of a triangular notch, 
it will be evident that the streams flowing through the notch will be 


Hi- 6 ';!s -'rri.uif;(il 11 ^luge iiDtch 




similar, whatevei may be the head , hence Thonison’s principle may 
be a|)|)lied to any lilament such as al>. 'I'hus, 

'/ , 

where 11 is an eN])erimenlal coelTicient. 

1 he s.ime e\[)ressii)n will servi for any other filament in. the 
stream. Heme the total ipiantily flowing will be given by 

. (,) 

The value of (I for a notch having an angle of 90'' may be taKon 
as 2'635 ; if H be measured in feet, we have for such a notch: 

() = 2'635H- cubic feet p"r second. 

Care must be taken in measuring H , ijiis must lie the head from 
the bottom of the notch .0 the level of soil water. -As the water in 
the stiearn approaching the notch is increasing its velocity, its kinetic 
cneigy is increasing, and consequently its potential energy is dim¬ 
inishing. Hence there vvill be a gradual fall of s.irface level in the 
water in the 'icinily of the notch. The stiP water level will be 
found at some dist.ance from the notch, ' 

The water flowing over a rectangular notch under different heads 
will not present the same sui'ilarity which would exist in a triangular 
notch in the same ciicuinstance,..' Reference to Fig. 659 shows 
that the water may be divided into three [lortions, one in the middle 
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^-L- M 


r‘ 

H 

-t. 


A 


of the notch, in tthich the stream lines as seen in front elevation are 
moving [rarallel and \ertirall\, together with two side portions in 
vthich the water is moving |virtly inwards, due to tjie eontraition 
produced by the sharp vertical edges of the noti h. The breadth of 
the niitjdle portion evivlentl) will increase it 
the quantity of water llowmg dimm'slus by 
reason of a reduction m head, Heine the 
laik of similarity when the entire sis tion of 
the stream is eonsideieil. 

The side eonliaeted portions may be got 
rid of by having sides lilted on the up¬ 
stream fare. In Kig. ti6o (a) and (/') such 
a notch is shown diseliaigmg watir niftier 
heat! H, m (a) and undei a smaller lii ad 
in (/'). I.eV. the whole seelion 111 (a) be 

, , hit. )<e< i.ti'^ful »r n.niKft 

‘.livutea inU) N, portions Uy \L-auTii mm lums, n,.uii i. I\ iii^ Iwo s|ik < tiiitr.K ‘ 
and let that off/') be divided in the s,inic 

manner into N.^ portions. The ilisi barges through all the portions 
in (a) will lie equal, as will also be the disihaiges through all the 
portions in (/'). Further, any one poilion m (a) will be similar 
to any one portion in (A) piovided the following piopoition is 



coniiilicd with; 


N,:N, 1 F:H, 


(2) 



Fit,. 660 — Rectaimul.ir i;.Tii)?e noi(.lie<i liavmg iroih skIJ roiUr.n-tn)iis sii, prcsspil 


Let <7, -and //., be the thseharges per portion in (a) and (A) 
respectively. 'I'hen^ iiy I'Fopison's prim qile of similarity, we have 




'/i 

•/■i 




or 


-( 3 ) 
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Tlic total discharges Q, and Q.j in (a) and {//) respectively hiay be 
obtained Iry multiplying y, and by N, and Nj respectively. Hence, 
K r, 

Q '</'n' (ff')' ' ll' 



It is therefore apparent that Q \aries as H- in a notch of this type, 
and is also proportional to the width L. Hence, 

Q-<-,bHS .( 5 ) 

w[ierc c, is an cNpcnmental coefficient. 

Suppose that, m the rectangular notch shown in h'ig. 659, the 
relation of L and H is such that there is no central portion showing 
parallel flow, the side contracted portions filling the whole section o? 
the stream. It is evident that this drawing would serve for a notch 
of this type, has mg any dimensions by merely altering the scale. 
Hence, 'riiomson’s principle of similarity may be ap|)lied at once, 
and we m.ay write 

Q-'-oh'. ..{(<) 

Consider now the notch shown in I'ig. 659, having side contraetioits. 

]*- L --*! bet I.| be the width of the middle portion which 
is unaffected by the contractions, and let I.„ be 
the width of each side contiacted [lortion. L., 
will ilepend upon 11, and ma\ be written rfll, 
where a is a ^'distant. If there be « .side 
contracted portions, 

= I,-/igH. ■ 

'file values of >i .will be 2, i .and 0 in the 
K,.uKc'i.?l[ii wat'.'.ni'.ilic notches shown in Figs. 659, 661 and 660 
respectively; the \alue may be gfeat.er than -> 
if the notch is divided into seveial bO‘tions -by means of sertical 
posts. _ _ . ' ' 

From (5) above, < 

V ' . ■’ 

Flow ,'hidiigli tliefniiddle t)ortion--C|f,[H- 

-wrtH)ir-. . .(7) 







PITOT TUBE 


bo^ 


From (6), Flow through each side |M)rtion « : 

ft 

flow through /; side iK)rlion,s^=/(i'„H-. 

■I ft ’ 

Hence, Total flow (I, -//uH)}! - 
-c,LH - - 
--(<-,L 

r,, a and o being constant coeflicients, this result ma) be sinipliried 
by using other coefficients a and /i, giving 

Total flow = «(L-///ill)H^. , .(8) 

This is the Francis or Lowell formula. Fsirenincms show tli,at 
the value of a is j'.yj, and that of /i is o i 1, and II being in feet, 
we have 

•J 

Total flow in cubic feet [ler second ,;,j(l, o i//H)ll-. ..(()) 

Pitot tube The Pitot tube may be used for deterniining the 
velocity of How in a stream, the iiiiiuiple may be understood by 
reference to P'ig. 66’. A, Ji anti 
C arc similar tubes, each having a 
small hrde at the end of the hori 
zontal liml). A points up stieani, 

C points down stream and li is at 
right angles to the stream. On 
account of impact, the head shown 
in A will be greater than in I! or 
C; a certain amount of suction 
occurs in C, and li will show the pressure’head neaily. Fsperiment 
shows that, if/i,, A, and //, are the heads in feet shown by A, li and 
C respectively, and if c> is the velocity of the stream in leet jx-r 
second, then ^ 

A, ^ very nearly.(i) 

‘■K 

Al.so, , very nearly. . .(2) 

U 's'" „ 

In P'lg. 662, the gauges >are supposed to be inserted in a pipe, 
with the mouths tif the tubes in the avis of the pipe. If the velocity 
be calculated from (2), the resiili will be the mavimiim velocity in the 
pipe; the velocity diminishes near the boirtufary of the pipe and the 
average velocity in.ay be' taken 0-84 if the call iiUti-d result for the 
maximum velocity.. 



ABC 


h i<. 662.— Pitot tii))ei 
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Flow through a uniform pipe. l.et A and B (Fig. 663) bt' two 
tanks or reservoirs connected by a pipe of uniform bore through 
which the wate^ is flowing from A into B. I.et the free surface 
levels at n and h be preserved at constant heights Ha and Ht 
respectively above the datum levyl OX, and let the difference 
in levels be H = (Ha-H(,) feet. The diminution in energy of a 
pound of water in passing from a to h will be H foot-lb. (p. 595), 
and this qu.antity represents the total energy wasted per pound 
of water. 



The wasted energy is made up of three quantities : . 

(a) The kinetic energy possessed by tlie water flowing in the pipe 
is wasted when the water enters 1! by the production of surging and 
eddies. It may be noted that, as the,pipe i.s uniform in bore and is 
assumed to be filled completely throughout its length, the velocity, 
and hence the kinetic energy of the water, will be constant while it is 
in the piiic. 

(!>) The water entering the pipe from A lo.ses eitergy 'by tte 
production of eddies in the pipe, ^specially if the 'pipe entrance 
is sharp-edged. 

(c) Energy is wasted in overcoming fricticyral resistances to motion 
in the pipe. 

Of these .sources of waiite, (a) and (b) are of ipiportance in a 
short pipe, but become negligible by'compari.son with (<■) in a pipe 
of great length. ' 

If a number of glass' tubes be inserted in the top of the pipe, 
it 'will be found that the water stands lin ,these tubes at levels as 
shown at c, </, e and / (Fig. 663). The>d heights above the pipe 
indicate the pressure heads of the water in the pipe. A line joining 
(def is called the UydraUlo gnuUent The slope of the hydraulic 
gradient, between two points/r* and / say, measured by dividing the 
difference in level of c and/ say,// feet, by lire'total length of 
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llie pi|K; /« ;iinl 11, say L is calloil the vlrtu»l ulopo 

of the pipe, and is written /. lienee, 



Note that, in measuring the \irtual slope, tite actual length of 
the pipe, w hether straight or curved, must bo taken. 

^\’e*have the following evpressions lor the total energy of one 
[Hmnd of water at m and n. 

Let 11 ,„ eler.ilion of v< o\er OX in feet. 

H,- „ n 

l’/,0 “ |>rcssurr ,it m, in 11) per sipiare foot 

l'» - „ ». 

ml height of column at w, in feet. 

/" e •' I. 

;r' Weight of one cubic loot of water. 

7' the ronstant wlotily, in led pei sec. 

'I'hcn 

Total energy per lb. of water at m - H„, + ' 

7(' 2,i,' 

==n„i+iv«+^ .{2) 

*’.C 


Total encigy per lb. of watu at n - H„ + ” + 


2 . 1 ,' 


-ll„. (.f) 

* . 2,g 

r. redftction of energy between m and n 

(H,„ + <•/«) 

* -//foot-lb. per lb of watei. . (4) 

This reduction is elArly owing to frictional resistances having 
to be overconi'i in the pijie between tH and //. Hence we may write, 
from(i); * * *• 

Virtual slope of a pi^jc ^ head •lost 411 overconjing Irictional 
resistances divided by the total length of the pipe. 

In Fi^. 664 (a) ami //)) are shown the forms of the hydraulic 
gradient ah and'rtV/'for* j bell-mouthed and for a .sharp-edged 
entrance respectively. The more rapid d*op near the entrance 
in both i.s owing to some of the pressiite Tiead being utilised in 
giving velocity to the water ei^terinf? *he pipe, and is coijplicated 
further in {h) Sy »lie contraction and eddies set uj) by the sharp- 
D.M. • 2 Q 
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idgecl entrance. In a very long pipe, the drop at entrance Inay 
be disregarded, and the virtual slope may be measured by dividing 


•a I u' 



{a) (b) 


l-if, ^164 - }lyili.uili< i^r.iiiiciiis f.ii In ll-nioiillirti .Hut ■ li.iip entrances 

tlip difference in Tree surface levels in the two reservoirs by the 
total length of the pipe. 

Frictional resistance in a uniform pipe, ( onsider a uniform 
hon/ontal pipe (h'lg. OO5) in which water is flowing steadily with 
velocity 1' leet per second. .As both the velocity and the elevation 
over d.itiim let cl are constant, it lollows that the watei will jtosscss 
constant kinetic eneigy and also constant potential energy; the 


0 c c' 


3 


P -3 p 






b 

CJ" 1 

1 , ,d , 

„ - 1 - X -. 1 

\d' 

1 


Q — rmf! >> n }n n > t rrm/rmn/ i n ’ ’ f f f f r n y nn - 

Fm. fi6s - Fi ictioii.il icMst.aiKe III a iimfttriii litni/oiit.fl jiipf 

pressure cnetgy alone will show variation. I.et the p<»tion of w.ater 
between cioss sectiotis iifi and 0/ (low tintil a/* reaches a/, and ri/ 
reaches rV/'; let / feet bo the length in---,/. JIuring this 
movement, the energy rctitiircd to overcome (rtctional resistances 
will be obtained at the expense of the jtresstirc energy of the water, 
which .accordingly will show a dimintKion, 'I'he pressure atVi/will 
therefore be It'ss than thiu at iiM. • 

'.-cl Area of section of .<j(ream - A squawj feet. 

Wetted perimeter of pipe , ^ = li feet. * 

Weigftt of water per cubic foot* ••=;»/ lb. 

Pressure at k/i per square foot = P lb. 

Pressure atV(/»i)er square foot = (F - SP) lb. 

P'ricti»nal resistanj!:? per ^uare fiMt 

of wetteef surface * = F lb. 
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■fhcii 

Net pre:>Mire urging tlie water along the pipe 
Hence, 


AgJlin, 


Resultant pressure acting nti uA/r 
Work (lone tliroiigli a length / tret 


-P (P 

C'P II). pet SI| loot. 
SP. A II). 

lip . .\/ loot II). ( I ) 


■Polal I’lictional lesistance on u/'i/i - 


Work (lone against tins lesistanic 
I'apiating (i) tinil we have 

lip. A/ l•P./-' 

In this eipi.ition, the whole weight ol water in 
been inchidcd. I'o lethue it to tiu loini lot i 
diMilc each side by the weight ol water in a/v/i. 


Hence, lioiii (3), 


!•' X Wetted .sUIface 
l■'li/lb. 

. Pli/' loot 11). ..J 2 ) 

.*(.!) 

the portion (r/'i/i has 
me pound ol water, 
I'lius, 


Now 


SP . 


Weight ol uA/i - 

.\/7l' 11). 

iIP.Ar 

Fll/’ 



liP 

foot lb. 


.\7I' 

picssuic tMicrpfy 

l<ist 1)V one 

• 


(4) 


fiowinjf Uiroii.!;li distance / fuel aloiii; the (upf. 
V/’ iccl*lt)st will tfi'-iutotu be 


pourid of water in 
'I'bc pressure bead 


I'lV 

A7tf 


feet. 


1.(5) 


It will be noted lhat*thi.s.(|uatitily ft simply proportional to the 
length /. If the pipe hift a total l*ngth J, feet, th(^ total’pressure 
head lo.st »’ill be given by • 


A 


fill. 

Ate 


feet. 


.r(6). 


The hydraulic mean depth of a pipe or channel is defined as the 
result of dividing the cjoss-sectional area (If t|ie stream by the wetted 
perimeter. The idea is^ obtaiiicd t))» sub.stitiition of a stream of 
rectangular sectiorf for the acti;al stream. 'I’he breadth being B and* 
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tlif depth Iteinj; made etjuid t(i the hyilraulic mean depth w,"lhe 
cross sectioital tirea will remain imaltcred, atid we have 
A = Hot, 


Substittition of this in (h) gives 


, Kl, , 
h '■ feel. 
mw 


The ease of it sloping pipe may he examined hy referenee to 
Fig. 666, The pipe is still of iiniloim i ross sei'tion, and the water 



I'K. Kin ni>n.il rCMstaiac in a sloping uniform pipe 

will therefore possess tmiform xeloiity and also uniform kinetic 
energy, proxided the hore ol the [lipe is filled completely cxeiywheie 
with water. Hence, 

Total energy at ah (^ 11 , + 1 , ) 1 "-''’ water. 


Total energy at ^ j ft.-lh, per Ih. of water, 

linergy exitended m overcoming frictional resistances 


= (H, + / 5 f)-(H, + /t,) 

• ■// foot. 


an equation having the .ante form as (8) above for a horizontal pipe. 
The result may be written in terms of the virtual slope, giving 


r // 

<=,-=• 

L f/rtf 










FLOW THROIC.H PIPKS 


(>'3 


iVactical fornuilac for tlie calriilation of the flow llirougli pipes 
may be devised by making \arioiis assumplions regarding K. 

Chezy formula. In tins well-knoHii formula i( is a.ssnmed that 
!•' is proportional to the sipiare of the seloeity. ifenie, for a given 
liipiid sui'h as water, for wineh w is constant, we may write, from 
eipiation (to), 

I , 
m 

or i = , . (11) 

m 

where k is a coeflicieiit. bet 'I'hen 


I t 

i-m 

V- = t-mi, 

rt I s'//II. . . .(12) 

This is the Che/y forniiila. In using it, f will be in feet per 
■second if m is in feet. The value of c varies i onsiderably, increasing 
with the diameter of the pipe, and diniinishing il the pipe surface 
becomes roughened by incrustation. 


KxamI’I.I'.. Fmd die veloi il^ of tlow in an old cast-iron pipe, 24 inches 
bore and 10,000 feet long, (onnciting two icsg'voirs m whiili the free 
surface levels differ by 120 feet. Take 100. 

* if I 120 

III ■ \ /-. ; 

4 2 IO,(XX> 

T' -1 S^ HU 


\ 2 10,000 

, y-74 feet pcif ^econd. 

The pre.ssure head lost’in overcoming ftictional resjstances may be 
expressec^ conveniently in terms of the kifietic energy of the water. 
Taking* equanrm (ti) an^ nniltiptying both numerator and,de¬ 
nominator by 2,i,'> f. e4cb(i*in 

h ‘ V- 2,1,’ 
t- , - , 

L HI 2,g, 


or 



(- 3 i 
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in which Ihe coefificifnt /is written instead of 2^,1,'. To obtain the 
relation of /with the coefficient c in equation (12), we may proceed 
as follows: 

V c's'mi ; 
h f/-’ 



ICqualmg this result to tin- rinht hiind side of (13) goes 

rm m. 2" 

1 f 

i- 2/ 

■m/}.(' 4 ) 

An cr|u,Uion siiit.ililc lor .1 loiiiid pipe running full bore may be 

obtained from (13). Thus, 

,, , , , , area of section 

I Ivdraulic mean dciilh m - , 

wetted perimeter 

TTl/- d 

iri/ - , 

t 4 


where (/is the diameter of the pipe. Hence, from (13), 



4/1, f/- 
(/ ’y/ 


•('5) 


III using eipiations (13) and (15) //, L, in and d should be in feet, 
V in feet ]>er second, aiul,gmay be t.iken as 32-2. In choosing value.s 
of cand/it is s,ifer to assume that the [iipe is encrusted, or will be 
very .soon after it is put into sersice. + 

Dajcy formula. The 2\|)erimenls of Darcy show that the value 
of/m e(|uatuin (15) ran be espfcs.sed in the form 

. . 


In this formula ./ is the' diameter of Ihe pine in feet, and a and b 
are coeffi 'ieiits. Tor (lean pipes, o may be taken as 0-005 and 
h as 12 ; for old pipes, the \alucs are o-oi and 12 lespertively. 





FLOW THKOrttH PIPKS 

Ots 

Iftserting these values 

in (16), we have 


for clean jiipes, 

/-0 0O5(, + _r^). 

•('?), 

For old pipes, 

I' + .L/) ■■ 

•■(iS) ’ 


Values ofy eal( ulateil thus mat l)e useil m isiu.itioii (15). As has 
been Elated already, it is betti-r to em|ilo\ the \ahie ofy lor old of 
encrusted pipes, and inserting' thts iti (15) ,i;ues 

+ i. 


KxamI’I I A pipr iS Indies in di.nnetei .mil 4 miles li>n^ 
two resersoirs, in whidi ihc ditTciciKc in level is joo fee(. 
veloeily of flow and the (ju.intity dis( haiged per Inuii. 

Inscrlin;; the ^uen tpi.iiitities in 1 (<)’, ue h.ive 


200 001 (if 




l 

I X I 5 

U» X i;2Ko\ 

1 5 X 64 4 / 

9 -3 <"’> 

4 f)^ feet per sc ond. 

ird 


4 X 4 X 5280 


644 


I 

> 

iw 


Cross se< tion.d aie.i of stie.un 


28 


: I 5x 1-5 


X’oliiine tlouinj^ pel lioui 


1 77 s(|U<iic feet. 

-- 177x4 65 X -ifjoo 
- 29/xx) cubic l<!;et 
• 185,000 gallons 


(onnc-ts 
Kind the 


Flow through a pipe having two different diameters. In 
'Fig. 667 (</) aic siioKn two ^npes of (iiffcrciit diameters joined in 



Fig 667 — Flow throuRh a pipe liavint; iwo <}fHctent <li.-xmetcr>. 


series. Tbe length T, jif a pipe of tini[ornt diameter if ( fig. 667 (/;)), 
which would discharge t)ic same tpiantily per sei^md, niaj', he found 
in the following nmnner. 
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The virtual slo|)e of the separate (xirts of (<i) will l)e giveir by 


//, 

‘ I 'V 


//, 


' 1 .., ’ 
//, = /|L|, //j = /„b„. 

total loss of head in (ir) ^ + //, 


I'Voiii (13) above, 




/^'i 'V- 


• (-’o) 


2 A 


4 /r-, 

d, 


.,.(:t) 


tiiul a eorresponding e'vpressioii for //,. Assiinim*; that / has the 
same value lor both portions ol the pipe in Fig. 667 (a), 


4 b, 


V , 4b,, r. 


(r.) 


Assimimg that the uniform pipe in Fig. 667 (A) mil have the same 
total loss of head and the same \alue ofthen 


Total loss of head in {/') - 


a/b 


Fi|nating (:.>) and (23) gives 
'''' 

d I,!,'- \ |/| 2,g r/, 


,/ 


'■I' I 

1/, 




•■(-5) 


(24) 


I^t Q be the (puntity Mowing per second m both (a) and (b). Then' 


0 = ‘ 


TtiC- 


b, 


d' 


T//.' 

4 

\ d 

and 


nd- 

4 


V./y 

/ ^/ \ ^ .. 


■■(25) 


Insertinjj these values hi (24) gives 
I,t''-_b|„ I 
V,/ 


d 

b~-,/ 




( 26 ) 






IMPACT OF INFLASTIC liODIFS 


1/ ihe value chosen for d he the same as //,, we may write 


ExaMI’I.K Two pipes .uc art;inj^ed in scitcs, tlie hrst being i f<M)t 
in diameter and looo feet long and the sf< mid pipe lieing <; indies in 
diameter .md 500 feet long. Find the length of an ctpiivalent pipe of 
di.miei^r 1: inehcs. 


From f27\ 


iooo + ( j 500 
-- 1000 + 2107 - 3107 feet. 


Impact of inelastic bodies When two inelastic bodies collide, 
deformation will occur during the impat t, .uul, as thiTc will be po 
effort whatever to recover the original shapes, the bodies will caose 
on together after the imp.ict as one hody. 

In Fig. 6oH(r7) a Ixuly having a mass w, and a \elo<'ity ?■, is 
tra\elling in the same straight line as another body ha\iiig a inas.s 
and a \/lociiy v.,. 

After w, has o\eriaken ^ 

VI > and impaet is lom- i—s 1— 

])lere, the bodu‘s will —► —♦ 

mo\e as shown at (/band '—* ' j_| ^ [. I 

will [)ossess a common 

1 Hiring ini- ^ i,..,,,., „r,„,.u„ci.u,i,... 

pact, It is evident that 

(■(pial forces have acted forwards on OT.and I'likwards on OT|,and 
these forces ha\e acted during the same inlerMil ol nine; hence tlie 
total change of iii.smentiim during impact will be /cio (ji. 411), or we 
may say that the total moinentum lieldre collision is cipial to the total 
moitieiitiini alter collision. H incc, 

’' + m (/«, + 

+ . 

'/, + VI, 

f * - 

Energy will be wasted dtiriiig the colii./ioii, and the amount of thi.s 
may be calculated as follows : 

Before impact, total energye- ^ ' .(3/ 

... 

After im.ract,'dal energy = 

‘ V 

(w, + + w/'eV" 

-is V OT| + ffr, / 
. 
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Subtracting (4) from (3) gives 

Krtergy wasted ^ + 

7'.’- - 27\v.^ 

2,+ »»_,) 

, v/ 

“ 2I,'(/«| +OT_,) ^ ' 

Now (;■, ~ ?'^) is the relative veloi ity (d' the two bodies. Hence, • 

Knergy vasied ^ ^ j ‘’‘1”'''''' fclative velocity. 

For evainple, a jet of water fails into a [lool of w.iter (Fig. 669) 
with velocity relative to the earth or pool of 7 ’ feet per second. 


.( 5 ) 



(Consider a ni.iss wr, pounds of w.iter in the jet, this will be very 
.small as lompared wiili the mass !n, of the water in the pool, backed 
as It i.s by the nuss ol the eaith. In'lhis case. 


Energy wasterl 


2c(W| + m.) 
m, 


< 


/ -'s 

2.g(o F 1) 

ft. lb. 


That is, tl.e energy \ asted is simply the kinetic energy' ot tne 
water in the jet. 

Waste of energy at a sudden enlargement in a pipe. Tiiis case is 
illustrated in F'lg. 670. Water fl,owing fi.oiii tne .small into the larger 
pipe has its velocity iriminishcd from r, to v., and mingles with the 
water already in the lafger jiipe. Eddies will be set uj) in the 
water a', indirate'd in the ilkistration, and there will be a waste of 
energy producerl in a somewhat similar manner- to the case of one 
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body overtaking another which tias been discussed above. The 
relative velocity will be (r'|-r’_,), and the waste of energy will be 
givfen by ^ 

Energy wasted = - - ft.-lb. per iKiund of water. 


f 



d 

Kl<, 670 — A stitMcii iiifDl til .1 pt|>r 


St. Wnant cakulates the wasted energy hy adding to the above 

result ' . 

') 2.C 

Waate of energy at a sudden contraction in a pipe. Referring to 
Kig. 671, the ■ .Ter flows in the laiger jiipe with velocity 7',, and will 
contract as shown at 0/ on enteiing the smaller pipe. The velocity 
V at al will he greater than f, ; heme, up to this .section, the water 
has not overtaken any water moving in front of il, and therefore 


a 



b 


Ki-. 671 -Siitlilcn conlr.Tction in a pi}i«. 


there has been no im|)art and conseipicntly no waste of energy from 
this cause between ah and aS. Detween 0/ and ef, the velocity of 
the water is diminishing again, a.nd it will therefore he between these 
sections that waste of energy will occur, llenie, ,, 


Enfrgy wasted = 


ft -lb.' per pound of water. 


If a value for the coefricient of contraction he assumed, it becomes 
|)ossible to calculate v. riiiis, let the section;/' areas of the stream 
at t’d and c/be and A, sipiare feet respoclivcly, and let O: be the 
coefficient of contraction. Then , 
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The (iiiiintilR’s of water flowing through o/ and f/ per second 
will lx; erjuiil. Hence, 

V A, A_, I . 

V., A ifA'j /■„’ 




V., 

<"c 


energy wasted = 



' i ) ft.-11). per pound of water. 

The coefficient is not well known ; the waste of energy at the pipe 
entrance from a reservoir or tank, if sharp-edged, may be taken as 

Waste of energy -0-5 ft.-lb. per pound of water, 

V 

where n is the velocity in the pipe in feet [ler second. 

ICnergy is wasted also in pipe lines at bends and elbows. This is 
a subject for e\|)erimental investigation, see i)|). 671 and 672, and 
there is not much dcfmile iiifoimation asailable. The energy thus 
wasted is small compared with the fra tional waste in a long pipe line. 

Beskstance of ships. I'lie piinflpal causes of lesistance to the 
[lassage of a ship U'lrougli water aie (ti) the liietion ol the wetted 
surface, (/’) the formation of w.ues owing to the \essel pushing the 
water laterally near the bow, and the return of the watei near *he 
stern to fll the sp,tee left by the \essel, (<) t'e formation of 
eddies, owing principally to swirls set up m the water closing in' at 
the stern. , 

'I'he lir.st of these, \w. skin friction, m.iy be taken as proportional 
to the area of the wetted stirf.ice ai)d to the sipiam of the speed. 
Wa\e formation resistances may be taken to be |)roi)ortional to the 
sixth powe- of the S|-jed. •’ICddy resistances are pro[)ortional to 
the area of the wetted skin and to the stpiare of the s|)e'‘d. 

• The relation of the resistances of ji ship and of those of a scale 
model of the ship may be deduced fr(t,iv these iaws. I ait the scales 
be such that any limsir dimension of the ship is I) times the corre¬ 
sponding dimension oHlie model. Then if A, and A,„ are the wetted 
surfaces of the shi|) and motiel respectively, we have 

A,;A„...A. ^...(I) 





liKSISTANCF. OF SHIPS 


f>21 


'I'lie'friclional resi>lanas will bo gio-n b) 
I'w =/A|,A7 „i 


whore f i-> a cocfficioiit whkh may bo assumed tn base the same 
value f(ir Ixrtli slii|i and model, and \', ami are the speeds of the 
.ship and model re.spectnely. \Ve may write 



or, horn (i), 



.(2) 


The relation of the wave-forming resist.inees may be written 


A 


(,i) 


The relation of the eddy forming resistanres will be 


I'.. 

K„, 


A. 

A,„ 



-IT 



( 4 ) 


Now, supposing 14 - 



and (4) may be written 


or \'.--V„ivI), the results (2), (4) 


h',« 


- IT. I)-IT. 





-IT. 


(5) 

(<■') 


^-IT.'l) IT .(7) 

That is, the relation of each of the three kind.s of resi.staiice i.s 
proportion.al to IT; hence th'eir sum, Which gives thetotul resist,ance, 
will also be-(troportional to I)’. 'J'he|law has been expre.ssed by 
Mr. Frouoe as follows, and i*' known by his name: If the ship be 
D times the linear alimensions of the model, and il at the .speed.? 
V,, Vj, Vj, etc., the measured resistances of thctnodel are R,, Rj, Rj, 
etc., then for speeds V]\/l), V.^s/l), Vjs/l),” e,tc., of the ship, the 
resistances will be ITR,, ITRj, ITJij, etc. The .speeds of thermodel 
and of the ship so relAted are called coiroponding' «p««d8. 
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EXERCISES ON CHAn'ER XXIII. 

1 . A str.ug’t lionzonial pipe (^ mrhes in tliameio gradually l)€Comes 
2 inches in diameter, and tlien diverges again to 6 inches diameter. 
Water IS flowing steadily through it with a velocity of 4 feet per second 
in the larger portions. Kind the velocity in the throat of the pipe, and 
hence calculate the difference in pressuics at tlie largest and smallest 
sections of the pipe, neglecting friction. 

2 . In a pipe having the same dimensions as that in Question l, the 
diffcieiKC in head is observed to he 4 feet of watei at a certain velocity 
of flow. Cah ulate the flow of watei in < ubic feet pe? seiamd, neglecting 
friction. 

3 . W.itei isdisihaiged thiough a (ircnlai sharp edge<i oiifice l inch 
in diameter m the vertnal side of a tank I he watei-le\cl in the lank is 
j feet al)ove the level of llic cemie of the orilice (.‘.dc ul.ite the discharge 
m cubic feet per seiond and also in gallons pei liour. 

4 . Answer Question j if a trumpet mouthpiece is fitted gismg a jet 
1 m< h in diamciei. l ake the coeflh ient of velocity to be o 05. 

• 

5 . A ciHuIai sh.up-edged ontice is situaterl m a tank bottom and 
discharges a |et veitaally downwards Ihc uatei k*'“■ m the tank is 

1 feel above the plane of the oiilne t’.iKulate the velocuy at a section 
of the jet (^ in* lies Ixdow the plane of the onti* e, neglecting fru lion. 

6 . \ resei\()ii lontains an al a piessui** of 1^7 lb. ]>ei scjuaic inch 
a])soluie, and on<‘ pound weight of it may !)<• t.iken to <» cupy a \olume of 
13 cubic feet. I he an is being diM'haiged (hiougli a shai|)-edged oiifice 

2 m< hos in diametei into the alinospheie, the piesstiie of whicli is 147 lb. 
per scjuaie in< h. ('.d< ulate the flow u* < ubit feet per second 

7 . A jet of waiei is disiliaiged fioin a tinmpel oiitu<* 3 inches m 
diametei under a head ol :oo feet. Calculate tlieieaction of tliejet in lb, 
neglecting any ledtu lion 111 veloi ily owing to fiu tiog 

8 . Taking tlu' coefTicnau of vcIcMity to be o*/), c.ilc ulate the flow^ in 

cubic feel j.'r second tliiough .1 Houl.i mouthpiece 2 11.dies in diameter 
under a head of 10 feet. * 

9 . Water is flowing <c\ei a tiiangular gauge notch of c^" under a 
liead c)f to Indies. Cakuiale the flow m gallons [lei hour. 

10 . A leilangulai gauge ncitc h has a wicltli of 2 feet, and w'ater is 
flowing tlirough it uiulei a h^ad of 6 inches. C.d<:ulalc the flow in cubic 
feet |>tr second, (u) for tw’o side conlracti^ps, (/>) for one sale contraction, 
(<•) for no sidj contractio.is. 

11 . Calculate ilie virtual slope of a pipe 2-5 miles long ojnnecting two 
reservoirs, in which the difTcrcncc m levek is 35 feet. 

12 . A circular pipe 4 feet m diametep is tunning half full of water. 
Find the hydraulic me m depth. 

13 . Use the Chezy Yo.mula to calculate the velocity of flow for a pipe 
30 inc'hcs diameter and ro mhes long connecting two reservoirs, for which 
the fall in level is 150 feci. Take‘y^i05.' Calculat'' afeo the quantity 
flowing per day of 24 liours. 
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14 . Suppose in Question 13 that a sIuk e vaho in the pipe < lose to the 
lower reseivoir is closed pailially and that it is found that watei uses in 
a tul>e connected to the pipe side of the valse to a le\el 40 feet liclow the 
water level in liic upper rtser\oir. C'ahulate the \el(M|iy of tlow, using 
C” 100. 

15 . Use the Darcy foimula to (almlate the \elociiy of tlow and the 
discharge in cubic feet |»ei -sec(tn<l in a jnpe ’4 inclu-s m ili.imcler and 
having a vuiual slope of 001 (lue the ansv\eis both lot a n<‘w pipe and 
foi an ?)ld one. 

* 16 . A pipe |8 iiu hcs in diainclei and : indes long is lontuMled (o a 
second pipe 15 inches in di.iinelei and o 5 mile long I'lnd the length of 
an erjuivalent pipi* of diameter 18 iiithes. 

17 . A j»ipe is enlarged suddenly Itom 4 m« lies to 6 iiulies di.iinetei, 
'I he \elocity of tlou in the sin,diet poition is 4 (e<'t pei se< omi (.\d< nlale 
the energ) uasied pel pound of ualei 

18 . SnpjKise 111 (,>ues(ion 17 that the diiei lion of flow is ie\eisi cl and 
that the \elo( it\ in the sinaMia poi non of llm pipe is sldl \ teei pel se< i^ind 
C.ilculate the i-neigy uaste<l pei pound of watei, assuming that the 
rocfficient I'd < ontiai non is o 7 

19 . Itc'si iilje, uiiha sketi h, the X’entiiii \\at( r metei, and stale the 

principle of its .i< non (HE ) 

20 . A pai^lc of u.iiei Is at .1 pl.u e A, ulieic the jues .uie is o, its 

height abo\c d.itum Is 50 feet, its\elo‘it\ n 5 feet jiei seiond, .ind it finds 
Its way without fm non to .1 place H, uluie the piessuie is o and height 
above datum 30 feet Wli.it is its\elo( tty ;tl 15 ' (H.K.) 

21 . A paiticlc of .III flows without fiKtion Its (>iessuie / nii ll> jier 

scpiaie foot) .ind its sj)ee<l (in feet pci se<ond) m.i) both .dler, but the 
sum 7/- 4 ) 

-.C 

remains const.int. If ;e is the avei.ige weight of .1 < ubu foot of an, i,-- is 
3i-2. At a pi.ice A, / is i t almosphi les and v- is o , .1 ji.ufii !e finds its 
vay fio’n A to 15 At 15 the piessiiie is i .tlmospheie , wh.ii is the spei d 
at B? Take re .is 0075 lb pei cuIih foot (B E ) 

22 . A fan (liiM's air \citi(allyHlownwai(ls ihiough a ho.i/ont.il (iitulai 

opening 8 feet in diametei and so exeits a lifting force of 201) lli. What 
IS the average downw.iid \elo(iiy of the an in the opening? 'Die 
weight of I cubic fool of ihe an is 008 lb (B E.) 

23 . A pipe, '•} inches in diameter, is enlarged gi.ulually to 3 mi lies in 

diameter; the pipe has .1 falhpg gradiei.i of 1 in 15. At the point 
where the diameter begins to enlarge, the velocity of flow is 4 feet j>er 
second and the piessure is 30 lb. per sifiiarc iil^h. Eind the Nclocity and 
pressure in the 3 inch portion of the pipe ai a point distant 45 feel, 
measured along ihe hori/ontal fiom the point where the enlargement 
began. Neglect all friciioi.al losses. (IbJC) 

24 . A Venturi meter is fitted on *0 a 50-inch diameter main. The 

diameter of the throat of the meter is 20 inclms. It is found that at a 
certain instant* the pressure in the mam at the point of entry to the meter 
is equal to a head of i to feet of water, aid in the throat of the meter it is 
equal to a head of 97 feet of watci How m^ny gallons of water is this 
^o-irtch mam delivering per hour under these conditions? (B.E.) 
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26 . J'eoiuU'N l.iw of < orrc^po^(Im^' s|M‘e(!s, which is used in IiuhIcI 

cxprriincnis upon ships, applies also to lU'iU}; inacliincs. A (crlain 
m.ichinc is to Ix^ constructed, \seinhiUK' 2 tons and travelliny at too 
miles per hour. The iihkIcI is full si/e I ind its weight and corre¬ 
sponding sjiectl ^See p. 621 for Froiulc’s law.j (U K.) 

28 . In the hoi i/ont.il fl(X)r of a tank, in wliu li the water is 3 feet <leep 
and in which l!ic water-surface* i-. 15 scpiaie fc'ct in .irca, a sliarp-edgeil 
.(ire ular oiilic e 2 inclies in diani<t<i is ojx neil. In what time will the 

water-level in the tank sink 1 nn li, if ilu ie he no su[)ply of w.itei to the 
lank^ In answering make no attempt at coirectioii lor the tune spent 
in staitmg th<* flow, that is, upon initial acceleration of the nias> of the 
liist parts c)f the flow'. (I C K ) 

27 . Water flows down a sloping pipe 'luitning full; from a point wheie 
the velocity is to fec-t pc-r second and the piessuic 15 ih pei scjuare inch 
.ihsohite to .1 point jcx) feet lowei, wlieie the* pipe cliaiiu tci is tluec tunes 
an gieat. ('.il' ul.ite the pic ssuh* .it this point, nc-glec ting looses (l.C K ) 

2 ii. A stiaiglu pi|)e ot c m ulai '.cc tioii is 400 fee { Icjtig and 4 inches 
intern.d di.unc'[c*i Its down gi.idient is 1 m 2cx) It disc h.ugc's full hole 
into the .itmospiifie .it the level of the lowe r end of the pipe*, and dt.iwi 
hy a hell mouth fioin a lesi-ivoii with 12 feel head of w.itei ovei the 
mouth of tlie )npc. '1 he giadieiu of the fi u tiona! loss of In ad in the pijie 
Is c)(XX 5 l 2 luiK's the si|U.ue of the veloc ity divided h\ tlie Indiaulu: 

depth, the units h<*mg feet and seconds l-ind llic linear velocity 
thiciugli the pipe .uul the disc ii.iige in g.dlcnis pc-i hoiti {I.C.K.) 

29 . A )npc of (nculai •'Cc teni of 30 im h di.uiietei h.is ,i f.dl of 16 feet 

in a slMight tiin of 2000 feet In the forimita for loss of head in feet per 
fool i un / /h' ///, Its c oeftic'ic-nt is o <x>xx), the units heing feet and sec onds. 

Wli.il volumetiic (low in ciihu tc'et pc*i second must theie l>e thiough 
tills pipe lc» maintain tliioughout its le* gtli tlie level of the water at the 
e'entic* of the c in ul.ir sec turn *' (I (. K 1 

30 . Si.Ue the n.itinc* of tlie !oss(‘s that cH c ni wlien .1 stieain of watei in 
a pipe running full c'lKounteis, -/Ki sudden (“iilaigeaent, i 7 ') a sudden 
conli.ic tion of (he c hannel aie.i .\ sin l.e e c ondensc i 1 c)nta)ns J30 luhis 

9 ft 3 in long .intl 065 me h intemal diainetci, (hiougli vvkic li 450 gallons 

of water aic pumped pet iniiuite I l.o water Hows thiough lialf tl'e 
numbei of lubes and then back again thiough the otliei h.ilf. ('..Iculale 
ihc total loss of lie.ul m the c-ondensoi, assuriing tliat the cocflicicnt of 
contiaclion at entianco ici the tubes is o 59 and 0007. What hoisc- 
power IS iO(|Uiied to foic'e tiie w..tei thiough the condcnsei ? (I. U ) 

31 . d'wo K'scivons aie cohnected l)v a straight pipe i mile long. For 

the fnst'half of its length tlic |)i|)e is 6 iiul'cs di.unctcr; its diameter is 
then suddenK* leduced to 3 inches 'I'he surface* of the water in the 
uppci icservou is icx) feet above that in the lower. Tabulate the losses 
oflKMclwliii'h occui. mcliuling lh.it.it a sliaip-cdgcd entry, and determine 
the flow in g.illon. per minute, (.\ssiimo/--oor). (L U ) 

32 . A V'cntui! meter is placed ii a hon/ontal 6 inch pipe, the diameter 
of the thioal being 2 igchcs If the difference of liead is equivalent to 

10 inches of mercuiy, ^find the flow* in galkms per minute, and the 

vclocitic,'). Assume the coeffic'ient of the meter to be i-oo (L.U.) 




('i(Ai’'ri-;i; xxiv. 

IIV!)K\n.I(S I'kKsM'KKS Ol IK'lS. 'ITRUINKS. 

( l-..\ IKll l'f.AL I’CMl'S 

Pressure caused by a jet impinging on a fixed plate. A jut i»r 
w.tlii iiii|jin_L;nu; on .i tixuil or \.inc will .iinxu .it tlu* [ilatu \\nli 
a < rrt.uii ]«H ii\. .uut \m!I ir.i\c thu pl.itc with .1 \i io( i(v < han^ud m 
(liiniion .tnd .iNo uduiud in ina^^nitudi-. owin^ to fiiuion and 
ud<lius. I )iMtai,n<lin^ lliu I.iltti, we nun i x.uniin' (he i xamplfs 
shown ni . I'ln- jm ssun in lath «a-'C ni.iv 1m- (onnd hy (irxt 



I 1. fijv I'l.viri s ji t', 'll pi ill s , I 


^sti^la(ln_l' ifu- < m \u1(m n\, and In la u the i hangu ot monimtnin 

|>ri sC(on<i i'lir Jut su‘(aion*ls .issiinud to lx- .\ sijlrfrt’u luul, atld 7'j 
is tlK'*\Tlo< it\ ot ih?' jut in fed jUT sicond. 

(rd ’1 jd impinui s on a platu lixud at to llu* axis of the jut. 

'I'hu water spr ads and ha\us tlx- pl.ftu t.inj^untially in all diruutions. 
^luncu the wHoh- ol li.ts Ixi-'n uliniinatud. 

Mass ol water reacHiiiLj plate ^ei se^aul A?»|rg pounds. 

('lKin,L;e ol iiionientuni j^er st i ond - Aw7'^- 

,, , Azu?’,- ,, 

1 lussuru on platu - • Ih. 

{/A d'he p^atu IS fixud at an an^Ju (^'to lhu,a\is of the jut. As in 
(rt), ihu water will spread and lea\^,tliu |iatu tangentially in all 
ilirertions. 'I'lie (ha^ge,ln ve|^< ily will ]>c the, eoniponent of 7^ 
[)erpendicular tfi y^e plate, sin 0. 

• 2 K 
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Mass (jf waltT reaching plate pt*r secured \v{tv iK>iinds. » 
('liange of momentum jx.‘r second --- sin 6 

- Arr'f'i'sin if. 

,, , A'/'f’i'sin 

iTcssure on plate - ' ^ lb. 

(c) The jet impinges on a hemisj)herica! < up lived so as to op[)o.st‘ 
ihe jet axially. 'I'he leaving water will In* dire* ted haekuards ./ith a 
velocity i‘(|ual to 7 \. Hence the total < hangc in velocity will be 2V^f 
M.iss of water reaching plate per se« (»nd A?',re |Mnmds. 

( flange of momentum [kt se(ond 2 :\ 7 V<\-. 

1. 1 2 A 7 C 7 ',- ,, 

I resMire on plate lb. 

((/) A similar cup to that in <ase (r), !>ut the tangent at the cup 
I'xit maki'S an angle 0 with the jet. The total < hangc in vcloeaty 
will be (?', + 7', cos (f). 

Mass of water rea» hmg plate per second .\7',7r’ j)oiinds. 

Change* of momentum pei second Ary/dr*, +7'|Cos(^) 

- .\7/'7'j-(i +cos(^). 

I. i Awv.'_ 

1 ressurc on pl.ite- ' (r+cosr.^). 


In each of the al)ove cases there has been Impact, which may Ixj 
eliminated by the device of so shaping the vane as to allow of the jet 
sliding on to it, ; <*. the jet enters the vane tangentially. Fig. 673 



Fu’.. 673. —Pressures of on ; itn|vict eliintnatcU. 


Wi (/) ’'''<1 (.v) cxaniiilfs, 'I'lio piVssiircs in tlic cases of (c) anc? 

(/) will he gi cn hy the .Wnii-‘CNpression as ihat found in case (<), 

vi/. , , 

* 2 .'\r/' 7 ’' 

Pressure on plate - ‘ ' Ih, 

r 

(,!,') Here the water enters a curved sane with a velocity t', and 
leaves it with an etpialwelncity v-,' (neglecting frictirm). 'The change 
in velocity is found froiti the thagram OAB, in which OA re|)resents p, 
and OH represent^ r,'. AH will gir, the change in velocity ry. I.et 
■ 0 be the angle between the entering ard leaving jet^ Then the angle 



PHi-ssruK CArsi:n nv ifts <*.'7 


AWH will l>e {i8o* and as tin- tnanulr AOH is isosctlis, each i»f* 
die angles OAH and OllA will (k* < <iual 1 , 0 . Meiuv, 
fV Ali sin(iHo“(^) sin 
7', (>A sin sin • 

2 sin \0ni\ \ 0 

' i.i ' - *■<>'' .V ; 


7 V ~ 27 ’, <os VA 

Mass of water reaching tln‘ \aiu‘ pi r so (nul - Ar^ 7 l' juninds. 

( hangc <>l inonKijliini per s<‘( ond — A? ,re x 2 iy(>s \0 

2 A<f'?',-cos \0 
'Ar/'f' * 

I’rcsMirc (III \.inc ' cds \ll, 

A 

This prcssiiii' iii h in the same line as n.. ^ 


Pressure of jets on moving vanes In hif; h; j is sIuhmi a \.ine 
Al! making i;o" with Ihe a\is i>l a jel <il water liaring a \cli«ity 7 '| 
feet per seeimd and a sec tiniial ana nl A 
scpiare fee’ 'I'lie vane is Iravelling in the 
simo direetinn as the jet and has a velocity 
f. feet |)er sec cmd. 

It is evident that the spreading water in 
contact with the plate still |«)ssesses a forward 
velocity o, eipial to that of the plate, hence 
the change in velocity in *^110 direction ol 

motion of Ihe plate will he ■ v.} leel pel ^second I'liilher, owing 
to the plate moving away from thejel. the length of jet airiving al 
,t^e pltite per second will he fr', - 7 ',). Hence, 

Mass of vv'Hter reac hing thc^vane per second - A( 7 ’^» refre pounds, 
• ( hang* of inoniciunm |ier second Af?’,-- 7 '_,) 7 ('( 7 '| - 7 ',) 

• . - A 7 e( 7 '| - 7 ',,)-, 



I’ressiirS on vane 


A 7 ('( 7 C| - 7 '.,)- 


Ih....(l) 


This case as slated al)ove*lias no practical value, hut hocomes of 
im|K)rlaiiC(" if we*ljave a succession ol vanes 
brought pur[)etulicularly into the jet one 
affV’r another, such as Jiiight he realised 
•t)y having a niimher of vanes mounted , 
"on the circnmfereTice of a rotating wheel 
(Fig. 675). ^ Jn (*m^ second a leiigtli of jet 
«e(|ual *0 7 ', feet.vvill reiKh the wlieel now. 
Henfe, 
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Muss reachitif; wheel |)er seairitl - .\v^iv [)ounds. o 

, ('hange of momciilum = -v,). 

A?/’ 

I’ressim- on vanes -- I’ =; - • (r, - lb.(2) 

W'ork will be done on the wheel by 1’ to the amount of I’jt, foot-lb. 
(ter .second, or 

\ll) • 

\Vork done per .second ^ (l\ - ft.-lb.(3), 

'I'hc efficiency of the arrangeinetit may be found by eraluating the 
energy available itl the jet. Since Az'pc pounds of water reach the 
wheel per second with a velocity z/,, 

Kinetic energy available per second ‘ ‘' 


Hence, 


lsffi( ieiii) 


Xwv- 

-X 

work done 
energy su|)plied 
Mv, 


It -lb. 


•(4) 




(?’, - v.,)v^v.^ 


Are , 

- r’,5 

41.' 

2(r'|-r.dr'., 

f',- 


(5) 


With a constant su|)plV of watei, the work done mat be varied by 
varying the velocity e, ol the xanes. ' _ • 

Using (3), the work done per .second will be greatest when* 
(e, - r'.,)r'|r', atillins its inasinuim \alue.' Assuming a steady velocity, 
of supply, r’l will be constant, and masinunn work will occur ''when 
(f'l - r'o)r., has its maxinuiin value. 'IVi obtain this value, dilTerentiate 
{f/| - v.^v., and equate the resuirto zero, giving 
r'i-2r>..-o, 

or n rv"'’'V ■■ . •••.(6) 

The effieienc) under tliese ciuiditions may be obtamedtby substi¬ 
tution in (5), giving 

Masinuim efficiency = 

u . > ■ f.,- 

J ' , ' = = 50 per cent. .'.(7) 

In cortiiectioti vwth hydraulic mac'-ines, die term hydraulic etBctcnoy 
is employed often, and may be defined thus: he> H = the envgy 






POXCEI.ET WHEEL 


Hydraulii' crticu'iK v 


lIjili.mlK yM’uii.'iicy 


su(*|)lii-(l iKT |K)iiii(l of water, ami let h - the enorg)- carried away in 
the water leaving the machine 'I'heii 

II h 
II ■ • 

If it IS known that there .iie Iwdiaiilie losses in the inai hine which 
|)rixiuce .1 waste of /// foot Ih. ol energt |ier Ih. of w.iter, then 

11 -/; //, 

II ■ 

Poncelet wheel blade. .\n elia ii-nev much Iviu r than that 
possihle wiili a Hat \ane i.in he obtained h) using Mines suitably 
eureed Tliiis, in I'lg. !■;(>, .\ I! 
is one of a niiiiiber o( \anis 
altai hell lo the i in iimlerem e ol 
a leiobiiig wheel and len iMiig 
a Jet of water at .\. 'I he \eloi ily 
ol the Jet being 7', and th.it ol 
the vane at A being the 
rel.ilne yeloi iiy iii.i) bi obi,lined 
from llie |i.ir.illelogi.im .\l)l',(', 
in whiih DA reineseiils \', 

Hiiil ('A represents 7’,. I lie 
di.igonal IsA then goes ^le 
relatne velocity 7',. II llm l.in- 
gent to the vane at A coincides 
l»itli L.l, the w.fter will slide on 
•to the Mine wiihoiit iin|)acl, .mil 
hence there will be no w.isted energy owing to shocKfa waste which 
musWiccur with tliT; tane shown in big. byj. 

'I’he water travels roiTnd the curte ol the Mine, preserving unaltered 
its relatite velixaty v, At the ponit of exit, H, therefore it will 
possess lelocities" re|)re»enled by lil*«7v and 11(1 .= V„, the latter 
being the xeloi ity of tlw vane aMf rdatne to the eafth. 'I'he 
absolute velocity t'„ of the leaving water ni.'i^’ be foiinrf by completing 
the |)ar.ilIelografli liflllb, giving 7'., •*H1I. 

Since the watt* enters wiib the velocity 7’, and leaves with a 
velocity 7'o, the «hange ^f velocity may tve found by making (.’K 
equal and parallel to BH, whi^ .'tK=jv.will be the change in 
velocity. The resultant [ircssure I’, an the«vane will Ik; in a line 
parallel to and may be JStimated Jjy taking the change in, 
momentum per aetond., * • 
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'I'he ciiL-rj,')' su|)i)lit'(l |)cr iH)iin<i of water in the jet is foot-llr.; 

assunniif,' the |iressure llirtjtij'lioul the stream to be constant and 
e(|iial to that o‘ tlie atmos|ihere, and disre(;arding any eliange in 
Jlotential energy, the energy earned away in the water leaving the 

vane will he foot lb. per iioiind. 'I'he differenee between these, vi/. 

ni.iy be eonverted into work done on the wheel. 'I’his* 

dilTerenee would be ‘ if i'„ were zero, i r. if v,. and V„ were e(|ual, 

<)[)j><>silc, and in tin- sanu; linr , in tins casu iho whole of the 

i nergy svipjihfd \\<nild 1)0 Kaui rtcd into ni(.< hanual work, and llic 
riVu’toncN would l)c 100 |KT<cnl. I'Ihs, oI course, neglccls frictional 
losses*and the ine\il.d>ie Usliing o( the water, which imisl (Mciir as 
the vanes stacessively enter tlu; jet. In the Poncelet water wheel, 

< ()nsiru(:tc<l aftei this method, an elhcu iK y of nearly /O })er cent, 
has been obtained » 

Pelton wheel. In the Pelton wheel (Fig. 677), the vanes uie similar 
to those shown in Fig. ^‘7.>{/ ) Fct the \elo< ities of the jet and of 
the vane be r’j and respectively, and 
let the shape of the vane be smh as to 

S cause the direction of the lea)ing water 

to be p.irain to the entering jet; usually 
IS not tjuite parallel to r,, the blade 
being sli.iped so as to throw llie leaving 
water clear ol the entering jet as ^howil 

Rvl.itivv icloi ily oj’ viitcritig je' and’ 

-. , p -sV \aiir ^r'l - Tjiis rclatise wlocity will 

be preserwd iiii.iltercd as the water 
Fli..- Whom m j I'ellon Ir.u'ls louiid tlic ciirved vniit. At exit, 

till' water will have therefore a velocity. 
(l\ -V) lowanV. the left, Ivgelhef with a srloeity V towards the right, 
and its absolute \elocity Aill bo 

■ , C'-" ■ ('’i - ' ) 2K -'c\. 

' .\s tile initial velocity r',, we base 

Cliaftgi* in velocity = f’, - rn 

, =^1-,{iV-r'l) 

-V). M..'.>(i) 
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ou 


Ma,‘'h of xsalor reaching' tlu- whirl jmt Mroml tf'Ar,. 

Clmngi: in monirntum pi-r vroiul x \'). 

«> i> n 

I r(.•^‘'Url• on \.inc I Ih. 

• .C 

Work (June on the wheel jut mm oikI - !’V * 

• . 

• A.s.suniin” a amslaiit \('lc)Cily cif Miiiplv, f,, llu' «iitk < 1 <>ik' will Imvc 


a maximiiin x.ikK- V(;', is a nia\innini. I •iHcrtiilMliTii’ 

and ciinatinn in /urn, wu Ikim- 

J’l - -o, 

V ;r,. (.0 

Suhsliliition of thi^ \.ilue in {.’) ^ises 

M.i\iimiin woik |ht seioinl ^ ^j'^) • 

rr'Ar, ■.(■)) 


Since 74-i'* the mass of \\iU<r rea< Inn^ the wheel |»< i sei'ond, 
U follows from (\) ih.il the whole (»t the kinetic energy available 
in the jet h<is been coiiierted into w(»rk done on the wlieel, /.e. 
the efth ien< \ in these i in nmstancis is 100 per i<nl. Aflual 
efheiem les of from 70 to i>o per <<111. haw been obtami'd. 

Iht hyiiratilii e(li< u ik \ njiy be obtained by di\iding the result 
given m (:) for the work done per se« orid ))\ tin* energy sujiplied 



'I'his will hof ome iinii\vvhen 

Other types of'water* ul,u( K, in 
which grarit) plajs the jiiost nii 
|K)rtant |Kirt, hare Ireen niuih nsid 
In the oTe#-ahot«ater wheel (Kig. 678), < 
tlie water is led ihe^ to|I of the 
wheel, and ther« irartislly fills a 
number of,buckets fixed to the 
wheel. The weight of these descend- , 
ing buckets enables work io be ilauie 
on* the wheel. •In the hre«it-«hot 



hjo t ji —Over-shol wjlcr wheel. 
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wheel, the water enters the buekets on a level about the same as fliat 
j)f the wlieel centre. ’I'lio I’oncelet wlieel is an improved form of 

onder-ihot wheel. 

Hydraulic tiubines. A hydraulic turbine is a machine in «hieh tlie 
t^nergy of a supply of ualer is < onverted into mei hanu al work by 
passage of the water through a wheel lurnished with bladi s or vanes, 
in general, the action consists of c.iusing the water to whirl beCwre it 
enters the wheel. In this condition it possesses angular momentum,* 
and the lunrtion ol the wheel blades is to abstr.ict this angular 
momentum and to disi barge the water wiihoiil wlml. A < ou|ile will 
thus act on the rcvobtng wheel (p. .(,50), and will pioduce iiiechanical 
work. 


'lurbiiics may be 1 kissed generally as impulse turbines and reaction 
or p'ressure turbines. In impulse tuibiiics, the eiierg) of the water is 
practically entirely in the kinetic loriii befoie the watei niters the 
wheel, a result obtained by lediiction ol the |iressuic head lo that of 
the atiiios|ilieie and by giving the water a i oriespoiuhiig velocity. 
Ill reaction turbines, the eiicigy ol the water at the wheel' '.ntr.ince is 
partly in the piessure foiiii and paitly kinetic. 

'rurbines may be i kissed lurthei with refereiii e lo the prim ipal 
vlirection ol Ilow ol the w.iter. In axial-flow turbines, the How is 
p.tiallel to the avis of rot.itioii ol the wheel : in inward-flow turbines, 
the flow Is radial towaids the wheel ii^ilic. 111 outward flow turbines, 
the How is radial from the centre lo the i iii uiiifeunee of the wheel; 
in mixed flow turbines, th* flow is pailly radial and p.iill) avial. 

'I'he eiieigy available in a given siieaiii or iiver»depeiids on tlu; 
cpianlily of water flowing per secoml and on the height of Ihu 
available kill. 

Let \V - Ilow of water per second, ill poiiiuTs. 

H height of fall, in feet. • ' 


Is-the efficiency of«the tuibine, all .sources,of waste being 
included. ' * / ’ ' 

fben ^ l'aierg>’avaikible = \VH foot lb. per second. 
Knergy produced by’the turbine\VH E foot-lb. ])er .sticond. 


ll.l'. deliveced by the turbine-- 


lUIE 

550/ 


If a given horse powef'lias to be deli\ere(! by tlie turbine, then the 
(luantity of w.atcr whiej j)c ])a.sscd through the wheel wiil be 

given bye 55oyii.r.' ' 

' >> =—pjj,— |X)unds [KT second.^ ♦ 



» iMPn.si-: irKBiNES o.ij 

ITle turbine mu-^t Int |ir<>|Hirii(mc(l ■.<> as to |)erniit of ibis (|uiuility 
of water Ix'ing dealt with ))<.r sei oiul. If tl\e etbeienev is not known 
with preeision, a \alue ol liom ;o to 75 [ler cent, mat l>e assumed. 

rile gantral condltlona of efflclency 111 any Indraulu' Imbme meliide 
the entrance of the water into the wheel without shoi k, and its 
leaving the wheel without whirl and with as hide resulual velocity as 
jais.siUe. Knrthcr, tlie guide [lassiges ami die |i,issages thioiigh tile 
vVheel must be sha|ird so as to olfer the niiiiiimini fra iional and 
eddy-forniing resisiam e to the flow of water. 

Impulse turbines. 'I'he Olrard turblno shown in oulline in big. d/U 
is .in evample of an iniiiul.se tiiibiiie. 'I he water su|i|ily Hows from a 



chamber .\A throfigh a rmg ol guide oiifiees l!li. These oiifii i s are 
Ihrnished with guide blades wha h 1 aiise the w.iler to leave the oriliees 
vvnh whirling vcloeity. 'I’he aater then passis thro'^i a revolving 
whetT^'d lived to a’vertical shaft 1 * 1 ), and Is discharged into the tail 
water ICK. The wheel'passages are furnished with blades having 
such a .shape a;; to abstrar t the velocit;,of whirl from the water. The 
ljuide passage-i lili'run ftiH of water, and<U their discharge edges the 
pressure of the water is eip'al to that of the atmosphere. Tile main¬ 
tenance of atmospheric pressure in the vvheel,passages is obtained (a) 
by bavinii fhm streams of water on lib' loniave sides of the lilades 
only, {h) by havmg» side .openings m the wheel as ,shown at EE in 
Fig. 680; these opsnings j^rmit of free access of air to the streams of ' 
water [lassingAhrough the wheel. , ’ , 

It will he evident that the wheel of ,'Utiirbirje of this type must Ire 
situated above the level of <he taii»watcr, so,a.s to |X/rmit of tHe access 
of i^r. If h fees* is tht; heiglft of the lower edges of the guide ' 
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orificfii iilxivc the 'tail water (Kig. 671;), then the head availabi# for 
giving veliK'ity to the water at these edges will be (H ■■ h) feet, where 
H is the dilTereiice in levels of the supply and the tail water. 




h It. (>8o Irl.nlew yf All AM.il iiiipuKc tiirhinc. 


Assiuiiiiig a roclticicnl ol velocity of 0 95, we luive lor tLe velocity 
Vi of the water leaving the guide blade : 

t'. ' 0'95s^’Ai1 1 - . ;■ . {') 

In Kig. 680, .Mi and (II) are the guide blade and the wiieel blade 
respectively. Let a be the angle to the horuoiu.tl made by the 
l.ingent to the guide bl.ule at I! V, will h.ue hon/ontal and vertical 
eoinponents, represented by le, liii and rcs|ieetively in 

Fig. 681 (a), the parallelogram ol velocities being riAvf. Hence, 

//, - t'. sin a, .(2) 

• If, - 71, COStt, . (3) 


Let V be the eiri uinferential velocity of the *heel at ita me.^n 
radius. 'I'hep the relative velocity v,, of the inlet wate^and the wheel 
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maybe found by nial^injj err Veprjjbcnt -V (Fig. 681 (^)) and com¬ 
pleting the parallelogmm of .velocities aefc\ Ja then represents t'n* 
bet ^ bb the anjfle wliicji/a makwi with*the*horizontal. Then the 
angle with the horizontal made by thf tangent to«lhc wheel blatie at 
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C (Ki^ 680) should tx' made e(|ual to ; the inlet water will then 
slide on to the wheel hlade without shock. Relerrinn ajjain to 
Fig. 681 (a), we hase 


cot 0 - 


Im 


Alsu, 


re, 


- COSI 


e. A( 

7 ',, - U, ( (tsec 0 . 


rt). 


■U) 


■ ■ (<) 


I'he relative teliK It) ll•m.lms uiu h.iiigcd in ni.ignitiide h) |S'iss,ige 
over the wheel hi.ides , hem e, at the exit I > ol die hlade (I'ig (nSo), 
the water will haie .in .ihsohite relm il\' whu h is the resultant _oI 
eom[)oiieiit xtlocities r'., .uid llii iiieaii 1 ni iinilerential \eloi ity 
of the wheel at the outlet. In Fig O.Si (A), in.ike i-/ V, draw Am 
vertical (as is re(|iiired lor die eoiidition of no whirl at the outlet), 
and de.sc.rihi>in lire with 1 c iilre / .iiid radius /w- 7',,,, the isirallelo- 
graiii of xelocities lor the exit w.iter will then he i/m/i 7 ’,„ is at an 
,ingle '/> to the hon/onl.d, ,ind the l.ingeiit to die whe el hl.ide at D 
(Fig. 680) should lie: at tlic same .ingle. In hig 0.81 (/i), we hale 



\' 

r'.o 


/./ 

hn 





cos '/>=- 


/■/ 

hn 




■ i 7„7.1,„ sin <f‘ =■ r'.c xin </>. 


(h) 



H.iiing found <«, ti and’'/), the ■guide and wheel hlades may he 
constructed hy dr,iwmg easy c lines l.ing#iiti.il to these direc tions. 
Ijince the pressure at I) (i*ig.'f)8o) is alftltispheric, we may write 


'I'otal energy carried away by one |iound of !e,u water s* ft. Ih. 


Total energy avariable in thedall, (ler jiound of water - H ft.-lb. ■ 
Hence the hydraiijic dffiuency, / e. the efficiency disregarding all 
sources of waste excepting tlie cnerj;y carried'anay in the leaving 
water, is given by 

» Hydraulic efficiency =.—.(8) 
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Kxami-lk. Taking practical talues as follows : 

/0--o-45Vi^7(Trr7;), 


I'Vom (1) and c 

D, sina-^'.-^S^ 

T'. 0 95 ■*^■1 ■ 


• a-^29’nearly. 

Kioin i j), 

a-, r-i cos a -90 95 x 0 875; sV^cTl -/,) 

- 0 83 1 1 /,). 

I'loni (4), 

cold- '!'• ;V_oX)^n.5 . 

/6 0-45 “° 7 j 5 . 

• 

■ d 5t'nc.nlV. 

Fiori) (5), 

... 


-x) 557 vV(H-//). 

]'roni {6\ 



'/' 26' nc.irl)' 

I'lDin 17), 

T',.sin i/>-(o 537 X 0-438) s'jetir-v,) 


-0 244 sAa(|| 

Taking 

T6--0-24 vgyl?, we li,p, from (8), 


Hyilraula cHiciciuv "A'' 11 0057611 

H " II 

X • ="°y 4)4 . 

- 2i < ont, ncailv. , 

.i.r;:,::r:rr ... -■ 

• •”> . PjlS 

' Vo 0’244' '■ ■♦■ 

• Now ;r, is the component velocity.of the water enter,tit; the wheel 
Ukui at 90 to the mict surfaces of the.tfheel ; the quauL of water 
flowing into the whet 4 will be given by • * ^ 

^ cubic feet per secon'd, 

where A. is the*total inJet surfaci*in stpure *feet. 

Again f, is the leaving velocity«f the^wateA^e*rpendiculai.to the 
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exit surfaces of tlie wheel; hence the (|iiantity of water lea\ing 
the wheel will be 

ciibir feel |K r second, 

Ao being the exit surface in s(|ii.ire feel » 

It is eridenl that Q, and Q„ imist be eiitial. Hence, 

/r, A , ■ - I „<\n , 

A„ II, 

oi» - I'.Sg 

A, v„ 

In itraetice, this increase of outlet surface is obtained by s|ila)in) 
the wheel p.assages as shown in the section in Fig, (iXo. II Q, tin 
(luantity of water in (ubic feet per sei ond which must be ]>a.sse( 
through the wheel, be known, the dimensions o( wheel ri;(|uirei 
may be calc ul.ited Iroin 

(,» w,A, 

^ - R.A, . (cj) 

where K, and R_, feet ,ire the external and internal r.idii respectively 
of the whee^at'the inlet surlaee. A correction must he’ applied to 
this for the area abstracted owing to the thickness cef the wheel blades 
at entry. 

Work done and horsepower developed. In I'ig. h.S; is shown 
roughly the .actual |xath, or the path relative to the earth, of a particle 
of water [xassing along the 
gmcic blade AH and then 

pursuing the curves ('I’D r-; v 

thrcjugh the wliocl.> .\t any \ - x, \ 

point 1’, the resultant velocity \ a ^'^^SsJ', \ 

V of the water is' made up of ■ \ i l* / 

coinpori^ts re in the* dircc- \ \ 

tion of the motion of die I, -y— i \ 

wheel, and u in a direction 1 , '' ' L.A^' \ 

parallel to the.axi.s*of rot,* • r;; jjr *75; w 

tidn. 'I'he water enters the. .* \ ' 

wheel with a velocity v, at ’ -'a y’c’ /' ° 

an tingle cF, to .the inlet • ' 

surface, aitcl leaves „vvitli ^ a ' ^'‘^'Iwulliar’'™^ ' 

velocity Vo making an tingle 

a„ with the (lutlet surface, 'I'he whirl com|)onent.s at the inlet 
and outlet respectively will be 


ii>„ = j>o cos cio 
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l,et R = tlic mean radius of the wheel, in feet. ' 

V = the circumferential velocity of the wheel at its mean 
radius, in feet per second. 

f V 

(u= j^!=the angular velocity of the wheel, m radians per 
second. 

VV = the How of water passing through the wheel iier 
second, in pounds. ' 

Then, considering the momentum of the water in the direction 
of motion of the wheel, we hate 

Momentum of one pound of water at the inlet = i x w, - 1\ cos a,. 

„ ,, „ „ outlet = I X f„ cos i<o. 

‘ .Angular momentum per Hi. of water at the inlet Rri, eosu,. 

' ,, ,, ,, ,, outlet Rrncosa,,. 

Change in angular moineiitiiiii pel III. of water 
= R(zi, cos u, - 7'y I os a„). 

Total change in angular momentum per second 
- \V'R(r', cosII, - 7V cosa„). 

Couple reipiired to effect this change (p. 431) 

\V'R(7', cos II, - 7',, I'os ii„) „ ^ 

Work done per second liy this couple 

% WR{,‘', eos II, -7’„eos'i ' 


W 


'(71, eos II, -rioCosiioly 


ft.-lU. 


If v„ is |)arallel to the axis of the wlieel, as is required by the 
condition of no whirl at the outlet,*then 

WV.ri, c*s a. 


Work done [ler seco*iel on the wiieel- 


'ft.-lb. .. (1^0) 


II.I', dec eloped 1= 


WVr', cos 11, 

55 °^^ • 


(>■) 


In this result, no allowance has beei^ made for wasted energy 
while the water is passing through the’wheel, nor for the frictional 
waste in the wheel bearings,'etc.^ , 

Regulation of tht> ]X)wek",develo{)ed in this type of turbine is 
eirecteb by ineaws of g.akcs or sluwos. wliich close as manv as mav Ire 
required of the guide orifices. 
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I'if. 683 show's in oiillinii lurt of an oiU».iul How iiii|iuKc liirliint' 
suitable for high falls. The water Hows from a |i;Lssagc A thrraigh , 
no/./,les B, ami thence through the wheel 
jxissages. .\s belore, the w.iter Hows m 
streams along the com are sales of the wheel 
blades, and the [iressiire is kept tc|n.d to 
that ^f the atmos|)here by means of sale 
•[renings. 

Beaction turbines. i'he Jonvwl turbine 
m.ty be taken as an esample ol an axial How 
reaction ttirbme, and is shown m outline in 
I’lg. faSg. 'I he water Hows Irom y\.\ ihiongh 
a rmg <,f gmde onlices Bit, and Ihcia e 
lliroujih tlu* \s1r< 1 K Itotli 

jmsvt<:cs aud wiicrl |^as^ag(■s inn full <>t wait r, and thn tnrl)inf \\hc<-l 
^ may l)c dlIow llic level oi llie tail walei, as sIkiwii. llcntelhe 

i 




' r 

Fie Vxca.m m • Jem.il rciilii'ri luit.iiic 

» 

whole head 11 is 'arailalle in this t)fn of tnibine. For greater 
accessibility, the turbine n!;iy be iia losetl in a easing and placed 
above the leiel of the tail w.itiT : the whole f'ead H will be arailable 
still if the /lischarge from the turbine'(asing is arranged through a 
suction lube which.,ha.s jls liioulh o|xming below (he level of the 
tail water The suction tube must run full laire. 

The diagraips showing the reloi^ties’of the water and the angles 
of the guide and wheel blades are gb i-n in Figs. 685 {a) and (b). 
'I'he constructions are tlie '.ame a‘ *for the axial-flovi impulse tiirlime 
already described (pi 634], and dte iliagrams are lettered in the same 
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manntT. I'he guide and wheel blades are shown separatcb/ in 

I Kig. 686. 


b f 



Pressure variation in an axial-flow reaction wheel. thi.s tyix‘ 
the inlet and discharge areas of the wheel are e(|ual; hence the inlet 
and oiitha velocities of How u, and //» in Fig. 685 (a) and (/') are ctitial. 
It will be evident therefore from these diagrams that the relatise 
velocity at the outlet, 7’,,, lepresented by i'/i, must be considerably 
larger than the relative velocity at tl^- inlet, re|>resented by 



!• tv. C)SC) lil.ulf' << .in .ivt.il (li>w re.-icnoii tiirbin«. 

• * * • * * 

In Fig. sIS;, (IF!) is the wheel blade,‘and F.FFshows approximate!^ 
the path of Mie water^Miroug^i the wheel, the discharge velrxtity 
uo-Vo at F being axial. At any point F, the .actual velocity 7/ of the 
water is made up of a constant component \’, ^qiial to the circum¬ 
ferential velocity of the wheel and a com[y)netit tj, tangential to the 
blade, and increasing frbm a falue 7 Vi at the inlet to 7V„ at the outlet. 
In consequence of thi* incrciije in velocity, there will be a decrease 
in pressfire from ^he inlet, to the ottflet. 

l.et OX be taken as a datum levek the top ot.Uie'wheel beii;g at 
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t 




an tievalion /i, atx)\f OX, and apph Hcrnoulli's eiination, nof'lccting • 
friction, la-t I’, .md l’„ Ik; the prt asuroh in lb. pi i sipiarc loot at the 



inlet and millet respei tnel), and let w be llie »eif;hl ol a cubic loot 
of watei. Then 

I' i' I', t'', 

■d’ •’C 

la't h, and //„ be the presstire heads (.orresiHinding to 1’, and 
l’„ resnetlnely. 'I'lien the aliine eiinalinn may be wiitteii; 

V' V' 

//.+ "\h„ h.A . 

1? - v~ 

or * -//w . (•) 

represents the poition of the total available head II, which 
IS utilised m^Aercommu the.pressiire resislaiitejn llie win el; the 
'ren'.ai^ler of H niaj' be u.sed for Ki'H'g b>c' veliKity^ to the water at 
the discharge edtte of tlw guide Jilade. In I-ig. 685 (/;) 

V' - \ - + K„- - V- + 


• As may Ik; seen from ilispe^tion of f 1 ^. 6H5 («), no great error will 
be made by a.ssuming that*!/, and ?',,^re ecgial. Henje, 

• , -= V- + tc.;jiearly! 

We may therefoK wri'e ( 0 , 



n.M. 
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Hence the head available for producing the velocity v, is given ty 
Vehjcity head = H - - h„) 

V2 


= H 




4 //jr 


( 3 ) 


And 


Practical values for the velocities are 

Wo = ir j = O' 18 >72!,''H feet per second. 

V = 0'64V2,i,’H feet per .second. 

t'i = 0'7v'^2,cH to 0 8v2,!,df feet per second. 

The relations of the velocitie.s and angles may he deduced ^rom 
P'ig. 685 {a) and (/<), giving eiiuations similar to those already found 
for the (jirard turbine (|i. 645). II theic is no whirl at the outlet, 
the work done per second and the horse-|)ower may be lound in the 
same manner as for the impulse tuihine, and will lead to equations 
similar to (10) and (11) (p. 658). 

W'Vmj 


Work done per secoiul on the wheel = 


' foot-lb.(4) 


II.I', developed = 

Also, Work done per lb. of watei 
able per lb. of waters 
hydraulic efficiency 


‘ loot lb. 


.( 5 ) 


■((*) 


WVm, 

’ S50.C ' 

\jt\ , 

X 

linergy available per lb. of water II foot-lb. 

\'Wi 

V .Cil- 

Inward flow reaction turbine. I'lie Thomson turbine, of wi* 'ch an 
outline diagram is given in Fig. 688, is an e-.ample of the inward-flow 
reaction type. The water enters a large casing furnished with guide 
blades, which cause the water to whirl as it moves towards the centre 
of the c'ising. The water flows throu{Jh the wheel, and is discharged 
through cenlinl orifices Which Open sideways. Velocity diagrams are 
given in Fig. 689, and a (lart cross section of the wheel is khown also 
in this illustration. AH is one of the guide blades, and the water is 
delivered from it at It with a vekxtity v,. Hy tneans of the parallelo¬ 
gram of velocities is resolved into h radial component u, and 

a tangential component Us. .The guide blade at H is tangential to 
cH, whio'ii makes an angle a with 'fit, the latier being tangential to 
the inlet surface ot the wheel'at C The circunifcrehtial velocity of 
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ihewheel alC.' !■> by making <<' to represent - ami completing 
the |>arallclogram <fA \ the relative velm ity r',, is found and is repre- 



Ku. 'rjitwiivni inw.irJ Row rr.i< (loti iiirldiie. 


sonted l)y /(', makinj; an angln wwU (\/ I'lu* wIktI Made (.‘D is 
drawn so as to !)(‘ taneenUal io/( ' at (’. 


Al the wlual blade oml' t I), the water |)(jssesses a veloiily 
relative to ihe l)lade, t<ige!her with a velocity \'o, the latter being th<? 



circumferential vckK ity of the w4veel,4t IT. *'rhe resultant of these 
will give Va, the absrJlule^reloeil^ ol the yater d^s< harged*froni the 
whfel. 'I'o meet dlhu eoiuhliod of ni 5 whirl at the wheel outlet, Va • 
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should l)e radial. Draw Urn radial and ciiual to v„, make /U e^ua| 
to V„ and complete the parallelogram !>/««: will he given then 

by «D, making an angle </> with the tangent /D to the wheel at D. 
The wheel bladp at I) should bo made tangential to /;D, 

V The dimensions of a wheel of this type arc determined from the 
reipiired flow of water and the area of the outlet passages reipiired to 
accommodate this flow. In Kig. hSy, let 

K, and Ro '-the inlet and outlet radii rcspei tively, in feet. 

I!, and 1 !„ ,, „ breadths „ 

Then, since the velocity of the water |)erpendu iilar to the e\it 
circumference of the wheel is v«, we ha\e 

Flow of water v„ x 2JrR„H„ cubic feet per second. 

It js Usual to have the same laliies for the r.idial components of 
the inlet and outlet water; hence «, and 7'„ will be eipial, "Now, u, is 
the telocilv ol the water perpendicular to the wheel inlet surface. 
Hence, 

Flow ol water ;r, x 2rR,ll, 

f'„ X arRjli, cubic feet per second 

.'\s the inlet and outlet flows must be ecpial, it follows that 
iirR„H„ - 2irRilii, 

or R„li„-Rili,. 

It is advantageous in the Thomson turbine to make R, double oL. 
R„; hence lb will be (imihle of U, In making the above calcula¬ 
tions ol the flow of water, no allowance has been Aiade for the are* 
abstracted by reason of the thickness of the wheel blades. The* 
wheel shown tfjctioii in F’ig. hSy in double, and ^las two side, 
discharge orifices at the centre, each of radius R„* assuming u^t the 
velocity of the water through these isv''„, we fl.aie 

F'low of water = Vr, x 3irR„- cubic feet per .seepnd, 
a result which enables Ro, ai^J hence Uie other wheel d'lmensions, to* 
be calculaterl ^hen is lyiown., • 

Variation of pressure in a radial-flow reaction wheel. ,It will be 
noted from the diagrams of velocity jn F'lg. 689’that thr outlet 
relative velocity is consiilerably larget' than* the inlet relative 
velocity n,,. Hence, as^e.xplayied on p. 640, there will be a fall in 
pressure as the water jias-sos through the wheel, the fall bding given by 

II « , 

e ' r ” 

Fall in pressure (I\ie to tK^e ebange^n reli\tlve vel(X'itvi= --— ^feet 

2,ir > 
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' 4 'here is also (-cntrifupil action on the water which is iwssing 
through the wheel, the eft'ect heing also to cause the inlet pressure t(i 
l)e greater than the outlet pressure. 

In l-'ig. 6go, the actual |jath of the w.itcr throijgh the wheel is 
lil’K, and Cl) is the wheel blade. .\t .iiiv laant 1 ’, the ahsuluU 
veliK'ity V ol the water nia\ he rcsohed into coni|)otients v, tangential 
to tljc blade, and V in the direition of motion of the wheel. ’ITie 
• magnitude of V will be projiortional to the wheel radius at I’, and the 




centrifugal elTec(|S owing to \' may be es.imitied by relerence to 
^T'ig. fwyi (<i) .\IU'I) IS a I losed tube full of water and rotates with 

angular \elo»iiy o about a sertic.d axis W. IJie i ross stetion of 
* tlTo ■■ ■i.ter is 4akeij as one s(|iiarc loot in area, a^d the radii are 
me.asurcd in feet, .\t^any radius r, the pressure on the section EK 
may be found from the general ei|ualion : 


1>* 

In thejircsent case, 

M 


,VI(,r’R c, , 
V (!’■ -f^S)' 

• ft 


inass of water m AEFE 


• s: I X e X re [Miuiids. 

R' o-^r. 

• 

. r 

ncn)- , , 

1* 1. .ii-p—II * -i '* - *11). per^ipiarc foot. 


Hctice, 
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Now, the circumferential velocity of the tube at radius r is givetf by 
v = ior; 

^ 1’- lb. |)er v(uare foot. 

I^t // be the pressure head corres|K)nding to I’. 'I'hen 

A - --- feet. 

w 21; 

At sections l!(i and (HI, where the riicuniferential velocities are 
V^ and T., res|)ectively, tiu' pressure heads will he 


' feel, //_, 


feel. 


The difference in pressure heads at Ii(,' and (III will be 

?-'i 




■ feel. 


In bin. hoi (A), // .mil r have been plolled ; it is evident that, as 
h varies as v\ and v vanes as /•, the shape of ihe curve is parabolic 
.\ppliuilion of this resull to the radi.d flow turbine (big l*,^o) gives 
for Ihe difference in pressure caused by i eiilrifugal action 
V.' V„-, 

V 

Taking account of die 1 hange in pressure he.id due to die 1 hange 
ill rel.itive veloi ity, we have for die lolaT diffeieiiie in pressure heads 
at inlet and oiillet 

V.-- V..- f V, 

A,-//,- ‘ + ■" 




leet 


This evpressi^n •;pves the poitioii ot the total availJlble head H 
which is reipiired in order to overcome the presViire in the iSicel; 
the reniniiider is available for giving the vijloeily n, to the water 
leaving the guide blade. The ri^.sult is appheahle to Ixitli inward and 
outward radial-flow turbines. 

It will be noticed that anv increase in the speed of rotation of the * 
'* /V,- - \ \ 

wheel will cause j to iiieroase, and hence the difliprence in 

the “pressures at jhe inlet and the outlet also ./ill increase. In 
inward-flow turbines, the efl'eet of thi‘ increase fn pnessure will be to 
diminish the flow' of wal'er through the wbeel ; the wjter is held 
back, as it were, by ^hS im jetese in centrifugal force. Now’, a 
dimini.shcd flow of water results in W-ss pon.er being developed, and 
.'thus will tend to lower the siJeed ofahe wheel; hunce inward-flpvv 
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lurliinc.s are to a certain extent self^o\ernmg. In the Thomson • 
wheel, advantage is taken ol the sell rt'gniaiin^^ centriUi^al action by 
making' the outer diameter of the wheel (loul)le of the inner diameter.* 
In outward flow turbines, the (TUtnfupil action I'a^ises an increase 
in flow if the sj)eed of rotation of tfu- wheel beeome^ ^lealer, aivi 
thus is entirely oj)[>osed to self regulation, l-'ot this reason, outward- 
flow ^turbines h.ne the wheel diainett'is at outlet and inht more 
• nearly e«|ual . the outer diamttei m piadue ina\ be fiom i-: to 
1-^5 limes th<- iiHU r (liainet<T. TraitKal \.ilues of tin- \el<Hities 
may be as t<»llows 

//, //., O f's I pel sKoiul 

\, bet pel seccnid. 

?■» h'‘'f pel se(ond. . 

I^tlicu m les in pr.ietKe of fioni 75 to .So pe r cent. ha\e iR'en 
obtained with Thomson lurbiiu's. 


Power developed in radial-flow reaction wheels. Ixi w, ami 
7C„ be tb(#inlel and outlet \elo( itu s of wlnil k spe(Mi\ely, and con.suler 
one iwHiiul of water passing llirough the wheel. 

Angular imjim ntum of inlet watir rc.R,. 

„ ,, outlet ,, 

('hange in .ingul.tr momentum per pound of w.itt 1 /c,K. «c,>Ko. 

, Lei W be die How of water'lll pounds ptT sei ond I lien 

'I'oial ( h.ingi; in angular mom* nlum, pei tmd W (rc.Kj - 

, * , . . ^^’(7C.R, - 7C„R„) ,, . 

(,ouple at ling on the whe(.l - _ |t).-f(*el. 

* • •./ 

■ . . . , , • . , \\(ri'',K, --r„R„) ■: ,, 

i^ork (lone by this couple ^ 


n I’. (levelo|)e<J -- 


, 55 o.C 


If there is no whirl at jhe outlet, tc,, will lie zero, and 
Vi 


may be 


written Hence, 


, Wre.R, Vi 

It. I'.* developed - - • 

5 SOA' K, 

.^'VVe,\-i . 

• . 5 S'?..' ' 


-M.so, Worh done pi'r |)()und (/i'wate|- - ' ft. il). per sec. 

t ' • » » A 
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H H is (he total fall available, then in each pound of water supitlied 
there is energy represented by H f<K)t-lb, Hence, 

Hydraulic efficiency = ■ 

• 'I'hese results arc applicable to both inward and outward-flow 
turbines. a 



Ki<- 69.’. SettiDii (if an ontwml ftow reaction 


Outward-flow reaction turbine. \ part section of an* outward- 
flow turbine is given in I'ig. 692. 'I’hc water flows through 





Fjc. 6g3.--Velixit)Kiiaj{rams for an outwanl-flow reaction wheel. 


• # 

a iwssage A furnislied with guide blades, and passes tlwough 



, Kio 694.—UUsies for antfttwarvl-flo^ reaction 
0 turlnm. 


!. ^In this uIu’cI.mIic' pasviges 
at H arc cUvitUd inl(t,-»hlT-e * 
eom|iartgients by means of 
liori/ontal partitions, the effect 
beiitg to prodiiee'three wheels. 
RtHtiil.ition of the power is ‘ 
effected by means of a cylin¬ 
drical g.ite or sluice, •shown in 
section at D, and ('a|lAble of 
\ertieal ■hieien^ent. liy adjust¬ 
ing l',>onc, two or all of the 
wheel compartments may be 
^n.sed, ^hus. giving considerable 
variation in thejxtwer. 
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l%e velocity diagrams arc given in Fig. 695 (<i) and (/d, and the 

guides and wheel blades arc sliown scjwratcly in Fig. 69^. ’I'hc.sc^ 

diagrams are lettered to correspond with those already given, and will 

l>c understood readily. I'he following practical inlues may be 

assumed: / nr . 1 * 

~ 0 25% Ji.’l» b‘Ot per second. 

, <^'55'^per second. 

. f't ^0-6 \ 2 a' 11 Icet {H*r M-cond. 

Centriitigal pumps. W ater inav In* raiv-d (nun a lower to a higluT 
level In means of a (('ntnlug.il puin[), m which the water flows 
through a revoKing wheel diiven Ironi some 
source ol power, the lunelion of the wlieei is 
to iMiparl additional energ\ to the water, and 
this IS (unverttd into jxiieiiti.il j-nergy by 
allowing tin* water to flow uj) a disi barge 
> pipe into an elc\at<'d reservoir. I'he general 
.irrangement will be understorMl bv rdrience 
to Fig. Ml which the wheel is siiualed at 
U and takes its supply of water from A. 

'The water is disi harged at (' into a pipe whi( h 
opens at 1 ) into a lank V.. A bar k jiressure 
\al\e at A prevents the water flowing bai k 
into the lower tank when the.wlRel is at rest. 

|)tini|) nwy lx- '.itii.'ited l)L'l<nv the IcicI of 
the supply w.'itcr, or aUnu tins Ictul, .is sliorifl 
iu Fip'. 6p5 ; ill tlu* latter case, the pressure of 
.'he atmosphere causes a flow up the pipe .All. 

, ire any eentrifugal ]iiimp will siart dis- 
tharj'i 4;' it must hd charged liilly with water. 

In Fig, (h)(> is showii a i er'riliigal pump 
in more detail; water enters at .\, aivl is leil 
to central orifices htiiateih.in both sid, t of the 
wheel IS. The wheel is ftnaiished with ciirted 

blades, and is driren in tbe rontra elm kwiVe direction Tlii' water 
is discharjrd'd at fbe outer ein umfcrcii.' c of the wheel into a i hamber 
the disrharge pipe i,s i bnnected to this' chamber at I). 'I be 
aelion^is fery sunilar Ite that of a reversed inward-flow nailion 
turbine, and 'he theory is also similar. 

Velocity diagrams for a centrifuga', pump. Velocity diagrams .arc 
giten in Fig. 61^7. .\t the/ inlet edge A of .the whirl blade .\H, the 

absolute vcUx;ity Of of the inlet* water may lx; assumed to lx radial, 
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and hence is equal to hj. The circumferential velocity of the i^eel 
^at A is Vj; if cA be made equal to - Vj and tangential to the circum¬ 
ference at A, and a.\ drawn radial and e(|ual to ry, then the diagonal 
/>\ will reprcsigrt the relative velocity of the water and the wheel 
»jlade at the inlet. The tangent to the blade at A should coincide 
with fiA iti order that the water may enter the wheel without shock. 



Fit. 696 —SfutioiD' ')f A cMitrtfiiKal putnp. 


Let Q - (low of yaler through the wheel, in cubic feet 

|)er,'«eron(l. ■ , ' . 

• Rj and R„ ^the inlet and outlet radii respectively of the 
* ,“'wheel,’ill (eet. 

lij and Bo - the inlet> and outlet widths rtgipectitely of the 
, • wheel, in feet. ‘ 

Then Q - :-R,H,K( 

:irR,B,-f’j for radial velocity of inipt.(1) 

'I'he wheel is made l«ss in brgadth at the outlet surface usually, and 
as the safiie quant;jy () is,discharg^»l, we Ihve 
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litSlce, 2irRjl!j«, ^ 

or Rjl!,«,-R„H,Ji/„. 

It !>> usual to pruscrse tlio M’Fk ity of How toiistaiit, ^c. 

t/| lla \ 

R,I!,-K„IV • . ( 2 ) 

V„ R„ 

Vi ‘ R.■ 



'!'l)c ni.iN he • <»ns(nii ted lor tlu* outli-l (»)']) 

d'y follows . Make !k/ I 'lual to and i.in^mti.tl to the w!u (1 < ircunt 
fcRMice , draw r/ parallel to Ik/ an<l .it a distiUa e //,- rcpresct'iled 



Kh. 6.^* -\'cI'" II) (li.ii;r.iii(s r>r i < < iiiiiriiK-tl piimit 


by II,),’' from it. .'\ value is then i liosen for </i, the ;uij,'lc wliich the 
tangent to the blaile at II makes witFi^the outer i rreumfi renee of 
the wheel, ami i/f is drawn at tl;e angle </> to dK. Completion of the 
|xirallelogram IWc/will gne'the relati'e sell i ity npresented by 
11 / and iheubsoluti’ vcIck ity 7'., of the ssater leasing the wheel, repre¬ 
sented bylle, 'I lie svheel bkide at II is drawn tangentially to 11 / 
v„ has-a radial eiunponeVit //„=!/ and a whirl component 7 v„, 
repre.seifted by ,i;(. 

Work done on the wheel. 

^ la:t \V = the flosv of w./tcr, in,pounds |)cr serruid. 

, " w = the angular velocity of the'wheel, in radians jxir second 
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I'hen, as there is no whirl, and therefore no angular momentum in 
le inlet water, we hare 

(lhange in angular momentum per second = \Vn’«Ro. 

(ample which must be applied to the wheel ^ Ib.-feet. 

Work done per seeoml by this couple - -i.i foot.-lb. 


Also, 


V„ 

R„ 


work done per second by the couple _ —fiaA lb. .. (4) 


M p. reciuired = — —.(S) 

5S°X 

It will be, noticed that these results take no ai count of any .sources^ 
of waste. 

If H,„ represents the niaximitui height through which the water 
could be raised, neglet ting wasted energy, then * 

Work done per second-W 11 ,„ i (fromg); 


7(’\ n 

11,,,--"/feet.(6) 

l,et H feet be the actual height tlirough which the water is rai«i''i 
(big. (105), and let V(t be the selocity in the discharge pipe. The 
discharge energy at I) will be 

Knerg\ of discharge^ 11 + ' " foot lb. per pouuil of water. 

■ \ -W 

I',;-' * 

It will be evident that the kinetic energy,^ ^ at discharge is entirely 

wasted in surging and eddie* in the iijiper lank, ^ther sources of 
wasted energy csternal to»ttie piiiigWcasriig are'owifig to frictionjil 
resistafices 111 the suction and discharge pipe.s. I.et H, feet represent 
the head ei|ui\alent In the frictional waste of energy iiuhese piixis. 

Then the gross lid of the punlii will be defined as • 

• * 

'r.rosslift = Il,. = II + II,.+''''' foot.• .(7) 

'I'he total ilispos.-^ qicrgf outside the pump casing will bo 
r<*|)rese«te(J by 

/ Energy disjKJsed of outside tnc pum|kcasing - w Wf-, loot-it). per 

« * 
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rUe ratio of this i|uaiitil)' t<i the work done [ter second in the 
wheel, giten by (4), is the ttyOiwalio «ffldaiie]r or Uio pomp. Hence, 
for radial flow at the wheel inlet, we hate 

Hydraulic elticiency h,I \\ H,. ; " ' ° - .'ly ■ (')) 

Within the wheel casing, in ad<hliiin to Inctional waste in the 
IwssagC's,, there is waste from stna k due to the m'Iih ily i’„ at the 
wheel exit being greater than the tehxits in the discharge 
pipe. It is rarely the ease that any elleetne means aie lakeii lot 
ensuring that shall diminish In n,, m sia h a mannei as to prodme 
an efi'ectne im rease in the |iiessure head. .Mme iisii.dh the wa.tc is 
eiiinplete, and the pressiiie he.id .11 ihe emiiiei imn of the (listbarge 
pifie to the wheel e.ise is ecpi.d tn that at the esit i in miilereneeyi| 
the wheel. As has been noleil aln.iili, the kinetii eneigy nl.tlie 
water in the disi li.irge pipe is w.isii-d enliieli in the uppei tank , it 
’therefore follows th.it the waste, in addition to that ilue to Iriclion, 
will be the whole kim lie energ) ol the w,ilei le,iMng llie wheel exit. 


\i/. foot-lb. per pound, and the iiiasimmii height ol lilt giten in 

(6) will lie reiluei‘d to this extenl. 

,\gain, a centrifug.il pump, haring been designed lor a constant 
sjx'ed of rotation and lor a giren flow ol water, will hare a ddinite 
angle 9 (Kig. 697) for the wh^d hlaile al the entiance A. If any 
•- <+.ange be made in the speed of the wheel or in the veha ity of flow, 
the fixed angle 0 will not suit the altered (oiftlitioiis, and there will 
iHfwasti; of energy Iry reason of slioi k ,it Kurther, the assumption 
of radial veloci^' of the entering water is approximate onl), as there 
_';rc no guides in the central orflices of the wheel to stisure constant 
dircctioR in the flow of water. 

In obtaining the actuaT efficiency Ka of the whole arrangement, the 
energy wasted iji oxercoming the frictional resistumes of the wheel 
Ijearings also \nust be cofisidijred. 'Hlk'ing, as before, a flow' of \V 
pounds per second raised through an jictiial height H feet, we have 


, L'seful work done^II'H foot-lii. jier sec. 

The enktgy which must be supplied to the iiump shaft will be 
given by « , • 

Knergy supplied to pumpa-|,M fooi’-lly. [rer'sec.(10) 

•' *‘'A ' 
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VariAtion in pressure in the wheel. I’lie change in pre.ssurejiead 
of the water [la-ssing through the wheel may Ix' deduced in the same 
manner as for the inwar<l flow turbine discussed on p. 644. Referring 
to Fig, 697, it.will be noted that the centrifugal action is to cau.se 
ithe pressure to increase in flowing from A to il, rsv, being greater 
than Vr„ lliere will be a decrease in pressure owing to the change in 
relative vel(a:ity. Hence, the total difference in pressure he^ds at 
A and li res])fcti\cly will be 


//, - /i.^ = 


- v.-’^ 

2.C 



(ir) 


The changes of pressure which la cur in the vvhirling mass of water 
passing through the wheel and casing ol a centrifugal pump niny be 

studied in more detail. In Fig. 
(njH IS shown a tank .V confaining 
a |iunip wheel l>, which may be, 
rotated by means of a shaft and a 
pulley at ('. Water miy flow into 
the wheel through the pipe I). 
Supfiose that the wheel is levolving 
at a gnen speed, sufficiently large 
to cause the water to rise to the 
lesel FF, and to remain constant 
•It fins leu'l. No more water will 
flow into the wheel ; the water 
contained m tie wheel |)as.sanes 
will whirl with the wheel, ’and the 
water in llii' (^nW: will be at rest, .siue for the frii tiAnal drag gi\en 
to it by the resolving wheel. .As there is in flow, thevhanges 
in pressure head inside the wheel.will be«owing entirely to centri¬ 
fugal ai tion, and these will follow- the law already esplained on p. 645. 
i he pressure heads are sljown by the ijiaded diajuims nAv/ and 
ahed s if the water weie whirled in a* revolving open cup instead <5f 
in the wheel,Mie form ifi the v'ertical section of its .surface would bo 
that of the curves nJ and and the stale of, motiiJn is called 
a forced vortex. ,It will be noted from* what ha^been sauTbn p. 645 
that the condition for a forced vortes is tlwvt the whole ofnhe whirling 
water |>ossesse.s'the .sanfe angtilar velocity.' ^ 

Ihe conditions illuftrited, pi fig. 698 are realised in a centrifugal 
pump (Jften if the spee^ of the #'heel ^e iilsuflicient to cause th^ 
water to re.ich the level of tile mouth of the discharg’e pi|X'.- ln,such 
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a ca#e» there is, of course, no flow, ami hem e no wt>rk is done other 
than that against frinional resistances. 

IV®e vortex. A free \oric\ may Iw prcnlueed easily by 
with water a circular \essel ha\mg a ( cnlral |»lug, stirring the water 
and then drawing the plug The shape 
assumed by the water will lx.‘ found 
to resemble that shown in l ig. 
which has been plotted from (aleulated 
results. In such a vortev, the condition 
is that although inten hanges of kinelu, 
pressure, and jMiteniial energies may 
take place freels thr«»ughout the mass 
of \vater, the total energy per iKuind of 
water remains eonstant. 

In Fig. 700(a), AB IS a portion ol 
the surface of a Iree vortex. .\t an\ 

|X)int 1 ’, at a dislam t* v leet from the 
free surface le\el OX, and at radius 
.t feet from t)ie axis (jt the \oitex, the resultant R ol the I'cnirifugal 
force Fund the weight W of a parii< Ic ol water must cut the surface 
of the \orlex normally. 'I'his is owing to tin* lac I that tint surlace at 
B IS e.xfxised to the pressure of the alin«)sphcre, which is a lorce 
acting normally on the suiface 




Consider a mass of m ptfunds of witer at B. 'Bhe centrifugal force 
F will be i>oundals, where v is the \eio<.ity of whiil in feet per 
second ; tbe weighv W v’ll be poundal.s. HeiKe, 

• - W » ( 

F V-' 

X * * 

. Now', owing'to the change of [x^enttal energy into kinetic energy 
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caused by the water destrending through a height/at constant at*ios- 
pheric pressure, we have j/j _ . 


K 2/^f 21'' 


( 1 ) 


In Fig. 70o(/') another (xiint P' has bi'en taken very close to I’; 
r is increased now by a small amount <))', re|)ri'scnted by I‘V, and x 
js diminished by a i orres|Kindmg small amount (- &v), repre^mted 
by IW. The triangles nlV III I'ig. 700(a) and </l’T in Fig: ^oo(/>), 
are similar. Hence, 



W' 

<U‘ 

IV 


h 

al' 

!*V^ 

and, Inim (i), 

W 



1' 

21 


or # 


<'.i' 



-M' 

.1 


I.et S.v and beiome ier\ sm.ill, .iiiil integrate both sides, giimg 



I log, r log,.i+,, 

where <■ is a eoustant to be determined b) the given conditions. 
The result may be written 1 , 

1 '- ' , 
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Hi Fii!. 7or, ttalcr is ilisihiir^cd from a roCaliiij; wlioel into s 
circular tank, and allowed to form a free vorlev. If II is the lieiulv. 
in feet of the free surfaie Kvel alxne the wheel centre, K the radius 
of the wheel in feet and V its run sehx ity in leet |wr second, then 

k'-.'.cll, 


Hence, from (2), 


V' 

,1 V ’ 

2A'' 

V-'R- 


Hem e, eriiiation (’) heeoines, in this case, 

V-R' 


■(,!) 


This is the eiiuation used in plottinf; the vorti.es shown in 
Figs. 699 and 701. 

« 

In "Kg- 702 IS shown a wheel A surrounded by a ihainber It, 
which IS open to an ordinary loliite chamber ('. The water whirled 



f * 

out of the wheel moves through ijie cJ»mberH! in spiral stream lines, 
and the chants in I'ressife folio* th« fretj vortce^ law approximately. 
■ rl'his'is showrt in the^ pressure diagrams by the curves rd and dd'. 







by Atcssrs. Mallior tS: Phut, lor the purpose ol iiiiiit drainage. I 'J'hcre 
arc seven wlieels in setieN, the lust b ■ing that on the right-hand end 
of the shaft. 1 his punij) is eepaltle of delucring 2500 gallons |K*r 
minute to a height ol 2000 hei when running at 1450 tevolutions 
])er iinnule, and al)soil>s over u)oo hoise-powor at tlie spindle. 

Students desirous til tiiriher inlornialion in hydraulics are referred 
to the lollowing slamlard woiks-: 

UydriiuhiS, I’rol. A. H. (iihson (( 01.stable): (1^) IfvdtauUcs., 
IVol. U. Uinvin (black), (<) Hydrauhis, K. C. Pea (.Yrnold). 

•See *'Kspennicnts i>n ilie'laVuiency of ('ciUiifii^'al Putniw." liy Dr. Stanton. 
/‘/A. /wiA Muh. >903. P- 7?^. 

t “ The r.volution of-tlie TinVune l ump ’ ; tlopkmvm \ ChoPton. ]\ q (. Inst. 
Mtth. Eug., January 1912. 
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EXKKClSKS ON CHAE'IKR XXIV. * 

1 . A jet of water having; a scttional ana iA 05 Mjuaie mdi ami 
movinj' aitli a velocity of 40 t« et per i>c*<oiul iinpinjio on a (i\ecl flat plate. 
I'ind the presMire cm il)C plate when the jet makes angles of o*, 30,45", 

60" and ‘/d" with it. IMot a dtaj;iam showing the lelation of picsburc and 
anodes. . 

C. •Phejetof water in Oueslion i slides tanj;entMlly on to a fixed \aiw. 
Find the pre''snrcs on the following \anes, ^uen tli.it the tanj'cnts to the 
vanes at the leavin^^ ed^es m.ike angles with the jet of o', 30“, 60', <)o‘, 
120”, 150“, 180. I'lot a diaj^i.im shouin^^ the lelation of pressuies and 
angles. 

3 . A ji‘t of waKM issues hoii/ontalU fiom a tniin|»et onfiic one in< h 

diameter undei a head of 4 feet. It iinpin^tes nortn.dly on a flat plate ; > 

cmeulatc the pressiio* on tlie pl.iK* or when tlie pl.ite is led-din^j funn the 
oiifue with a velocitv of 2 feet pei sc-« ond, (/') when the pl.ite isappi'oaehmj.; 
the ontie* with .1 \elo< it) of 2 feet per sCMind 

4 . In ()uestion 3, (.duil.ite the woik done in each case'. I’nder what 
conditions of pl.ite \elo(it) would tlic'ii- he /eio work done? .Sketch a 
diaj^ram showmj.; appioviinatelv the woik done Ix'tween the hinitin^t 
velocities, of pl.ite ecju.d to iiiul of the same sense as the velocity of the 
jet, {h) ccpi.il to and of opposite sense to that of the jet. 

5 . An oversliol w.itei wlieel is supplied with 2 nihii feet of wafei per 
second, if the fall avail.d>le is 30 feet and if the efVic icncy is f>o pei cent, 
wh.U hoise-powet will be diwelopetP 

6. In an undeishot w.itei wheel, the w.itei is siipjdied undei a head of 
3 feet and p-isses lhroUf;h a sftnee 4 feel in width and 6 inches in hrij;hl. 
Calculate the rtovv thiouKh tlie sluice, takinj^ the cocfi'uienl of disc hat j;e 
to l)co6 Hence c.ilculalc tlic hoise powei d«.'eiopecl by tlic wheel if the 
gfficiciu) IS 40 pdP c ent. 

7. *ln a Toncelet waiet whee l, the velocity of the jot is 25 feet per 
second .incf tl 1 \elo< iiy of the* nm of the wheel is feel per second. If 
,!.e direction of iIk^jci makes an angle of 15' with flu* i.ingent to the 
wheel circumference at*thc cntiancc, what angle should the tip of the 
wheel vane m.ike with the same ^ingent ? 

8. In a I'onccict water wheel, the \«.‘loc ily and direction of the jel are 
the same as Hiosc“given ir Qfiestion 7 -'fclic tip of the wliccl vane m.akes 

*an angle of 28'’with the tang^it to the wheel circumfcrence. ‘Find the 
circumferential velocity of tAc wlicel. • • • 

9 . A . heel 3 feet in (li.iiiicter makes 250 revolutions per minute and 
has radiahvancs. ^Waicr flows through the v\heel from the rmtsiefe to 
the centre, and has a radial component of 6 feet per'second at the inlet. 

If shtjjjJ: is to be avoided, Snd and show in a^iagnim the direction angle 
of the enten ig water. * • 

• • 

10 . A Felton wheel is 3oJnchcs*in nyfin diainetcr and is su|j^)ied with 
water under a head of*i5oofcet. the,jei is r inch in diameter, find the 
best sp^ed in rtNolutions per minute of the w heel ancfalso the horse-power# 
dcfeloped if the efilticncy is So^^er cc^ii. 
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11. In a Girard axial-flow impulse turbine ha\ing a liorirontal wli^l, 
tfee internal and external diameters of the w heel at the inlet are 33 and 39 
inches respectively, the mean diameter boiii)' 36 inches. 'I'hc total 
available fall is 20 feet and the dehvciy edges of the guide \anes are 
I Synches alxH'c the tail race. 

{a) Kind the velocity of the water leaving the delivery edges of the 
guide vanes, taking the coefli< lent of veloi ity as 095. 

{b) The axial comjmnent of the velocity {a) is to lie 045 of the, result 
vou have found in {a). Kind the angle made by the lips of the guide 
bUdes with the hori/iontal at the mean diameter. 

(r) Calculate the flow of water through the wheel in lb. per second, 
neglecting the sectional area abstracted by the guide and wheel vanes. 

(//) What is the total energy per second available in the fall.^ If 
the efliciency of the wheel is 75 per cent, what is its prob.iblc hoisc- 
powceJ’ • 

(e) The mean circumferential velo< ity of tlic wheel is to be 0-5 of the 
velocity cahulated m (^r), and the water leaves the wheel with axial 
velocity only. 'I he relative velocities at inlet and outlet aic equal Kind 
the angles to the hori/ontal of the vanes at the mean wheel cucumference 
at inlet and outlet respectively. Draw the ciiive of the vane. Kind also 
the speed of the wheel in icvolutions per minute. 

{/) Kind the al)so!ute velocity of the leaving watei, and hence calculate 
the hydraulic efliiiency. 

{g) From {b), find tlie velocity of vvhiit of the entering water. 
Assuming no vvhiil at the outlet, calculate the couple in lb feet acting on 
the wheel, the work done by tins couple in foot lb per second and the 
horsc-j)ower developed by it. 

12 . In an axial-flow reaction turbine having a hori/ontal wheel, the 
mean circumference velocity of tlie wheel vane is 16 feet per second,' 
the inlet velocity of thc'Watcr is 18 feet jier second and the axial com¬ 
ponents u^ and Uq of llic velocity of the water at inlet and outlet aic cacll 
ccjual to 4 ji feet per second. 'Ihe watci is discharged from the'wheel 
without whirl. Kind the angle of the guide Iflade ; also the^ angles of the 
wheel vane at inlel and outlet. Kind the relative velocities tvi and Vu> a* 
tnlet and outlet, and calculate the change in prq*sur<? head in the wheel 
passages if the depth of the wheel is 8 irehes. 

13. if a plate is inserted in a iilrcam of fluid and held at right angles 
to the direction of tlic stream, Tie total pressure on'it iVcqu.d to the 
momenluhi per second which would pas-) tlirough its area if the jilaie 
were absent, mu’liplied by r factor which, for ihe piesent puijxise, may l)e 
taken to be 0'65. Kind the pressure u|x)n a plate 4 feet square due to a 
sleazy wind of 20 miles j>er liour.' (One cubic fcxit of air weighs 008 ll>.) 

(HE.) 

u. The r.adial v.uics of an under shot wat^.i wheel are acted ujxm by 
water moving at a .cUx ity of 45 feet pei second. If the quantity di water 
which reaches the wheei \^t second is 2 cubic feet, and if the vanes 
of the wheel are moving at c elocety of 22 5 feet per second, find 
(cl) the pressure of the wat^r on,lhe.'.ancs, (i.'q th^ theoretical efliciency 
.‘of tlic wheel and (<)'the horse-power tli^ wheel is capable of dev;elopin^. 
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as. An cxpenincnt with a small Pclton water wheel Ka\c results shown 
in the annexed table ; • 


1 

1 Mran 

j fCVS. 

1 

1 linn 

i 

Nec 
l<..lil .vi) 

l.r.U 

wtioel, 

Ik 

1 

llii<>ii,;h ill'- 
lijtbim-, in 
! 1 > |>cr 'ts. 

Sik;c»J 
ofio.in 
fl (Wf 

IVnplict j) 
•.!><•«?<! » hcfi 

in irtt 

l<f ..f. iiiiil. 

\ 

Kalti.. 

\ 

I ou) kinelK. 
fiifi,;\ of 
jri, foot III. 

Kin-itV taken 
up l>) It. ike j 
wheel, fiMil Ih ‘ 
})er vti. , i 

f. ^ 

: I 45 <* 

• 0 

: 3 ■'^7 






770 

1- 5 

4 20 






f/o 

M-i 

4 10 
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15-1 

4 10 





i 

; W 5 

19 4 

41- 





j 

i 1:1 

-’1 y 

417 






• 









Thr (ross-sectional area of the nozzle was 0000764 s(|uarc fA‘t. 'Mic 
mean (luinclcr of tlie wheel (< enirc to < enirc of Inn kcis) was 107 inches. 
'Die mean diameter ol the btaki* ulieel was 7-2^ imlus. hill in the 
(oIuiiMis Icll l)lank in tlic t.ible. rh*l a<nive showinj^ the variation of 

cfIkieiKy t)f ulieci wiili xaiiationof ratio Ai cordini{ to simple theory, 

that is, ncglci ling all losses, wh.it is the value of ^ which should give the 

maximum cftii leiv v, and what value would (his maximum efficiency be.^ 

ilkK.) 


16 . An axial-flow mipuise uirlnne is to be designed. Uelemnne, from 

the data given below, ilic angles of tips of the guide and of the moving 
blades. ^ 

• (1) Original head of water, 169 feel: 

(2) Head wasted in fii< tion in the ftinde blades, l fmit ; 

^ ( 0 Hc?ld wasted in the tail r.u c, 8 5 feet. 

The horizontal velocity of the wlieel hlad<* is to he taken as half the 
lioMzontal component of the velocity of (lie watci as it entcis the wheel. 

% (U.K.) 

17 . An inward-flow^tmbine, when lunning steadily, uses 40 cubic feel 
of water per second. I he w«iei enters the wheel with an absolute 
velocity of 45 feet per secomi, and its direction makes .m angle of 33 
degrees vvith. tlvc direction, of niotii^ of the wheel rim, it le.ives the 

• wheel vvitli an absolute v(floci‘|’ of 8 feet jfcr second, and its direction makes 
an angle of 112 degrees with the dncclion of motion of the wheel rim. 
The internal and external radii of*ihc wlftel arc i-6 and 2-8 feet re¬ 
spective'/. Wlvat horsc-povver is the turbine receiving.^ State the 
pnneip’^on wIticJi you calculate. ^Ikli.) 

18 . An, ouiw^d-flcvv turbine wheel has an internal diameter of 5-35 feet,, 

an <iw*ernal diameter of ^*50 feet, and u mal^s 250 rcioluiions per minute. < 
The wheef has 34 vanes, which may be taken^as 0-75 of an inch thick at 
the inlet, and 1-25 inches thick :^l th^<)utla. ^The head available above 
the centre of the vwheel /s 145 feet, and the wheel cxhaiAts into the 

• ajposphere, •The effective v.idlh of the w-flt d face at inlet and outlet w 

'l£ inaies, the CpMntity^of waftr supplied per second is 250 cubic feet. 
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Determine the antics of the tips of the \anes at inlet and outlet, so tfeat 
' the water shall leave the wheel radially. You may ne^'lecl alt friction 
l(f.ses. (HE.) 

19 . The wheel of a rentnfu^Ml pump is deluenng very little water; show 
in curve how ilic pressure vanes fiom insulc the wheel to a jwint 
some distance outside the rim. Show this when ihcie is a convidcrablc 
delivery (if w.iter. Draw the shape of llie vane of the wheel. (H.E.) 

20. 'I'hc radi.d sjieed of the water in the wheel of a < entiifu^'.d Pump is 
6 Vcct per second ; the vanes aie direi ted backwards at an an^lc‘or35 
decrees to the run ; what is the re.d velocity of the watei lelatively to the 
vanes Wh.it is tlie coni}>onent (>f this winch i> tangential to the rim 
When the water has left the wheel, what is its veloi ity in the tangential 
direction if the run of the wheel moves at 20 feet per second ? (H E.) 

21 . The rim of .a turbine is tiavclling at (ro feel per second ; 200 lb. ol 
fluid enter the wheel per second with a velocity of 70 feet per second \n 
the taflgenti.il direction, leaving it at tlic same radius with no velocity m 
the direction of the wheel’s motion. Euul the momentum lost per second 
by tlic fluid, and (alculate tlic hoi sc power given to the turbine. *(1 C E.) 

22 . In an invv.ud'flow tmbinc the sjieed of the vvhecl .it inlet is 0-657'; 

the velocity of (low, assumed coiU'lant tiuoughout, is 015:'; the outer 
radius is twice the inner radius, ami the flow at outlet is ladial v - 
whcie h IS the he.id above the tinbme centre l ind, in terms oS //, the 
ccntiifugal he,id m the turbine, the vclomy at inlet and the hydraulic 
efficiency. * tL.U) 

23 . A I’clton wheel runs at </x) levs. ])cr mm , its diametci being d feet. 

750 g.dlons of water per minute aic supplied fiom a hydr.iulic main at 
250 11 ). per s(| in at the nozzle. Kind the actu.d borse.-power, allowing a 
reasonable clficicncy for the wheel. Km<’ also .1 suitable value for d. 
Sketch the form of hiuket and shape of nozzle )ou would use, showing^ 
how the scclion.il area of the jet may be varied. (L.U.) 
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^ydraiUic experiments. laboratories e(iuip|>c(l for a|>pli(Hi 

mu hanu's now possess appai.itus suital)li‘ lor iari\int; out tAj)en 

mcnis ir^ hwliaiilns (ietieralK speaking, these .ire on if small 

.scale; to (.irry out experimental liydraiilies on a ptactH'al scale 

rcMjuircs \ery(ostl\ apj).ir.i(iis oecipning iihk h space, ounu; to the 

natnr<‘ of the expeiiinents. a js best lij lia\e a separate laboratory 

emirely®il Manpktuiess anne<l at In tins section, the exjien- 

menis described aie on .i small siale iisuall\. and are .sin h as may 

find a pl.ice in any nnch.inKal laboialory with goMl benent to 

the student. It must be borne in mind howexcr, that the e\- 

pcniiK'ntal results oi)iained \)\ sin h appaiaiiis cannot agree well 

witli those gi\cn by largi ^ apparatus I'or example, the results 

for the llow’ through a diaun lopjHr tiil>e 0 5 nuh in diameter 

could scaicelv comp.ircd with those-Woi a (asl-mm or steel 

#l\U‘r m.uii 4S nu lies in diamcier 1 his, Iiowcmt, doi s luH detract 

..eriousl) fiom the educational \aiuc ol the experiments, and the 

student h.is the S4\tisfacti(jn of h.umg the wh^K^apparatus under 

hi.s o\,.. conind wuhoi^^ the neeessit\ tor a multitude ot assistants. 

Apparatus for some general •hydraulic experiments. In h'lg. 704 

is shown a[)paratus m a eompac t fori^ lor ( naliling experiments to l)e 

^ made on llt6 flow of \.afcer*l[noi!gh oigh’es and (jver gauge notches, 

and .V 10 on the nowi-r aid efti< lein v of a sm.ill I’elton wheid. A 

' . • ' i 0 

IS a cldsed vessel siipiilieil wilh u.iter iruiii a pipe li liaving a 

regulatinj^valve Tlie |)yie li in^ule the vessel lias Us liiHcr.eml 

plugged, and is *jierf<)iateil willi .i miuilier uf rinall holes. 'I'his 

|X)rHg» is' sunotinded IS’ a gau/e eage.^ahi( li has the effect ol 

stilling most of the eddies m the cnterii^' .aater. In eases where 

the head in the ordinaryjjvatcr «nait»C msuTIkieiit for experimental 

' purposes, a puni|i m.ay bel used for deliv«ring Heater'under pressure 

i'nlo a! In tlit •autluir's lal*iraloj;y, the pressure of sujiply may 
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he 100 lb. per .square inch. Any head up to this limit may* Ire 
obtained in the vessel A by regulating the vahe and this head will 
be maintained steadily by the aetion of the air cushion in the upirer 
[Mjrt of ,\. If very low heads are requiied, an air vahe I) is opened, 
thus reducing the pressure on the surface of the water in .\ to that of 
the atmosphere. The head is measured then by means of a gla.ss 
Ijibc gauge IsK, which is eonnei ted to A near the top and botVrm. 
For higher pressures, the pressure gauge G is used ; this is graduated 
in feet of water. 



For experimetVs'm the flow ihroughMiifa.es, a flangfe J is secure^ 
to the tank and bra.ss plates having sarious^ onlices may h, bolted 
to it. The discharged jet is caught by a liaffle plate K, and is 
directed by it into the trough b, and thence into the measuring 
tank M. The latter tank hai'a small cOmpartmeiA at* one side, and 
the water may be directed into this or injo the larger com|)artnient 
as ret}uired, by moans o[ a swinging shoot N. ICach coniiiartment 
has,a plug and waste pipe, ami the larger hokls a known Quantity of 
water when the su'face is level with the 'poinf of tile hook O 

A small Pelton whetjl is situated at 'P, 'and 'is coithei^ted by 
means of a pipe to ;he tank and has a regulatilig cock Q. 
The exhaust water is ‘.ed by o pipe R .into the trough L; baffle 
, plates S, S, and a wire gfU/te-sert'en T get rid of any turbulence . 
' and ensure that the water will flow qi/ietly in the l;fl-hand pdrtioij of 
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I.. • The IVlton wlicol is fitted with a brake and a revolulinii 
counter for the liorse-ixrwer estimations. t 

The left hand end of the trough I, is filled with a gauge notch V, 
which may lx; exchanged for olliers of dilTereiit l>|ies. The head^of 
w.itcr in h m.iy Ixr measured hy means of the laiok'^.uige I’, winch 
consists of a graduated rod liacmgahiKik at its lower end and sliding 
verjic.iJly m a lixed tube. ^ 

Exi’T. 50.—Flow tlirough various orilloes. Sliiit the loik Q, li\ the 
required orifice at J and arrange the shoot N so as to discharge the 
water into the smaller compartment ol M. I’lug the larger coin 
(xirtnicnt, which slioulil he quite empty, and adjust the calve (’ .so 
as to secure stead) eondilltins at the iec|uired head. When steadi- 
lifts has been secured, suitih N occr so as to disi barge iiilo the 
larger conqiartment of iM, and note the time. W hen M is fiiV up to 
O, agaiirinote the time, and iccoid the duration ot the test. The 
ex|)eriment may he lepi.ilcd hy swiiihing die watei inlo the smaller 
compiirtmcnt, and tin 11 eiiiptciiig the huger, wliiih may he clone 
without any mtcrlcicnie with the actual How tiom the otiliie. The 
mean t+me of the two ccperimeiils should he t.ikeii. .Scveial ex¬ 
periments should he made under diffeieiil heads, and the resiills 
tabulated as folhm-s 


l-AI'l-KIMI'M ON till- Dlsf llCKol- I koM .IN (IKIIKI-. 


vf 

l-.iia 




\l .1 nf 

'Jllhc.r*. 


Hr».i of 


^ time 
/ sc. s , 

l^)| Ctllrlc 

feci 


V |>cr oih!, 

), 

’ c.iiim f<fi 


Cocfliciciit <if ! 
ell >c.fiat|[e, ! 

A^a-n 


., - , 

’■ Plot a curcc showing the relation of II and Q. Useful shapes of 
orifice are circular, s(|uare, reitangiilar, trianguhir, trumpet mouth¬ 
piece and thex Hyrda mouthpiece. tUire must he taken in measuring 
the dimensions required “lor lair iilalinjf the area A. In tl\e case of 
the trumpet orifice, ihexcoeftii teqj of dj^scharge (camel from the 
experiment will be the t-oefficient of cc-loi Xy. In the liorda nirruth- 
piece, asftmc tint the coefficient of contraction is 0-5, and calculate 
the coetfiT'ient ol* vel(»city from your ex|ierimental value of the co¬ 
efficient of discharge. TJius, 




ru = V,-=i-S^r 


■r 


j^xPT. 5i.-»Measttrement of c,, for I rouM oriSoo. It is difficult tc> 
Obtain Ibe coefficient of,contrjfction,by direct measurement of the jet 
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dianicler in small scaln exptrinionis. The followinj; method ma)«l)e 
i^sed to determine roughly the eoel'fii icnt t)f velin ity, and the t'oeHi- 
rient of contraction may be calcidati-d then from the known coefficient 
of rlischarge. 

•Use a circular orifn c under low head, which should he maintained 
very steady. 1 he curve of the jet is shown at .\IT! m Fig. 705, and 
• the dimensions H and It should 

he measured carefully. The(Ori- 
lii e Is at .\. .At any point 1 ’ on 
the lurte, the actual veUxrity r, 
will he tangential to the iiirve, 
and will hate lioriAintal and 
tertical components 7 Y and 
respectively. It may be assunj^-d 
i'k, 7»s (aro or.i Ktur'>.ar,, that v, is equal to the veloiity 
'■ with which the water leaves the 

orifice, and that v,, follows the law- of a body falling freeli.* Hence, 



if d and h ,ire the coordinates of I' 
Irom .\ to 1', we hate 

d rt. 
h Ig/' 

If II, is the head under wliii h the 


and / is the tune taken to flow 


(■) 

(^) 


w.iler leaves the onlice, then 


Hence (1) becomes _</ 

and d- c,X 2^'H I. 

1 tivision of (j) In (2) j^nes 

* d- ,,-/-x2eH, 

h ‘ 


(3) 


to li, tve have 


i.Ff- 

t.-’h, , ... ■ U) 

This lesult will be true for all points on die iturve. .\pp'p'''ls 

D- • 

„ .Ts-lln 

H- . 

rH,H’ 

.. I r 


Vh,u' 


I5) 


rile expennieiit snould be performed fijr three tw fout values of 
H,, and 1 > and ll measurty fiir each. The values of K calculated 
from each set of mcasin.'iitenls jihoujd agree lairly well. 

. FxI’t. 52. — Flow, over •;aug\! nStobea. ^ Close the, orifices at J ■ 
'(Fig. 704) by means of a blank flainje. Secure<the whegl*oC^e 
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l'eltt»n motor so .is to prestiU rol.itmn. (ift rradv tiu' mcaMnit^^ 
lank M m the previous i xpcnimnts. l-ix the exjM riinetital i;au^;e^ 
not! h at W Lv nuans o| a lon^ sict) sirai>tht etlge !aul on the sill oI 
the not<ii ami on the point ol the luK)k ^au^e I', and brought level 
hy use of a spmt level, find and note the zero leading' of the lioiA 
gau^e. Ojan and r<.-i;nlate llie loik (^) until the ilesired head is 
obtained in the trouj^h I. and ifie water is llouing steadily, bwul 
and jtoy the nuasuieineiu ol the water in M as diiei’teil previously.^ 
.'I'hc experiimni should be repeated lor several heads and the results 
tabulated as jbllows. 


I-APIUIVIIM (IN nil I I o\V o\ ru A (.\t (.K NO'K H. 


Kvjii 


I Ditir,., ^ M.-„| I l,,« 

k 1 ‘f.. I HI 'I.MIS li\ ' III tlDI.- 

' - •• f Ilf , h...>k / ■- 


I'lli II |] • ^ 111,1 ( I, . Il)'l' 

‘irrt 


< I ■< I1j< II III i>( .liM. Ii.ii^r 

V j lOit.M-p.I.I 

. I IImI.Ti, * 


11* 


<1 <1 .i.iind ; 


I'lot a I line for eai h nol( h slioum;; the ti latiiai ol i) and 11. 
I’selul notches for evpenmental puiposes are triangular, having 
angles of tp and ho’, reetangular, having two side i onlrai tions, 
another having a vertua! p!at(“ fuieil so as to give one side con¬ 
traction and a third having two su< h jilaies in order to (“hnnnatc 

side contr.K lion. • 

» 


i -- 



lixPT. 53.— BenioaiUji law/ In (it) is sliiiwii a bwx A of 

varying cross-scstional dimensions ^ind' fnt«J with, a );lass panel on 
' the ffont'iitle. Wijtcr under a^’given, h< ad may be supplied from a 
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tank 15 fitted with a glass tube gauge C. Other three tube (fauges 
are loiineeted to A, and show the pressure heads at ii, b and r. As 
the bos A is hori/.ontal, there will be no change in potential energy; 
hence, neglecting friction, the sum of the pressure and kinetic 
fiiergies at <r, b and c will lie eipial. 'I'hus, 

, r'.i’ , t-V." , r’c ! \ 

* -- /tj, H— - he-i- , .(t) 

2s" 2,c tx 

• » 

where h,,, hi, and /(,■ are the heads in feet and v,„ Vt, and are th» 
velocities ill feet |)er second at b and c respectively. 

//„, //(, and //,. are given by the obsened heads in ihe glass tube. 
Kind the ipi.intity of water flowing jier second by measuring the time 
taken to discharge a given iniantity ; let this be (,) cubic feet per 
second. .Measure the cross sectional areas Ai, A,, in sijuare 
fecA, at II, b and c respectively. .As the same iiuantity passes each 
sectitiii per second, we have 


Subslitiilioii in (i) gives 
()■’ 


Inscit the observed iiii.mlilies in eqii.itioii (2) and note the 
divergeni e from strict ciiualily in the results. 

K\fi. 5.).—The Venturi meter. .\/small meter of this type is 
illiisiraled 111 Kig 707. The axis of the meler is arranged hori^ontijly 
in order that the poluijlial eneigy of the waler 111,ly remain constant. 



* 



Sictwn vKy 

Stetwn CO* 


Hi»7o 7 —Se*tion\ of a Venturi meter. 


'I'lie difference in pressure heads at the sectiiias .AB'and CO is 
measured by nvtans of glass tube gAuget* con«aining ^'ater or by 
means of a glass U-tiibe containing mercury, jl'he t»eter is con¬ 
nected at E tD a wateA stpiply, and the Klischarge pij'e, iStfinected 
to the meter at F, shJuhJ have a regulating valve fitted. Discharge 
takes pkice into a measuring* fankXir int^a tryugh fitted with a gauge 
notch. To maki; an e.xperiihenl? maintain steady tjie pressure-head 
difference as shown by the tube gauge, and^measure the fly* iti'^ubic 
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feet {ter secoiul. A|)|)ly ymir results to eqtmlion (y) (|). 596), and 
so ascertain the value of the cocrticient winch must he applied to the^ 
right-hand side. Rc|X‘at the evperiinent with several difl'erent rate' 
of flow, and obtain the ciK'lhcient for each. Plot curves showing 
(n) the relation of the flow in cuhic feel |>er sciond and the pressur# 
head diflerence in feet . (/>) the relation ol the coertH'ient and the 
pressure-heail diflerence in left. • 

, Ivtfi'T.* 55.—The critical velocity In a pipe. I’rof. Osborne Reynolds, 
has shown that, when water flows in a pifie, the motion may he 
steady, r.c. free from eddies, or unsteady, 1 <■. sinuous or broken up in 
eddies. The critical speed is that at which the flow ceases to he 
steady; at higher speeds the water is hioken up into eddies. In 
Fig. 706 (^) is illustrated a simple form of ReynoUK’ ex])eiimcnt, 
vvhifh serves to illustrate the iwnnt. A test tulte of glass. A, having 
a liell-moiithed entrance, is inclosed in a larger closed glass l^he H 
and discharges into a sink. I! is sti|i|ilied with water from a pijrc C 
having a regulating valve; two gau/e screens D serve to prevent 
turhuletice in I!. A small vessel Is contains a coloured lirpiid (red 
ink serves well), and has a small glass tube which enters H and 
discharge a fine band of coloured li<iuid into the bell mouth of A. 
At low velocities of flow through it will be found that the coloured 
band will travel unbroken throughout A. If the velocity be increased 
slowly, it will be found that the stream becomes broken up at a 
certain velocity, thus showing the presence of eddies. 

Reynolds also investigated the laws of resistance for these different 
methods of flow, and found tl)gt the resistance varied as the speed at 
speeds Irelow the critical value. At sper ds higher than the critical 
value, the resistance varies as some power of jlie speed, approximately 
tl\p square. * 



Expt. 56—Frictional r»alitM(»* la a plj». 'Tie apparatus illustrated 
in Fig. 708 consists of»a strjight p*^ AB of as nearly uniforA) bore as 
is p*tsitjle (soKd drawn copjier or brass dbes well for a small scale • 
esflfcrimertt), connfeted, to a.*tap «t A and discharging into a 
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measuring vessel C. The piire is arranged horizontally, and is»con- 
,nected at I) aird K by means of rubber tubing to two open tojiped 
glass tubes F and (I. A scale permits the levels of the water in 
the glass tubes to be observed. The connections 
at IJ and E are shown in more detail m Fig. 709. 
A collar having a recess inside is soldered to the 
pipe, and has three screw plugs and a nozzle for 
connecting the lubber tube. Four very imall 
holes, two of which are shown in Fig. 709, are* 
bored through the pi|)e so as to connect the recess 
in the collar to the intenoi of the pipe; care 
should be taken that no arras is left round these 
holes on the inner skin of the pipe. The water 
rises to heights in the glass tubes proportion.'^ to 
the‘pressiiies at I) and E, and the difference in these heights gives 
the Id.iS in pressure head due to fiictioiial resistances. 

Measure the diameter of the pipe; this m.iy be done by use of a 
taper gauge inserted into the pipe end, or by tilling a measured 
length of pi|)e with water and iciiioving the water to be weighed; its 
volume may then be found and the diameter of the pip^ may be 
calculated. .Measure also the length of the |)i|)e between the small 
holes .at D and E. Turn on the water gently, and adjust the flow 
until steady conditions are attained with the desired difference in 
levels in the glass tubes. Care must be taken to get rid of air from 
the pressure gauge tube connections. At a noted time, turn the 
discharge into the measuring vessel and note the time t.aken to 
discharge a me.isiired (piantity of vfater. Reiicat and take the 
average of the two tunes. Repeat the espenment several time.s, 
using diflerent velocitic*. of flow, and note the ckfferencc in heads 
and the times of flow for each. Tabulate these as follows . 



Kk. 709. —Sfi (H>l) nf 
prosiHrc (.ijiiii»'< 


KXPKKlMl'N'f ON TIIK I'KKIIONAI, Rt sis I \NCKS J N V t'll'K. 
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U is useful to c\[)eriiucnt on two pipes of (iilTercnl diameters. 
Very fair results may bo oljt.iined b\ use ol solul dravsn eoj)p'*r tulx;^ * 
of j inch and ] inch diameters on a length I. o( 5 leei 


Kxit. 57.—Lom of bd&d at bends. 1 he apairatus is shown in 


Fig. 710. 'i'hc riglit-angled Ix-nd 
Alf is supplied with water at A 
from a tap and diseharges into a 
mts-fiiiftiig vessel ('. ('ollarssinnl.ir 
to that in Fig. 709 are soldered 
at the beginning and end of the 
curved [)art, and ari' connei led to 
two glass tubes 'The diffc lem e in 
level shows the loss in head, 'i'he 
pijH,‘ is arranged hon/onlally in 
order th.il there shall l)e no ehang<‘ 
in the {X)ieniial energy of the water. 

Measure the bore of the pip<- 
and rtie radius of the bend, and 
find the (low in the same m.inner 
as that^used in the previous e\- 
j)eriment. Do this for seveial 
(lilTereni velocities of lh)\Y, and 
taliulaie. A coefVu ienl lor the Ik 


# 



>ic. 71.1 VpiMi.iios fiT mr.»'uiitin ll*« lo" 
lx 4 lt .11 A Itrilll. 

,ul liisl may be luiirKl fioiii 






r' 


'I'his rc'.ult c’t^resMS tlir luiul lo^t m Irftis (if the kinetic energy 
llie fl()« ing walei 


l',>yi.ki\irNi oN’piii. lli-Mi lO'i Ai,\ JiiNii. 




1 iia^icter^ 

K.xiius 


How 111 

1 Duration 

ul jri|>e, •, 

1 'if lieii'l, 

Ill plfSMIlC 

lieaii'., 

/« fert 

limi- / so , 

1 i/f trsl, 

./ ffCt 

I K f.-el f 

1 ulf It. 

/ '.rr 

t . 

i 

1 

1 

• 

• 

^9 

• 

• 

9 


4 How ‘ 

ft-*' 
X* 


V( i.«.u> or 

stream, 


* A 




Vjihie or 1 1 

U’/i 


4 
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lixPT. 58_liou Of hoad at an olbow. 'I'his experiment is caraied 

^ut in the same general manner as for a bend. If the pipe AKC 
(Fig. 711) is cut from a piece similar to that used 
in finding the frictional lo.s.s in a straight pipe, the 
frictional loss //, feet per inch length of pi|}e w;ll 
be known. Measure AB and BC along the pi[x; 
axis in inches, and let the sum be /. 'I'hen the 
frii:tional loss aijart from shock loss at the, eljsow 
will be feet. This should be deducted from 
the difference in head shown in the tube gauges, 
and the result will then be the shock loss. The 
calculations in reducing the results are similar to those for the bend, 
and the value ol c is found in the same way. 

E.XPr. 59.—LoBsea at sudden eularKements and contractions In a pl^. 
The agpuratus shown m F'lg. 712 consists of a ]iipc .AB having both 
ends plugged an<l smaller pipes .AC and HI) filled to the plugs. 
Water is su[)|)lied at 1 ) and is discharged into a measuring vessel at 





« • 

C. Theg'c is thus a sudden* f'lilargeiigau'at Band a'sudden con-, 
traction at -A. ,' 1 'he pressure lii^ads are measured at E, F’, G, H, K 
and ]/; collars rcsembliiig that in Fig. 709 aie titled at these places 
and,are connected to six glass 4 ubes having gradug^ed sciIKss. The 
following record o(an actual experimeiit'will.illustmte thoTjiethod of 
« recording and reducing the results. ^ , , 

The pipe diameters wire fttund by filling a meas'ii.^l UTlgth of 
pipe with water, and tht a»eas ,A, and A., of the sections of the small 
and the large pipe respectivel)* wefe cal^ulatejl then. These were 
.found to be .Aj -0^00,531»and A.,*-o oo3S6 .stpiare fg;t. The pipe • 
' lengths are given in F ig. 713. 
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• Observkd QI'ANTITIES. 


No. 1 Heads in fcei above pi|>e 

cenire,-Nho»n by jr*un«v 

Kli>w in 


01 j - —— - 

-- 

- - -— 

— 



Teki. j A,, A, 

A,; 



(^1 iubii. feet. 

/ wi-orHiv 

20 • 2-875 j 2-633 

2-775 

2-775 ' 2-775 

I- 2 I 7 

oof 



Il will be noted that the pressure is lower at K than at G ; this k 
• owing to the formation of violent eddies at the sudden enlargement. 


i .. V -::- 'i'e 1 

|f 8-• + ■ 4 al>- 4 -»- 14 --i^ 4 -.^I' 5 (.. 

# f ifx. 713 Scciion of (h« lulnt ishown ii> F n{. 71 j. 

« 

Ihe pressures at G, 11 and K were etpial so far as could Ire detected 
by mean.', of the gauges employed. 'I'he absence of violent eddies 
at K is shown by th<‘ pressure there being etiual to that in the body 
of tlurlarg^pipe. The velocities of flow are as follows : 

Flow ja'r ,sei ond = Q = 0'00242 cub. ft. 

Velocity in the small pi|)e = r/, = = 7.32 feet per sec. 

N’eloeity in the large pipe ' n.,-^^- = 0'628 feet pet sec. 

'I’he pi[)e being hori/onul, there were no changes in potential 
energy, and irres.sure anil kinetic energies alone are considered in 
the following calgulalions : • 

* . SUIll/EN E.NI.AKC.I'MKNT. 


1 

1 Vj>locui j 


ft per sec 1 

No. ! 

, 


toof 1 
Test, i 

1 

at K. 

•lit;. ! 




20 : 

7-32 

0-628 


Ktnetic enei|[i« 4 , | 
ft. lb. per poiinil 

I'fvssurc energies, 
ft.-lb. per (louiid. 

TtRa) energies, 

1 ft -)b fei pound 

Knergy 
wasted, by 

eapt., 
ft- lb. per 
|K>und. 

at 1 % .Tt 

r.,^ i V • 

j V 

at K. 

A, . 

• 

' at G, 

■ '^t,- 

at K 

at (». 

0-835 000615 

- - — 

2-875 *2-775 

- 5 - - * - - 

3-71 

■ 2781 

r - 

• 093 


1 lie energy wasieu may oe caicuiateo irom tne eijuation given on 
p bipand the re-jlt com[)ared with that found by experiment. 'Uhus, 

. {r* I* 

En^gy wiyited^per lb. of water = '-.I- iL 

^ y' • t ^ 

^9 _ foot-lb. 

^ f , .#* 64-4 

Ratk) ' w fite« . 

, ’• • calculated^wastCj ' 
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SuDOKN Contraction. 


F 

Velocities, 

1 fu per sec 

NoJ .. 

Kmctic energies, 
ft. ill. per pouri<). 

Hres-sure energies, 
A -lb per pound, 

Total energies, 

A.-lb per pound 

Energy 
wasted, by 
expt, 

A -lb. i>er 
pound. 

'i 

At J/, 

F’t 

at K, 

•U'’ 

at 1, 

f'l* 

at K. 

at L. 

K- 

at K. 

at 1. 

i20 0-628 

7’32 

o-oo6 1 5 

0-835 

2775 

1-217 

2781 

2052 

b-775 


. cncri^v wasted, bv 1 A|) 1 , o-72i) 

Ratio, ^ -t.-s '---O’Sn- 

kinetic energy at I, o-'S ;5 

Hence, isncrgy w.isted O iS73^ ' foca |b per lb. of water. 

('oni|iare tins restill with tbe equation given on [i. 620 

lixl'T. 60. Pressure of a jet impinging on a plate. 'I'be 
apfiarattis used is ilkistralcd in Fig. 714. A tank .\ is fiiinisliod with 



a trumpet mouthpjece B-in the'iiottong'and discharges a vertical ^ 
downward jet. The head may_ be observed by-means of'a glass 
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tut* C aiij i\ uriiduntfcl ‘.caU-. I'lif luad is iiiaiiilamt'il Kinslaiu 
during the e\|)erinicnl. The )et miiimges on a |ilalc I), »liuh if 
screwed to the end of a ludunce beam I'i. Iriiiiililniuni ol K is 
secured by nuning the lountcrpoise K (! isa cjhndiToi innis|>arcnl 
elhiloid, arranged so as lo latch llic waste water and dehvc' it 
nto a sink. * 

In making an cxperiincnl, it is best to pioieeil as lollows. I’lace 
. kiiown weight, sity o-r lb, icntrally on the |ilale D, and move the 
duntcri«iise until balanie is teslonil. Reiinwe the weight and 
urn on tlie jet, giadiially iin n asiiig the he.id until ciiuilibrimn 
if the balanie Ik am is resioied, I he |iirssiiie on the |il.ile will 

low be o » lb, and the head II I. ihi stiil.ue le\il in the lank 

0 the le\rl III the plate should be noted I he e\|K iimeiil 
.It^iuld be repe.ili d lor seM nil dilVerenl piessiiii-, and also loi 
,e\eral pi.ties * 

It IS Useliil lo hasc a Hal plate, a lieinispheiieal i iip and a i up 
i.iving a bp angle ol .15'. lani.itions tor these ate gi\i.n on pp. tn'y 
mil tjiO. and the espertiiieiilal raluis ol the piessutes should be 
'oinp.ir(al with the eaii ul.iled \alues. 

rile How ol water teac lung the plate pi r seeond should be loiind 
ly a se^ir.ilc ,eiies ol nets on the t.iiik oiil'iie 'lilts senes should 
iner the r.iiigc ol heads used in the abine cspei iineiits, and should be 
■ariicd out in the same in.inner as lor the disi li.iige Ironi an oriliee*. 
•rom die results ol this senes, 

I.et M - mass of water dm barged under a head //, leet, in ]ioiind.s 
|ier SCI. , 

' the head orer the plane of the orifice, in feet. 

/r,-|he hfiglit from the plate to ihcMirifiee, in leet 

• 7’ = the \e!o( ily of the water reai lung the |il,ile, in feet per sec. 

Then “ W-zii+Z/.. 

• ■Also' r' = s^2i,dl, nearly. 

• • 

Momentum reaching the plate |ier second ^ .\lrr 

s* • ’s. -Ms'z;3I. 

'I’his result will Uke tht^place of tiie e(i«atioiis given on 

635 and 626, and will enaldc the pressures on the various platen 

.0 be calculated • 

* • 

Expr. 4 i. — HoiTM-poweti afflciency of t Felton wheel Tig. 715 

illustrafls a .blnall Felton wheel s[>eci»lly cAistructed forexperinienta! 
work, i'here is one no^zle only, and the sap^y of water is controlled 
by means of a ncedje valfe. ')*'he* 4 )uckels are of the r)*ble type, 
♦ shwd to reijeive the jet* with liftle shock ^s possible, and cut 
av^y af^he entTa«ce edge as^shovyi in the side elevatitjn, in order 
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that the bucket entering the jet may do so with the miniiraini 
disturbance. 'I'he extiaust water is discharged from the lower part 
of the ca.sing into a trough having a gauge notch, thus enabling the 
water consumption to Ire measured. 

•The brake horse power is measured Iry a simple |)attern of band 
brake, consistirig of a band lap[)ed round half the circumference 
of the brake wheel; the ends of the Irand are connected to a 
pivoted wtKiden lever which is under the control of a .siring 
balance. A revolution counter driven by the shaft enables the 



wheel S|)eed to be measureil. Provision is made for running wate{ 
into the interior of the br.ake wheel should it show any tendency to 
become hot. 

The supply water may be taken from an orerhead tank, or from d 
tank similar to that in Kig. 704. In the former case, the head H feeV 
may be measurer' from the constant suiface level in tne ta.ik to the 
level of the jet; each pouttd of water leaving the'no//le w-!' ;Kissess 
H foot-lb. of energy, neglecting the frictionar waste in the pipe amt 
nozzle. In the latter case, the head H feet In the tank (Tig. 704). 
may be mca,sured by means of^a pressure gauge, and, .-.s the water in 
the tank, is practically at reit, this hard svill re()resent the energy, 
supplied to the wheel per [round of water, again neglecting friction in 
the pipe connecting the t«nk to the wheel casing as well as the friction 
of the nozzle. 

Sometimes the arrangement consists of a.;,owe.-dri\on centrifugal 
pump, which delivers water to the nozzle of thesPehon wheel without 
any tank intervening. In this case, the pres.rure he.ad i., feet of the 
supply water may be meaisurod by means of a pressure gauge con¬ 
nected to the su|)ply [ripe. Tro..i a know.edge of the diameter of the 
pipe at the point of coniKclIoii oPtho gauge and also.of the flow of 
'water, the velocity v feet per secondsmay be calnuiatcd, asu hepc'e 
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the kinetic entT^'y — foot-lb. [x.*r jHJund of water may l>c found. 

-.C f 

Suppose also that the jx)int of eonnedion of the gauge is h feci alx)vc 
the no/zle Ie\el. I'he total energy of su|>ply will then be 

H ^ pressure energy + kinetic energy + [HitcnliAl energy 
^ 4-//^ ftMU-lb. |>er (>01111(1 i»f water. 

('onstants reijuired m reducing (he results of the tests are tlu* 
i.idius R, feet from th<‘ ceiitie ol the wind to the axis o( the jet and 
the r.idiu-s from liie wheel ienlK* R.j leet at whuh the biake sjiring 
balance cmtIs its jaill. We also liavc 

• f r ' - 

Velo< it\ of the jet V, - - o o.> to o pss .\cl 1 h‘<“t (>cr sec. • 


Lei N be the revolutions (u-r minute, I’hen 

* Veloi ilyof the bui Kct \ , " h'et |kt sec. 

If (Ife brak(' is of the t\pe shown m I'lg 715, and if the spring 
bal.uK e is e\( rting a pull I’ lb, then 

Rx :7rR,x N 
I!.tl 1’ - • 

p;ooo 

l,et U ilie flow III jtouiids |k 1 mimile. 

Then Lneig\ available in the suj)|>iy water - WH loot lb. pel imn. 


Mor.se-pow{ r suj)phe<l 


WH 

33000 


Actual elficiency • 


JI.K.P. 

w 


•^.;ooo 


I’x A-R„N 

= Wlf 


To make a series of tests, maintam coiis&nl the head of the supply 
water ai.J keep ronstant the settlin' of the needle vahe; the flow- 
will theit be eonstant, as Indieateci by the gau(;e notch readings. 
Put a gii’en b^d oni the hriike and read the revolution counter , 
every iTlini'.!- lor, .say, file minutes. .Thi'^eomiiletes one test. Alter 
the brake livad and again note the revoljitiftns; this process should 
be repeated until Jnloriflatiom h»«*becn obtained regarding the 
revolutions [^r minute dorrespr^ding t(* brake loads ranging fronj 
zJ-S mnto a load wind) nea.ly stops the wheel from rotating. Jt 
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new series of tests can then be made by altering the head of othe 
5ui)[)ly water. The results sliould be tabulated as follows; 


'I'KSTS ON A PKLTON WHKKL. 


^S|K-r(| of 
N’o I whtul 

of I in revs 

'1 est 1IM-T mill ,' 

1 N 


Net 

br.tke 

III III , 

y 


'I otj) Water 
hear! supplied, 

nvailalilc in ll> |>cr 
III fret, minute, 
H ! W. 


Kiicr«y 
.availAlile, 
ft -11) i>er 
minute, 

VVH 

15 tf P. 




Vi lnclt> of ji (, 
III fri t p« r H-i , 

Velocity of 

1>U< kf*t8, 

'V 

in ft < l per sec , 


Ratio, 


Vj' 


IMot the ii.n.r. and the revohiiions per minute; jtlot aiso the 
etheiem-y and ratios 


KXKRCISKS ON CHAI’TEK XXV. 

1 . An experiment on the (hschar^’^e ihioiigh a round ontice in a thin 

vertical plate g.ixc the following; results : Diameter of orifice, 0-5 inch* 
head of water over tlie c ntie of the oiifice, 25 fee^ ; time taken to 
(lisciiar^c 450 poundii of walci, 216 seconds. Find tlic cocflicicnt 
discliarge. • 

2 . A veitical jcL dischar^etl thiouKh,.a trumpet oiif-ce i inch in 
diamctei. Under a head of 22-68 inches of water, tlie discharge was 
found to 1)0 11: pounds m 31 seconds. Find thcvcoenicicnl of V'eiocity. 

3 . In an eNpenmental Boida mouthpiece, the internal diameter of the 

tube was 0-89 inch. KxjHuiments wcie made undei heads of i-6 and 
2-12 feel, when the dibch.irge found r«» be 450 pOuitd/s in 314 and 

278 seconds lespectivcly. Assume the cfietficicnt of velocity to be 098, 
and calculate the cocflicicn^ of <.oiHr.u tion in bach case. 

4 . Experiments weic made on the discharge over a 90 dcgier* V notch. 

At heads of 0-123 0-165'feet, die times taken to, discharge 

450 pounds were found to be 537 and 259 secondb"resj>bctuely. . Calculate 
the values of the twffu lent of (lisrhargc. , ♦ 

6. An experimental rectanguFar gauge notch, 4 inches lohg, 'uad both 
end contractions sul)prc^'seA l)y means of vertical plates. At heads of 
o-o8 and 0093 feet, the limes talceuao disch-irge 459 pounds were 296 and 
240 seconds respectively. <Calctilatb the values of the;., coefficient of 
" discharge. 
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^6. TIic following mca>urcinents were nia<le in calibmlion le^^^ on a 
small Venlun meter Diameter of lul>c, 0-75 inrh ; diameter at thro;it. 
0375 meh. , 


lyt.nl 

aisch.krge, 

g.ti!on\. 

1 in>e 

wundn 

i iiffr-rcncf in lie.ids 

Iru 'f ' K r^t o( 

iHcruu) j w.ni<-r 

<iiv liar^v, 

k’<* 

cubic fr«l |>pr 

1 ul 

«liv li(«ruc, 

<,> 4 ul>ic li- pet s®i 


f> * 

775 





• 

30 

.SM 






30 

37X 

4 





30 

33« 






30 

3«7 

b 





30 

2 b(; 

8 





4''. -,l 

3'’’5 

10 





46 ^1 

4 b ^1 1 

3i4 

3'« 

1 2 

.4 




» 

_ 








(• ill in the < oUlmn^ left blank. 1 * nul the a\ ciage value of the < oetVu lent 
( I'lot a rurve showing the rclatuin of the a« tual (li''th.i!ge in t ubw feet 
per sclbncl .nul the ditfereiue m picssuie he.uK m imhrs of incrniry. 

7 . Kxpenmcnls were made on the fiu lion.al loss of lic.ul in .i smooth 
solid dr.iwn cop})er tube, 077 iiu h boie and 5 feel between the gauge 
branehes The following obsenations weie ina<le • 



, How 1,1 

1 

4.,, 1 

1 OSS ..1 ll. ,.|. 

! V'clix )tv, 

„ I 


l; ill'His 

1 ^ * 

iiiclit c >•! w.iter 

feet i>er 'cc | 




1 

$ 


* 

i 

' 11)113 

S(. 






!• 

4; 

276 ,1 



• 

3C 

! 5 

35 

7 5 b 



4 


i ^ 

3!< 

ibb.S 




/'31-. 

4 

'V • 

27 2 

• I 



L.C>3' 

\ ♦ " 

47 

62 ;6 

• 



b 

• 



' 



Fill m the blank, rolumns ; * is the (oeffuienl in the Che/y formula. 
IMot a curvc^howjng the od.ition of ti»«- heads lost .met the velocities. 

8. Two ])Hv'es ef sntootl* solid d^■*^^n 1 opper tube, 033;^ inch bore, 

were sohlen-d together sti .is to fonn .1 nuht-.ingled elbow. A gauge 
brnmh was alt.u bed in each poitum .it 4 iji< hes froifl the junction In 
one exfMVimcni.ilie ditference in J,'e.'<| was 8 mclies of water and 5 |x)unds 
of waieT*passed«in in seconds. It was known liial for a 

St..light pipe of ihe^b. me Uire and m.itenal. Kv^iress the head lost at 
the oiboviw,.,* 101^15 of lh<? kinetic energy |m^ i>ound of water flowing. • 

9 . In the apparatus lUuslr.ited in Kig. 7|*4^or deterniming llic pressure 
cm plates, preliminary U^ts sljowj^*lhat tfle (oefficient of distharge 
through the trumpet oi dice had av^r.ig^’ value of o 888. *i he 01 dice is 
t/'f5 inch dianipter. Tests wcjC made on three pVitcs : A, a flat plate jit 
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90 dej^rees to the jet; H, a hemispherical cup, the jet discharging int^ tts 
centre ; C, a cup having its sides at 45 degrees to the hon/ontal, the jet 
^ (discharging into its centre. The following observations were taken : 




Head of water. 

01>^e^ve(^ 

Kxpt. 
No. « 

1'l.ne. 

to plane of 
orifice, 
h\ feet. 

to plate from 
orifice, 

//j feet. 

pressure 
on plate, 

fb. 

I 

A 

1-972 

0*028 

0-07 

2 

A 

2*232 

0-028 

0-08 

3 

A 

2-542 

0*028 

009 

4 

11 

1-572 

0028 

0 ro 

5 

1 ! 

1-672 

0*028 

0 11 

6 

H 

1852 

0028 

0-13 

7 

C 

1-672 

0*028 

o*o8 

8 

c 

[•802 

0028 

0 0(J 

9 

C 

1-972 

0-028 

0*10 


F'lnd the pressures on the plates in each case by calculation. 



TAHLKS. 

Useful Constants. 

I in* h • 3 I ( cnhtncires 25 4 tnilhrnctres. 

I incUc 59 37 iiK lu-s. 

5280 f(‘ci I mjio. 

6 feel I f.uhoin. 

(liintcr’s ( li.iin feet 

80 (Iuntei\ «li.iins 1 niilc. 

I kiloiiictn' o (■>! t niilc 

r s(jii,itc in< li 0 45 s'ju.nr < nilirncUc'' 

I S(jl 1 .HC IJlCttC I 530 MK In‘s 

t (nl)ir mill i6 3<^(u1)I( 

I < n))t( incite 6t.o:3Mihn nn lies 1 308 ( ul)ir\.n(]s 

I litre - - [fx>t I ul)ic «rntunetM‘s I 71^)2 |miU. 

I i^rillon o-i^'3<iiki< f<M)| 4 !;41 liticb 

I Inishel - 1284 ( ul)i< feel 

I ladi.in , 57 3 rlcKiecs • 

JT 3 -' 4 if>- 

I Knot - fx>8o fyel pti liour. , « 

f)0 niilcs ))cr liout -x mile per minni'’ - 88 feet per sc< *ln(l. 
t’^he v.'Uuc of t; at Lon(l<si = 32 182 feet per '>C(\ per sc( 

I 

One pouiul a\oii(lupois 7000 f,Tains- j|53 6 f^rains 
One kilograri = 2 5 o 5 |»oumJs ‘ »| 

One gallon of pure u.iter atp2'r weighs 10 lb. 

One cubic foot of pure water at 62' K. Vciglis ^-3 lb. 

Weight c^ri jKiurd^ m London -445,00(3 dynes. 

One cubie^foor of .-^r at 0’ ;sk 1 f atmosphere pressure weighs 00807 h). 
One eubic f(K4 of byd/rgen .it o'C. and 1 atmosphere pressure weighs 
o-o^S9;\.^ • / . ■ 

I atmosphere = 14 7 lb. per sjjuare inOi, • 

- 2116 lit per i^uarc f')i>t , ^ 

^i<j* ^yncs per square centimetre ncar/y. 
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I kilogram per square centimetre = 14*22 Ib. per square inch. ^ 

A column of mercury 760 millimetres (*30 inches) high produces at 
* its base a pressure of i atmosphere. 

A column of water 2*3 feet high produces at its base a pressure of 
^ I lb. per sq. inch. 

t 

f foot-lb. = I-3562 X lo' ergs, 

t mctre-kilogram =7'235 fool-lb. 

I horse-power -^33,000 fooi-lb. per minutc = 746 watts, 
t horsc-powcr-hour-= 33,000x60 foot-lb. 

V'olts X .impcres - watts. 

I clcctiical unit --1000 watt-hours. 

I H.T.u. -• f; Ib.-degrce-Ccnt unit ^ 

, —252 gram-calones. 

Absolufc tcm)>crature t = /“ €. + 273*7 
= f I'. + 461. 


Joule’s ccjunalent 


f 778 ft -Ib. in T.U 
1 1400 ft.- 11 ).-• [ lb.-degree Cent. unit. 


To convert common into Napierian 01 liyi)eibolic loganthms, multiply 
by 2*3026. 

The base of the Napierian logarithms is c = 2*7183. 


Table of Coefficients of Linear Expansion. 

(These are given as the increase in length which a bar of unit IcnglR 
undergoes when heated through one degree Fyhrcniicit.) 


Steel alloyed with 36 /( nickel 
Wrought lion and mild steel - 
Cast iron, - 

Copper • - - - - 

Zinc - . . . 

Brass. 

Phosphor bronze * 


0000000483 

0*00000673 

00006063 • 

^-0000096 • 

0-0000162 

0*0000105 

o-doot)^p7 
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i77413 713017447 746T 74S2 7 4'>9 751.1 7534 7551 7.5CS 2 3 6 7 » 10 12 14 1C 

17536 :.-nS|7.5,-l 7.-.1S 7656 :..7t7'.'*l TTO'* 7727 7745 2 4 5 7 9 1 1 12 14 )C 

17762 77 ^Oj 7798 j 7816 7S31 7S52 7870 7889 7907 792.5 2 4 6 7 911 1314 16 

7943 JWf! T8ft0 7990 K617 PO 35 8054 ^172 8091 8110 2 4 fl T til 1115 17 

8128 fft«7 MC-fl -1''5 ‘’64 Wl’S s-.Ml ff.4o 827'> 2 4*<.l8 9 11 13 15 17 

8319 8337 K356 U';:i|si'>5 *^114 8431 8453 8472 8l‘''2 


8531 '>551 j 857 (> 85 ^^ « 6]0 8 flH 0 8.'.'.0 8<’70 86 '*'’) 

8730 8750 j 8770 8790 bMO 8831 ' 8851 fesTT 8892 

8933 /83e4Uo74 ,800^ poifl tmfl 9057 9078 tOOO 

''141 “1*^1 '>-’04 f*>.>47 p^<.o 9311 

''-■•4 ‘■’5i!'*397 -.41>j 9441 9462 94‘-4 9',Ofl 9528 

•i,:‘n6564 rkcirt 96'-,« 9 ,.r^ 970 ^ 9727 97*,0 

9840 ^63 9886 9'131 9954 9077 
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TRIGONOMETRICAL TABLE 


TRIGONOMETRICAL TABLE. 


Angls. 

(tullftit*. 


T»tigent 

Cotangont. 

Cocliie. 



0 ® 

0 

0 

0 

00 


1-5708 

90* 

I 

■0178 

■0176 

■0175 

57-2900 

-9998 

1‘5583 

89 

S 


0049 

■0849 

28*6368 

•9994 

1-5850 

88 

t 

*0524 

•0028 

•0524 

19 0811 

•9986 

1-5184 

87 

4 

0098 

•0098 

-0699 

14 3006 

•9976 

1 5010 

86 

S 

•087$ 

•0872 

•0875 

11-4901 

•9962 

1-4835 

85 

4 

•1047 

'1045 

•1051 

9 5144 

•9945 

1 4661 

84 

7 

•1222 

•1219 

•1228 

8 1448 

•9925 

1 4486 

88 

8 

•1890 

•1892 

-1406 

71154 

•9003 

1 4812 

88 


•1871 

•1564 

‘1584 

d'3138 

•9877 

r4]S7 

81 

10 

•1745 

■1786 

•1763 

5-6718 

•9848 

1-8968 

80 

11 ' 

•1920 

•1908 

*1944 

5-1446 

9816 

1-3788 

79 

12 

•2094 

2079 

*2126 

4 7046 

■9781 

13614 

78 

18 

•2209 

•2250 

•2309 

4-3315 

•9744 

1-3439 

77 

14 

•2443 

•2419 

•2493 

4 0106 

•9703 

1 3*265 

76 

18 

■2618 

•2588 

•2679 

3-7321 

•9659 

1 3090 

75 . 

10 

■2798 

•2750 

•2867 

8-4874 

D6I8 

1 2915 

74 

17 

•2967 

•2924 

•3057 

3 2709 

-9663 

1 2741 

78 

18 

‘8142 

•3090 

•3249 

8-0777 

•9611 

1-2566 

72 

Id 

'8816 

•3256 

•3443 

2 9042 

*9455 

1-2892 

’J 

20 

'8491 

-8420 

•3640 

2'7475 

■9897 

1-2217 

76 

ai 

•8665 

•8584 

•3839 

2 6051 

•0336 

1-2043 

69 

22 

•8840 

•8740 

•4040 

2-4751 

i>272 

1-1868 

68 

28 

•4014 

•8907 

-4245 

2 3559 

•9205 

1-1694 

67 

24 

•4189 

•4067 

•4452 

2 2460 

•9135 

11519 

66 

28 

■4368 

•4226 

‘4663 

2 1445 

•‘‘063 

1 1845 

66 

20 

•4538 

4384 

•4877 

2 0503 

•8988 

11170 

64 

27 

‘4712 

•4540 

•6095 

1-9626 

•8910 

1-0996 

68 

28 

•4887 

4695 

•5317 

1 8807 

•8880 

10821 

62 

29 

■6061 

•4848 

5543 

1 SOt) 

•8746 

1 0647 

61 

80 

■5286 

■6000 

•5774 

1 73'21 

^i8fl60 

1 0472 

60 

81 

•5411 

•5150 

•(•►009 

1-6643 

•8^,. 

/-^0#97 

59 

82 

•55S5 

‘5299 

-6249 

1 6003 

•8480 

1 0123 

58 

88 

•5760 

'5446 

•6494 

1 5399 

•8387 

9948 

57 

84 

•5934 

•5592 

•6745 

1 4826 

•8290 

•9774 

56 

85 

■0109 

5736 

•7002 

1-4281 

•8192 

•“599 

55 

88 

•6288 

•5878 

•7‘»65 

1 3764 

•8090 

•9425 

54 

87 

‘6458 

•tkIS 

•7536 

1-3270* 

•7986 

92 0 

53 

SS 

‘6632 

•-6157 

•7813 

1-2799 

•7880 

•9076 

^2 

89 

•6807 

•6298 

•8098 

1-2349 

•7771 

•8901 


40 

•6981 

•6428 

•8891 

1 1918 

JOO 

8727 

50 

41 

•7150 

•6561 

•8693 

)J15C4 

•7547 

•8552 

49 

42 

•7880 

•6691 

■9004 

1-1100 

•7431 

8378 

48 

48 

•7506 

•6820 

•9325 , 

1^724 

•7814 

•8203 

47 

4A 

•7079 

■6947 

•9657 

1-0865 

•7193 

.•80'T9 

46 

45 

•7854 • 

•7011 

1000 «>* 

1-OOQO 

« -7071 

•7854 

45 



Co6ine. 

^Vitnnpent 

Tanptnt. * 

Sine. 

Radiate 

Angle. 





ANSWERS. 


Chapter I. Pa^e 17 . 


1. 

19,500 Ih 

2 44(X) M|iur<* ket 8. 1200 vjuare feel. 

4 » 

(j) 151''. 


(A) kv - 35 j^. 


(t ) 2 toS -T 1 3 MM 

1 

{ti) 2 sin 1 cos 1 2Ct)s i sin \ -r* 


{,) J.lll'' « e..s i 

^ i '.111 )• 

( / ) 3 vet^ l r sin 

5 

I. 

6 1 

2 ; 4. 

7 

(A 

(0 .«* 

- (, )4t 2l'lJj^. 


(,/) ;i t MM 1 

(.) 0 (1(4;, II. 

8. 

I --|o, 55 o 

9 . 1 

-1707 



Chapter 11 . Page 36 . 

1. 

(<;) 12 6 11) wn^hi .it 9' (>' l< 

llic 9 Ih. force. 


i^) 12 15 

. M’27' 



(.) 78 

. 26' 21' 


•2. 

(") 5 87 .. 

► 'f/54' 



(!•) 677 • 

. 24 ' 3 s' 

.. .. 

« 

(->115 

. - 17^ jo' 

.1 M 

X 

4 9 111. weij.;ltt. 


4 25 11 ). wci(.jhl. 

b. 

90 I lU. woit^rit : 

112 ill wflljhl at 36’ to A('. • 


6. 154’, I'./, weight.* ^ 7 20141b. 


^ Q - 19 24 I'MiK wci[;Iit ; T- 7 76 ftn;* weij^ht. 9 . i Ih, wcit^lit from O lo !>. 


10 1 

Anglos, (Jogro,*. | 

170 j" '72 1 


1 176 

178.1 179 J 

*80 

1 

Q, lb. wtitilit ■ j 

232 •! 285 1 

381 

i 1 

I 47 ' 

I 2299 1 

Infinite 


11 . P~2SaS tons weight ; S -45 95 t«n»s ; V= 17 67 tons wc-iglit. * 

12 . Tie BO, 502 lon#woi; 5 '' sirut ('(), 7 trms wci^h^pusfi. 


^ .\fembc . ' 1 1 IK,' 

Ai. 

<’i<acti<>n a( 

R.!»:iiuh al C. 

Force in mcmlier,'!^ ^ «! 
tons weight .[ 4 60 V 91* 


377 

•1 23 

• 

*’ • 

. a. 

— 


* *1. 

14 .* 3 .’ 9 «^s wci^lut j^.s)i in e.i<h K*^; 30 t^ns wtiglit pull in the Uickstay. 

D.M. * 2 X 
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ANSWERS 


16 . Pusli in AO = i- 57 tons weight; push in 110=059 ton weight; push in 
CO =8-17 tons weight. ® 

16 . 25 Ih. weigltt. 

17 . 38 8 lb. weight pull; 86 8 Ih. weight push at 26" 40' to the vertical. 

IS. 346411) weiglit ; 1732 II). weight. 19 . 4 08 lb. weight. 

Chapter III. Page 56. 

X 10 29 inches from C, on the same side as D ; 46 lb. weight. 

2 . 10 95 inches from A. 3 . 4531b. 4 . 23 46 inches. 

8. Keuction at A = 4 975 tons weight; reaction at II--4 275 tons weight. 

8. 6 55 tons weight; 7 44 tons weight. 

7 . Reaction at A-4-571 Ions; reaction at 11 = 3429 tons. 

6. Measure ('D 10 inches .ilong CH ; diaw IKi - 3 464 inches at 90° to CIl; 

,(i IS the centre of gravit). 

9 . j- = o 583 iikIk's ;/ = I oS; indies. 10 . 50" 12'. 

11 . 30511).; 6421b.; 17 3 111. 13 . A, 0154VV; II, 0402W; (’, 0444W. 

Chapter IV. Page 74. 

1 . Top binge, R-- 100 ib , acting upwards away from ibe gale at 29° 48' to the 

horiiont.il; bottom binge, R--100 lb., acting n[)\vards towards the gale at 
29° 48 ' to the bori/oiiial. 

2 . E = 2 828 II)., acting downwards towards llic right, at an angle of 45° to the 

hori/.ontal and at a ix-rpendicular distance of 3535 feet from the left lower 
corner of the scpiare and to the left of it. 

8. R=i 732 lb., acting downwards towards the left, at an angle of 30° to the 

hon/ontal ami at perpendicular distance of l 5 feet from ibe right-hand 
end of tiic b.ise. 

4 . An anti-clocKwise coujile of 5 196 lb. feel must be applied. 

6. Vertical reaction -1638 lb. ; inclined reaction = 3992 lb .iciing at 37'’30' to 
the liori/onlal. 1 

6 . Reaction at A -711 I lb.; reaction at It- 1227 lb. at 54' 35 to the hori/ontit^ 

7 . Reaction at 11 = 825 9 H '-1 reaction at \ -• 950 11 ). at 62'' S' to the lion/oiual., 0 

13 . 4 47 11 ). at 26* 31;' to the hon/onlal. < 

14 . Reaction at A = 5 44 tons ; reaction at 11 = 5-56 tons. . 

17 . 4242 lb. acting along DA from 1 ) towards A; 625 lb. at C, doWnw'a*-’ 

towards the left at an angle of 36® 54' to llC. 

18 . I^'t « —side of siiuaic ; point r> piired is outside the snii.aie, at distances . 

from llie 4-ib. force and o 5 fioin llie 3 lb. force. 

Chapter‘’V. Page 89. 

1 . See Kig. 716 (p. 691). 2 . See fig. 717 {p. 691). 3 . Si*e Fig./iS (p. 692) 

4 . See Fig. 719 (p. 092). 6. See Fig. 720 (p. 693/.’ 6. See I-ig. 721 (p. 693) 

8. Sec Fig. 722 {p. 694). 9 . 2 308 tons. 

10 . The link |)oIvgon solution is shown in i-'ig. 723 (p. 695); re.iction .\H = 2400 lb. 

reaction K.’\=3440 'b. 

11 . The substituted frame solution' is si,own in Fig, 723 (p. 695); reactior 

An = 2400 lb.; reactior, KA —3.*40 lb. 

12 . Reaction AH = 2471 lb.; reaction KA = 3430lb. 
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Fig. 
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Force la 


liaiBiiiaBiil 


ReactujnAB 2500 
HA 2500 
AK'AQ — 
AM. AO — 
DL FP 3000 
FN 4000 
CK. CO 2800 
KL, PQ — 

LM OP 1410 
MN, NO 0 




















ANSWltKS 




See Kig. 723 (p-695). M Sec 1 -ig 724 Ip. 696). 

15 , 16 . See big. 725 (p. 696). ^ • 

17 . Q—1100 lb. pull; P-:|2.^50 lb. push; K 14.300 11 *. p*jsh I\»kuig tin 

Ittrs m order from the l>oliom, the forces are: 21.000 lb. pull; 97001b. 
push; 10,500 11) push; 2l,o00 pull 

18 . Ah, I 02 tons push ; H(o 2 ton push ; Cl), 0 9 ton ^u.sh ; DA, 0^7 tor 

pull; AC, o 46 ton push. 


• * CHiapter VI. Page 128. 


1 . 1 78 incites. 2 . 86 7 tons. 

3 . </-„ inch; / .2^ iiu hes; eltKienc) 096 {nr cent.; lx*anng stress-68l! 

tons j>er s<j. inch. 

4 . </- I i iiulus; /> 4j'^ inches; ctficicnc) - 74 7 jK-r cent.; iKcumg stress -8 8j 
^ tons |X“r s«j. im li 

5 . 11 ri\ets on e.ich side of the )onit ; 45 37 tons. 

6 . Jfliiuli; 3 71 tons per s«j im h ; I l-uis jkt s<| null. 7.4)257imli. 
0. }‘Alension m length o lO iiu h ;< oiitr.u lion m width o 000703 in* h ; c ontruC' 

lion m thirkiK ss - o (xxxj<) {0 in* h. 

9 . 4 ) 04S5 inch. , 

10 . C'hange in di.nnetcr 0001768 iii< h . < h.ing* m hngih -000^635 im h ; th.ingt 
fin M'liime - o 371 2 < ubi* in< li. 

11 I’ulls of I o'S Ions. 12 Ptislusid 55 2 li*ns; II ^2 tons |«t vj. iiu h. 


13 

In the copj^i, 0 730 Ion jx r s(j 

nil h ; in the sttcl, 1 Sips tons (h* 

yj. inch. 

14. 

i 6 i. 9<)0 11* ; 53,02s 11*. 



15. 

0 , degrees ' 0 

30 1 45 : (w : 

(}0 


• 

j / , tons per s<j inch ' ^0 

‘ ^5 2 .S .) 75 ' 

5 



! - . ' “ 

2 165 ! 25 2 165 

0 



• • 


» 18 67 5 Ions . .It 11 I feel from the edge having ihe greatest stress 
I 17. 36 t t<'’is; o 107 ton jXT s<| iiicli (A) 239 tons; | 905 tons per yj liu h 

18 28.^1 111 ^|xr v] foot; ^00 11 * per fool; is'Tooolh. |x-r y| fool at 4S 
ti* the hori/'^u.d. 


M9. 


20 . 


• . » 

rhirkness of plate, Ikich ♦ 


Safe iv)td per / Single slie.ir 
rivfl. t<*is ( Double skear 


3333 l>e'-^i. inch; 13331’* 


, 

1 A ! -1 1 7 : 

! 

- ^ 1 J 


4 32 4 32 ^ 4 32 ' 4 ^ 

4 I? 

5 5 b875 ' 7 57 *7 57 


(XT y\. inch.t 


♦ ■ Chaifter VII. Page 180. ^ 



« ^ ^ * 

At 6 tolls lik.'Ml, 

A#4 tons liud 4 

At 

ions lo.nd 

1. 

M, li*n-feet • 

# 29 6 , * 

^ 3 J?o 


27,6 


S, left of load,•Ions 

' . 

. 1 '4 


' 2 6 


S, ngin ,, ,, 

.*it ^ ■ t.. 


26 ^ 


-46 
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ANSWERS 


Dist.UK’c of sectKm \ 
from A, fret f 

M, ton-feel • i 

S, Ions ^ I 

Distance of section | ! 

from A, feel j I 

M, ton feet - ! 

S, tons 


“ . I J3 

I 4 67 ! -I 3 (.7 


■I 5 (>7 I 4 


4 1467 I 4 19 I 4 1333 

I 2(,r - 333 

\ - 233; J 34 


^ ' \ I 2 00 ( ^ ^ 


3 . 

Distance from A, feel o 

2 

4 (' ! 

s j 10 *! 


M, Ii)-fcel -'0 

13.440 

1 ' j 

21,120 ! 22,oSo ■ 

-1 

' 5 . 3 »«'. 0 


1 S, 111 . ■ - - j i S.ooo 

4 5,360 

42,240' 1,360^ 

5.(40 10,000! 


a. I 5 ukIics from the 4 5 jiu hes nii^e. 7 . 4 inches fioni (he hoti-nn e«lge, 

10. 900 ll>. 

11. lUrtmfl.il. (<r)2420lh j>er sij. mcli ; (/i) 19^6 ll>. per stj imh. V 

„ cd^^e. (4?) 1210 ,, „ {/>) 96S 

12. (f?) 21^6 tons per mj. inch; (A) 233 tons per s«j. inch.; </ -022S ton per 

s(|. inch. 


13. 6 h 2 feet. 14. W.; W,--//2 . i. 

16. (rf) Parabolic; (f 1335 ^^, wlure »~tlie dist.ince of the section fu.m one 
end; </at cenlie 5 67 inches. (A) Parallelogram; A- 029 SV; A at centre 

^5 37 iiHhes. ' , 

16. 2 ^ Ih. per M). inch. 


Distance from N.A., imhe^ 

0 

1 


3 

4 


4 !i 

4 



— 



111 ucl> 

In ll.ingc 

Shear stress, per s<j. in. 

I 00 

0 

0 

OC 

094 

0 861; 


(f 

0 710 

• 

' 0 0887 

m_ 


18 . 3 -1 357 inch units; A -O 799 inch , • ^ 

19 . t(ms; Kn-14 6 tons; M “ 84 5 ton-feet. 

20. R r/y 75 tons, passing Ihnnigh column axfc, at 5 15 fccffrt^hi the Kasc and 

inclined at 14 5 degrees to llie axis ; M 7 (^m-feet. • * 


Chapter VIJI, Page 188. 


1. Distance from \ 
free end, inches 

0 

3 ^ 6 

•! ' 

9 1 12 1 .15 

Si8 

• 

' 

24 

j R, inches 

! < 

00 

3^.6<3t) 16.800 

• *. 

11,200 ^.400 6,720 

5,600 

4,800 

4,200 


42. /■---000286 radian ; A-004*^7 in\h.<^ 

3 . 00515 inch; 0001 59 radian ; 23,^00 inolies. 






ANSWEKS 


O')*; 


4 , <p-0429 inch ; o-ool 14S r««l«.»n ; 3.1.950 mclics. 

5 . 2 314 tons; \I at (vntrc ; < 41 7 ton mchcs ; Matmds - 41 7 ton nu lu a ; 

S for left }j.»lf of Inram - i i 1571011'.; S for bull 1 157'onx 
3472 Ions. M u( ('(Miro 2oS^ ton in« lio'.; ^I at imU-4i7 tonmilHv; 
S .\l Icit \ (III - t 1 7 >0 tons , .S .It lmkI —• I 7 ti'nv ; S .»t i o. 

7 . 0-035 inch ; o 041 5 ii'.« ti- 8. A -00761 imli; /-|0 cx)>o»K> railftn. 

9 . 23 0 lb.-ti^'lit s ; lS75in«bis. 10 . 0 3704 null, 

11 . 64^8^0 iiK livs ; o 444 in< b. • 

12 ^ 3000 11 ..; M al "all Sooo !b. I»ii , inaxtimmi j>oMti\c Nl--4^oolb It ; 
jv.lilts of ronfralb \iiro an- at t!u fui. t iiH ami .it 0 l«-i t from ibc fret end ; 

.S .u free end-- - jmx) lb ; S at uall-. t stoo It. 

18 . II 25 lolls; r, ;7 ^ tolls; tbe jn'inls of t oiitialli sure iK*(ur .at 

5 feet on e.u'b side of (' : ni.ixiimnn |)osiii\< \| 42 2 ton feel ; in.ixmnim 

ne^MiiM M ( u ( )- 75 tonfett: tll 25 tons; .S t lose to (’ on (be 

lelt-: lS 75 toiis; .S close (o (' oil (be n;.;bt i 18 75 tons ; Sn- - 1125 

• Itins ^ 

14 . 006 inch. 

15 . I 19 |i<ns 0^1 i, u 1 1 Ollier b. ,1111 ; 2 t)2 tons on 11 iiiei Im .un ; 5 36 Ions j>er sij. nii b. 

16 . (-;) 96<x> II. ; (/-) 25 ,fK'X> lb. (n 1 . i<..(kjo II. ; (-) 2 let l fn-ni the wall. 

17. I 16. 

18 Maxiinuni M (at ( mis) 23 b>;; Ion fe, 1 ; M.iMuiIo I 1 7 625 (on fet I ; 
Ijtniils of t out tall. Mill ,il ^ IS It' I fioiii t .1' b < ml. 

19 . Wri \\ ft I l(‘) 5 ; /,, ./(, o 9S4; A-i Aft 1 t S ; ni.txnmim 7^1-566 Ions 

|vr s<j in. b 

20 . At .1 fiTt fi'im i>no i'IkI, ^l (1 J t' ' 7.*) ."i' 1 '' I l‘’r .I"' ' ii'l 

M -(loi 'j r- 40) loll k'lM for tin; cililic |>orllon; iii,i\lllllllli M is at 
llic fiiils and IS 70 ton In' t. 


10 . 

11 . 


Chapter IX. Page 224. 


1 . 

/ 

4. 

•V 

6 . 

7. 

» 


o 5^ inch. 


1 28 inch-tons ; o 00133 tn< h ton p. t cubu incb 

12 tons jK'i stj nil b ; o 2n 3 . 

7 083 tons jKr v|. iiub ; 11 29 vj m. Iks 

^la\llnnm M c..ntn I - 7 5 ton feel ; m.ixnmnn .S (^1 eiids) - 4 lo tons. 

,, - 168 7 Ion (eel ; ,, • - ! 22 S ton,. 

M.ykfflftnn combitowl V 105 ton f. et : at the left end, S s.iries from I 14 
to 1-4 tons; at tbe tnd-S \aries from - 14 to 4 Ions; tlie central 

1667 feet has sbearm^ 7 or<. s rd liotb lvin<ls 

Dist.anc#o?‘'^clion front^ : f 

one end, leet • - j ^ ' 




'.S I 20 


I. 


25 .it. , !S 


.f 


V* » . • 

Ma= 0-^ .Mil 1^667 t4>n feet ; .M( -116 ton feet ; Nfn -O. 

Ra=^ 3^ tons * Kr 24)^1011,; Rt~j8to#s; Ri)-8*stons. 

(Juantiti^s resjiiired for the din|:,'rams Takn^ iftrec simply supjxirted sjKins, 
M at centre of AH - 100 flin-fce^ ; ^!#l¥ cenlie in HC — 28 12 ton feet - at 

(left)^ - 1^7 tons ;• 


centre of CD. 
+23 3^<.ns 


Sr (rif,d»t) -- 4 3 0 tons ; 


Sc(tcA)= Se ^^gbt) -#t 0 7 I'ms.; 'Si>---8 3 tons. 
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ANSWERS 


12. A; -9 64 -s^}. indu-s; Ar --n25 ^i- hicIh-? ; two plutcs in tt-nsion 

^ eaoh thick ; two [)lau•^ in compres.sion fl.in^e, inner plate liiick, 
outer plate thick ; web plate thick ; pitch of rivets, 3 indies. 

13 . Moments of resistani e • - ('ompression tl iiige • .angles, 39'6 ton feet ; r* plate, 

505 ton feet ; 2" ' plate, 456 ton-f«-et ; total, 1357 Ion-feet. Tension 
flaiifje : ambles, ^6 4 ton i^eet; r'plaie, 51'4 ton feet; 2"''[ilate, 54 o ton- 
feet ; total, 141 X ton feet. 


14 . (V'ntral Iwrs, upper l>oom, ^6 tons push ; central bars, lower booni^ 32 tons 

pull; inclined l«ir nearest support, 28 2X tons imsh ; inclined l)ai*ser4md 
* from support, 16 97 tons pull ; vertical bar second trom sup|)ort, 4 tons push. 

15 . 45 tons push ; 40 tons pull ; 42 42 tons ; 23 57 Inns pull; to tons push. 

16 . /)-ro67^ per Cent. ; A«-0 1004 m|. inch ; N.A. is 1 53 inches frc»m the top; 

M —6008 ih.-inclies. 


17 . N.A. is 907 inches from the top; 

s<p inch ; M-489,000 Ih -inches. 

18 . 6 looi-ll). 

20. 9 13 Ions per s*j. inch. 

22 . t deiioti-s pusli ; denotes pull 


use sliesscs Cr = 6cX), = lb. per 

19 . 5 72 s<|. inches. 

21. 7 33 tons |K'r s-j. inch ; 86. 


I 


I’.uirl Ni) 

1 , . 

’ 



■4 

• 

s 

Upper l)oom, tons 

1 

i 144 ; 

1 j.i (’ 

1 3S 4 

1 

jj b 

J '44 

Lower ,, ,, 

! - 96 1 

- 26 4 

' r>6 


26 4 

90 

End posts, ,, 

■ 144 


— 


I 

1 144 1 

Hiagon.ils, ,, 1 

X < Li 

N 20 38 

X'- -i 4 , 
S 13 5X 

y- 34 
34 

X ' 

13 5 » 

•i 4 

x' "') 3 « 

1 I i 5S 


Chapter X. Page 248. 

1. 01141011. * 2 033051011. 


Katio L: ^ 

1 40 1 60 So ' too . 120 

1 140 j itk) 

-• 

* ♦ 

- r * 

/ tons per stj in. 

i So 2 I ^5 64 , 20 05'12 S.U 8 91 

' i « 

■bfS [soi , 


i .\ Kali«>L:/(- I 40 I 60 I 80 I too i 120 I 140 I 160 I 180 200 

■ ' “■ I ■ I-j * I ^-! ^ ' ! 

/) l^ns per s?j. m [ 321 j 142 6*So 2 j 51 34! 35*>4 ' 26 2 i#oo.f | 15 84 ! 12 84 


6. 01325 ton. . 576 tout 7 . 41 3 tons. 

8. I I tons. 9 . 14J 5 m*lies. , , ^ 

10 . o 2395 ton per -Mi^inch push ; 0 0521 ton jl'r s<j ,mch f»ill. 

U. 0882 inch 12. looolh.^cel. 

13 . II-130 tons; >37 Ions: ^43 tons. , * _ 

14 . 57,700 11). ; 52, too Ib.^* V 15 - 103 84 feet ; o 38 inc.i. 

16 . I 98 u 4 is i>er s<p inch push ; oS?8 jx'r s<|. inch jiiish. * 

, 17 . (fi) 35 tons ; {/<) 32 tons; «. 667 ii.fEcs from the top edge. ^ 

* 18 . 4 67 inches ; 046^mch. 1^ A/-4 42, yich units 
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Chapter XL Pa^e 276. 

L JvJOOll) feci. 2 . 1 80 im Ill's 3 

4 4 >20 ton-nu hes ; I 179. 6 l().240 II'. inclies. 6 >o 58 tle^;fees. 

7 . 6 25 liejjrtes. 8. So 7 9 l42nKhes. 

7 54 *'>•»'> }>^T iiK h pull "U .1 sn Ill'll .It 40 16 t" Ali ; j, 

146 ,, .. 130 10' * 

il. 4 905 If ms jKT SI I iiu li jHilI I'll .1 Ml ti< 'll .It 7 > 9’ to Al?: 

5 <*05 ,, push ,, loj (/ . 

1/ (.() n,2iO n>. iiuiKs; (/m 7210 III iniliis. p ) 2110 II). |Hr sij. null pu.'Ji 



<X )5 Ih |HT S«J Ilk ti pull ; 

(■/) 1 U 7 

11 . V, 

nu h. 



13 , 

52,800 11 ) -IIU Iks. 






14 . 

(</) * .\n^le \Mth .i\is, dej»ti' 

1 S , 0 

50 

ts 

(h> j 

90 

• 

Stiess, 11 ) j>t r M[ nil h 

: Si ■ 

-> 1 7570 

00 JO 

5 sio 

1200 


(/') 42 <X) 11 ' [Hi vj im h. 





» 

15 

312511.. 

16 

0 4S IIU ]| 


17 (» 

1 11). inches. 

18 

1 10 4 li) 

19 

0 70 lilt h ; 

0603 

Ilk 11 . 


20 

<>*pl.nes ; 0 77 incli. 

21 

1715 tons iHT Mj 

nu II 


22 

366 Ih 

23 

<8555 iiu hi 

•s 



24 

6 St) tolls jxi Mj inch pull .u 

tm^ 1 'll .1 

1 s< < lion nu 

liiu d .it iS" 28' 

to hon/olllul 


^252 ti'iis p< r Mj. null juisii .nlir^ mi sisiinn iiu liiiod .il loS 28' fi 
liori/oiit.il 

Chapter XII. Page 290. 

1. 19 27 (k^ilifs 

2. 1740 III .It 4 fctl fruiii llif liuo-, iimI limi/ont;<l 

2160 11). ,, 3, .il 20" I" till li‘'11/<'Ill.ll. 

* 4 . 1752 11 ) ,, ,, li"ii/mii.il. 

6 2iHoIh. t ,, ,, j 

•8. 22151!) :it 4 fci't from tlic IviM-.u,<] iiM lined .It 40 ’’Id ilk- lioti/i'iil.il. 

• % 7 . 3*540 11 ) .it > fiDMi the I'.'M . .md lii'ri/olit.d 

8. K f.ljl > oiiH’d'* tlu- lulddi# lliild, .It I '»7 feet froii^llu (iiltre "f the Ixisc 
imiMimmi str^-ss-2vt3 11) per s-p fiHit push; nim?lmim stress-1051 Ih 
^)^Vj I<M)| [>nl' ^ 

% 44 .Sf.-ci \ UW 5911 .cl. 11. 3S4 lcct 

12 . Kesaltiint nits tlic l).i'e -it <) 55 kit from tlic carlh face, hence outsu# llu 
middl^t>iir<4 . • ' 

> 13 . 41° 50'. ♦ • • ’* 

Chafter XIU. Page ^22. 

1 6000 Jons per vj ir.ch. • 

2 . 4950 'ims ix*P si^ inch ; 2 3^1()nh [kt uirh ; 000097 inch, 

3 . 'Ultinfttc I'n\iik‘ Mren^jth, 1098 tons per sip in< h ; ^l.isiic limit as indic.itci 

1)^’ l8e lie’atik drojf^unjj J -2 tons per sij niili; |xri c iil.i^e stretch on 8 inclicR. 
lo6'l perceiU.ige stteuh on 2inchAat rf.Kturc, 15*, contraction of area al 
fnicixire, 19 5 per cent. ^ t 

4 . 12,650 tons per .sq^ incli; 19 6 t^ns |:^r*vp inch. 
b. ^^Iculalci^ ratio, 1087; *experimert^l V.itiof n 65. 

■ S. 23*44ons pc‘i*s<^ inch. 
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7. At elastic breakdown, ce = 68 o lb. per sq, inch; c,^io,20o lb. ner so inch- 

*. 5 '» tons per .sr,. ,„,l.; 7 5 tons per ,sq. inch ; 6 19 inch-lb. per cub.c ,nch. 

9 . 2880 tons pe-r >»,. n.rh. 10. ,,,230 tons ,«;r s<). ,nch. 

11. *4860 tons per^,. inch. 12, 8„ ,u„s j ,, i 

’388 

Chapter XIV. Page 350. 

600,000 f«)t.|b. ; 0 727 ; I 32. 2 . 1,656,000 foot ib. 

475.200 foot-lh. ; 1,5,84,000 foot-lb. 

000000735,/; OOOC0S044'; 00000667,/; 0000565,/. 


IS ; 360 lb.; 33 33 |x-r cent 
111-4 lb. 


11 . 


— 

—- — 

4iest 

Ttiniue, 

No. 

lb,-111. litb 

• 


1 

0 

2 

^>0,640 

.3 

ioX,X64 

4 

181,440 

5 

254*016 

6 

33 «. 6 C 8 

7 

431.424 1 


6 142.400 foot-lb. 
10. 0.S2.8 ,i, 


7 . 823 H.p. 


niffcrciu e 111 
vernier re.uiiiiKs, 
iiiclies. 


01725 

O 2?00 

0.1875 
05425 

O 72 (X> 

09250 


j Allele of twist, 

1 I. “ 51 UIlJiCs, 
j by verniers, 
j ratli.u) 

'I Otsioii 
meter 
1C..ill,.K- 

Aiii;lc of (kvist,^ 
1.-25 S liitlies, 

j b> torsi,.n-nietcr, 

[ r.nJiari. 

1 ^ 

0 

1 • 

' 0 

1 0001642 

19 .85 

0000827 

0001114 

: 0 002190 

2675 

1 0 00 J692 

44 6a 

0001857 

i 0005165 

6265 [ 

002.^5 I 

0003450 j 

0004396 1 

j 0006860 

1 0008810 

8275 1 

10550 


1 ("M .\940 n. -Indies; (<■) C 1 1,955 ooo lb oer 

12 7 '',>,sc-|,oiver -00647/,N I (,/) shafl-borsc’^Kmer -4250 

15 13 - 7450 , 1 .,.. 'l4. 225 foo',. 

48 , 3, 31 III-: 53 I per cent. 16 . 20 un^ts ; 33 8 per cent. 

Chapter XV. Page 378. 

1 . 40 lb..feet; 37,700 foot lb. ; 48511T.U. 


' - - 

tlegrecs • 

0 

‘5 1 JO ; 45 

1', lb. . 

,^Vork done, fi»/t-lb 

0 25W 
0 25 W 

• 

0 242\V 0 J52\V ,72.8355 

023355' 0 2185V,0 25 V 

• 


■IMI). - . 

I Work tlone, foot ll). 


i :! ■’ 

o 2^t\ jO 5\V 


a 60 


OO 




75 90 


• I * 

30 i 4 

I o 5 \V I n 7 1 6\V i o SS4\V, o 17,7 1 \V 1 041 W j 
|‘ 9J3'V;i .|3*i^V,i 25 \V ! i l41|\v! i^W 


\V 

‘6367Wj VV 


0 . ilegrees , I o 


0W"1i667Vv|35W 49 5 W 


IMI'-,- ■ ■ |o»5\\''o5«6VV 

Work Hone, foot-lb. j . ,2 .^75W^ 2 02^:^-! : 

I*--^00 wbeii^ 0 e: 76 ^egrees.^ 


30 i *^5 


X 

tk) 


* 7 > 90 
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^ 91 Ib.; 28 piT cent. 8. 38 5 lb. 

9 . 232 Ib.-inohcs. 10 19571b. 

11 . 7JO lb. 12. (<o'WO lb.: (/') S75 lb. 

13 . (d) .1242 lt>.-liu lies ; 3660 111.-nu'lu's. 

14 . l6,S6o 111.-intbcs; inner .in-;lc 2"; outer .in^lo 2 2'. 13 . 89-!^. 


• 1 . 2 .\n.l 3 


Chapter XVI. Page 403. 


Crank aiinlc, 

1 Usl.tiuf. 

>vprak:r Ntl , 

\ ( 1 .It lllln X < 1 . 

.1.1 rl . 


ftHl 

tcCl |>Pt Ml' 

In t IK-l NPi 

li jirr vr. jiri ••f. 

0 

1 

o 

5 '»» 

0 

415 

• JO 

0 M >5 

15 48 

11 Si 

219 

60 

" 595 


IS4 


• 


19 15 


i(> tS 

i 00 

I IJ 7 


1S85 


1 • 


16 S5 


- 16b 5 

I JO 

1 >95 

1087 

14 22 

246 2 

1 lt> 

1 

■ I 897 

371 

7 ^7 


I iSo 

1 

! 2 ouo 


0 



,kl liitrix.il, 

>ci ^K.r ML 


44 S 

VA 

■ins 


222 
2(>2 2 
267 


r tiik , 

l>j^niRc, ! 


.1. ^ n.-, ; 


tl ' t 1»« 1 M . 

0 1 

JO i 

(Ki 

'K) T ' 

00 1 

0 229 

0725 ■ 

I 26 

S 24 

1785 

1925 

% 

*120 

1 

150 

1 

•1’ " ’ . ^ 

1 ‘>7 

j6 2 

9 

1 oS 

iS* 

V 

210 

' 2 (JO 

'«J 

9 12 

' 12 9 

v. 'C40 



p 

• 

««70 

iv’''« ’ 

fill 


•» 

i, - .S7 

* 390. 

O4S j 

f 

( -M 95 

5 ^ 

0092 

i ' 


360 ■ 

j 00 

p - 33 ^ 


, Vi 1 .»t iiiicna', 

\\ri .;;c a. Li 1 , 1 

)« < l |KT 1,<X 

fl pi r s< < )H r M-i 

1 ' ^ 
i 

454 

: 14-1 

1 

169 

■ 191 

loS 

iSS 

■■ 20S5 

130 

2715 

: 54 


1 ,> 

' 291 5 

‘ 2 7 

24S 1 ’ 

<) 6 

' 198 

< 15 1 

133 

iSS 

t 64 8 

1/ 0 



H 306 

^ ^ ' 85 

) 

^(> . 

, + 335 
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6 . 217-4 i^econds. 

f. 3 32 feet; o-i6 feet per sec.; 004 f^et per sec. per sec. 

7. *334 feet. 6. 2 66 seconds j 57-8 feet \kt sec. 

9. 5 59 feet per sec. per sec.; 11-56 feet per sec. * 10 . 0 667 feet per sec. 

11 . feet per sec.; 912 feel per .sec.; 1003-8 feet per sec. at 84*’ 58' to the 
Wine of motion of the train. 

W. I 047 radian pei^sec. ; 00087 radian per sec. per sec. 

15. 0*5236 radian per sec. per sec.; 37-5 revolutions. 

M. 3 75 radians per sec. jxt see.; 30 radians per see. 

W. *2 07 feet ]jQt sec. at 105° !•> original direction. 

16 . 1.778 ,000 feel per sec. per sec. 17 , 1-358 feel per sec. per sec. 

16 . 20-94 feet per sec. 19 . 49 5 radians [)er sec.; 19 8 radians per sec. per sec. 
90 . (<i) 8-8 feet |)er sec. forwards; 8 8 feet per sec. backwards; (^) 176 feet per 
sec. forwanls; o. 

^ 91 . 58-2, miles per Itour iit 20* to B. 22, o 328 second. 

23 . ah. II m. a.m. to 3 h. 169m. a..m. 


3. 

6 . 

7 . 

8 . 
8 . 

10 . 

11 . 

13 . 

16 . 

17 . 

19 . 

21 . 

82 . 

23 . 


Cliapter XVII. Page 42a 

933 lb. weight. 2. 976 cms. per sec. p.*r sec, 

977 tons weight, 4 . 7 99 feet per .sec. per sec.; 2 237 seconds, 

9 767 11). weight. 6. 312 foot-tons; 26 tons weight. • 

13-38 ton-foot-second ; 20-8 tons weight. 

Truck has a velocity of 6 feet per sec. m direction oppo.sitc to that of the man. 
54 4 lb. weight. 

49-5 feet per sec.; 76 9 Ih. weight; liotli at 135* to direction of jet. 


260 lb.-feet. 

12. 

860 pounds and feel units. 

9-49 tons and feet units. 

14 . 

82-5 pounis and feet units. 

26-2 pounds and feet units. 

16 . 

I 4*4 feet; 9 7foot-tons, 

1-25 foot'tons. 

• 18 . 

2-147 feet j>er sec per s?c. 

3270 ll). weight. 

20 . 

49“ 29'. 


(a) 57-8 foot tons; (li) 2 138 foot-tons; (r) 5994 foot-tons. 

28-9 ih. weiglrt, at ^9*^) the tangent. • 

160 I feet. 24 . 29-4 tons weight ^2? ^lOns weigli^^ 


• f 

Chapter XVqi. Page 451. 

1. 22^,100 |^und-Ioot*sec.; 3i2lb.-6A-t , • 

9. 1*84 lb.*feet. S. o 533»adian per sec. 

4. 176-4 lb. weight; 18^85 fe^per sec. 6. 3 9 second. 

6. 1*5 ^et} I 36 second. * 7. 2/cct from the t«p^end. 

6. 0-97 foot from the 4 ^und mass; 4442 poun<l and iool urfts. ' 

8*1 pounds at end of bar; 2478 pounds at 2-694 
mass. * • , •, • . • 

10 . (rt) 98 feet p<'r sec. per see. 98 feet per sec. per sec.; 18-1 ridiai^s pci 

sec. per^ec. ' 

11 . 113,500 fK>un bfoot sec. 10. 

18^ 198 lb. weight. 14. i 255 pound and fqpt*unti4^ « 
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46 . 

248 Ih. .11 

} lit. i'l ' fl. HI lilf ID Ms 1 1 mil' 



16 . 

1241 'ii.V'miK: _} 

1 

7 0 ]<i. 

: s, , ,iii<! 


18 . 

540 [KMiiiis .it .n 

,1' , fn') pciinils .vi ^ Il 

< I iMIll 

Uls .llxi 1 I) s’lli. sliic 

*•1 in; 


iIk Miilrc I'f 

.mil ; 40; S 11 . •f.-it 




I» 

ill) ( .11 liiriiiDi^ ’ 

inis |)n- ir.'ki. (H 

1,1 111. 

It, Mil lit ^ 7 .S 11 '. 

nu;;l.t. 


!..i,k .iJi I...11 

In! (■ I S.I 1 U( ( \l( 111 . 

r 1 < M 

1 Inn. mis (!;i- ! 

i-M, tiic 


fiirnv 1 Ii.i. .’s 1 

1. II \u . 




20 

iMi'IS * 1 i.il.lli' [ii 

r s, , 




# , 




». 

' J 



Chapter XIX. 

Page - 101 . 


1 

7 7 flit [III mV . 

ljlV\ 'Ills I.) II.;! 1 (1 2 

; 2S In 

\ 1 I [11 ■ H i' 1. 1 , ) 


2 

8 7 III.! [HI Ml . 

tills 111 11.'Ill 11 ;■ 

i pj' 



’6, 

1 

. < llltl .Hii'lr, il. 

I'l.is ' " 

: 4 

1 1 1 1 

(-> j iH) 1 i:.t 1511 ■ 

I 


1 

1 ;(yi 

) !" i 

;<K, 1 1 

iSii j 

1 


III 1 

<1. (n‘l pn s,, 

(mV) I. 

77 ' I'U) 7 1;; , 01 


4 

(it 1 ; 1 nil i!,. 1 

'Is,. . ( ’.) 1 n 1 • 1, . 

t pi 1 - 1 

. I 1 11 [Dt; 1 till m p, 1 

SI ( 

5 

,SiC |.n.<it:i.il li> 1 

. ( i 0 'It 1' "'1 

0 

( 1’ J [1 Dll }„ s 



n •• 




j 

7 

•( Milk iir;K. .1 

:i I’ll I s <1 ;i) 

III, 

tv' , i2-> ! i v i 

1 ’'O ( 


l'iir< i:i It' -t>l - I.’ 27 0 I ’-7 ^ 1 - -MSI 


{ I ink .iml;!' 
roi.jiii , Ik i 


11 r-; 


I I v ' j So 

t ;ifO (tV' <> 


1 . 

4 . 

8. 

il. 


47 7 111 \\i tj'Jii . Si ; III \\i 10 7^^ ic \ , pi 1 mhh 

A< < 1 1 It (/■)■. ;7 t; k I! |h I -. [in ^1 < . Ii him 1 ||. 'il p-iin!, i -M <' in-r 
>■1 j 1 ' . .11 ''till I ill I'l jii 'ini. 7^ K I I IIII s. I |.i I --I I i;S] iL ; 

• pjO 111 , , H'.’ 11) 

(ji S770 1 '- fi. I . IA| Sj, u n. I,. I 13 r 

l\‘‘ 22^ , .U IMlil .(I^'k ^ tn Ji.il .||)|] I ’j fi I ! Ijiihi till I jilli. 

.'^....4 

Inn< ( (Ic.tii pi'ii.t. w I'l; mit’ 1 il .hI ji'-i'it. oj 1 j'(7 , .it ji;’, w r ^.JI, 
allm.iHluM ’ y 


(a) o 77> V* . \i'j} 04 }s, ^(( , \] 

2; 7^\V IK.i tc< ( t, . 

4 Si)i(Iv->, ;jSo!l' ; IMo 11). Hjiw'nl-. 
^yiT)-, Vi 1 [II r '-•<. . 24 i m. kf 

I 4‘>0 I I ftts-.y ) o } 


'21 2 I' I I ||| I % 1 111,1 S( I 

,: ;(-nlti m Iim ..iinnk 

I 11,1 h , ’•^il (» S() III till' stl'il.i . 


■ * . Chapter XX. Page 52!i 

2 ' v, t 14:1 ^ 3 . 9i2rc's jminin* 

794 orc\'i (iLrjiiiM ^ 6 ] \i> Ua 'S 7 . oj" piiiii‘K 

I28ri>i)tyi. 9 ()■! imi' lO. 7 

rcvV ^cr Dll ' ; 'l-V; 3 i»ri |i< r tn^i ; in *81 i. hI. 
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A'NSVVERS ■ 


12 . 10 I radiatis j'n.T ser.; 2816 ll>. ftct. 

1066 ll>. weight; 17 76 lU. wcijjlit jK-r inch c<'mpre<sion. 

14 . IJ9 revs. |x?r inin.; 17 revs, per min.; 13 3 Ih. wei^dit. 16 . See 726. 


1 

(5M 

*■■■ 10 8 

it -7 2‘-f 


•Zlb 


I-K-. 726 


16 . 6 6 pounds at i foot laduis; 90 Ih. weight. 

17 . Angles made with the direction of llie force at A : C, 166°; D, 235"; 

K, 30'"; 14 7 Ih. weight. 

18 . 33i pounils nmhing !£;<>'’ with the adjacent cranh. 

19 . 5 15 t"'ns ; angles No. 1 ciank • No. 2 crank, 1446'^, No 3 crank, 

235 O''; No. 4 ci.uik, 55 5°. 

20 . ('ranks A and (’ dianietncally opposite crank li ; mass of 

' mass of - M. 

('MO 

M ca-r 

21 . (ir) Revolving masaeB- let F,- ' foicos halame; resultant'couple 

= 2F,/'v^ 2 m a plane at 45'" to the veilual Reciprocating masses: let 
V., - : primary forces halance : primary cuu[tie ~ F.^ "s 2/; secoiuhuy 

forces Ital.uice; sei oridary couple -■ F.j \ ^ s 2/ 

(/>) Revolving masses toors Itahme: lesulianl couide - 2F,in the 
hiui/onia! pl.me. Reciprocating massos "^uimai) foices h.il:in<<‘ : pinnary 
Couples balance ; no seeoiuiary Ion es ; ii" secondar) cou[)le. 

22 . 1635 levs pel mm. 23 . S22 nvs pei mm 

24 . 1S70 n‘\s. pel nun. 25 . 126 2 Indies 


Chapter XXI. Page 561. 

1 . (u) 240 and 1080 .evs per mm (A) 228 .uul 974 7. e%s.^)or nun. « 

2 . One countershaft. 3(1 iiu h pulley on line shatt ;,, .old i<j 5 null [lullcy^ 
\ on couiiteish.ift ; counteishall luiis at 1^6 rc\.‘^, jier mm 

3 . ; 


,\iigle,<kgices 

j 0 j 30 'I 60 1 _9o 

120 j 'so , 

180 

hull m hell, Ih: 

j 41X) 9 2 /', 2 \ 1S2 

1 140 107 7 j 


14,700 Ih. 

5 . 1577 Indus .• 

' 108 



7 . 68 2 u-\s ]kt niui ;.4['5 inclu's. 8. 19111'.^ 9 . _So ilV ^ 

10. 15 on lathe maiuhel, geainig *1111 36 on stud ; 18 on stud geanng, /ith 45 on 
lead screw. “ 1 

11 175;; 12: S gearing wit’ 36, 12 geanng witli 32. 

12 . 5 62 ; 9 : 22 S- 14 . 2,^ ck^ckwise revolutions. 

15 I 5 clockwise revolutions ; 3 Ciockwise revelations 16 . t/Q : Wh= l 
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• , — 

19 . > «> • o jo (-o f)0 , nS 3 i^' 27 o 

, ur ofdflMfl sfi.itl 1155 I 0<}’} oSod 09<) 1 I 55 <)<»jO S(>(>'o<>.); I k; 

Chapter XXIX. Page 589. 

1 1200 ]i) ; 400 111 : J'X) n> 2 iS-'Wll' ; ; (nxv> ll> 

t'’ns; K 9j6 4t"as.»l ro^)0 livl liotn (hi-Ixiltuni. 

4 . 1SS5 II) : 3144 It) 

5 16.501;!!/.; 2 k-it U-lnw ihc top cilj^o of i|i,' ojK'niiij;. 

6 67ot<>iis; 7Si:k'o! 7 i7)Sioii‘.. 

8 Tr.ins\ttsc HM 0 >S tVct ; lonj^itudiiul HNI -Kqilo-i 9 . 2 oi ilo|;(ci'v 

^0 57 ,l<Xt Up .11 ’F \o to tin- \i-ilip it .ind int( iMi 11114; ^ •’ 

1225 Jk I I Ifoiii till- w.ilrr I.K o, .mil Iu-ik t (.ilhni.; «illiin tin. miii'lh lliml . 
52,V)iilli inki'ii Illii; llu' l'.i'i iiilii.ilh .It oiu tliml il'i vMiilli (iipiii tlic 
u.Uof !,i' I- 

.1 

Ki miIi.iijI (pur, tcsrricpir ruiply I 

^.'S 11. ; Ptrlp.'jl : ! 

0 S 5 ; font Uoiii «.ill I f.u I 1 
{ 111 ; Si ilh .il : ! 

2 7.S fri I liolti ss ill 1 r.ti u. 

I I'o i 23."'')i) It’ ; 21 1" Vi iiK .it:; 2 V ><>> M> : ''•iHi -i! : 

I 7 If t. ii-'i'i " tier f.ii'c l 5 55 f<,st lii'iii w.ii' I I.Hi 

42. I »'* 7 t; lUons |i;-i Imui ; 221 ;“ -lo [n r liour. 
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Absolute units of force. 2. to; 
Acceleration. ^85 , an<l fon-v, l..iw 
foi, 4(;i(>, 4.1'*, AnK'il.ir, . -‘t 
an instant, ^86 , (Vutral, . 
(liu* to i.lMrij^e of (lirc< tion, J05 , 
line to Kravit.ition, ^8() , iMjiia- 
tions for uniform, ^S; , linage, 
474 , of the piston, 4O7 : -sjiate 
.'lia^r.iins, v>o, 4O7 , -time dia- 
KiMins, pSo, v><j 

Accvteralions at ends of stroke, piM , 
('oinp<jsilion and resolution ol, 

P)0 

Ac I uniukitoi. H\dranlic, 5<S | 
\ir-vessel, pM; 

Amplitude of cibr.ition, 400 
An^le of advame, .p8i, of ol)!iiiuit\ 
of stress, \22 , of repose ol 
earth, Nalur.d, 280 , of resist¬ 
ance. lanuting, 405 , of slidmi' 
friction. Pm, 475, of torsion. 

24} , of twist, uH 
Anfitilar, acceleration, pji ; .md 
linear velocitN, Kelation ol, p)i . 
luomentiim, 4^0; motion, Idpia- 
tions of. pii. 

Angular velocitv. p)0', at .in instant, 
y)Z ■. diagrams, p)}, I'tiango in, 
400: l-'lnctuations m, 40^, Ke- 
pri a'Utation of, joo 
*nttci. stjc curvatuie. i | j 
rch,'lartear, z^\ , lhie<'-pin. 24^/ 
iches. 2 M '2 \(y , ‘ I 3 ending-moment 
diagiams for, 2)5, pending 
moment, shear' and thrust in. 

2 14, lloiuonla! t‘,iiust in, 2\2. 
'*0, lane of icsistance in, 241 ,‘- 
Masonrv, 241 ; Mepil, 242 ; Ite- 
actums in. 2 jO ; Stresses in 
joints of, 242 , 

rcas, Determination of. 5; 
utographic recorders, itip' 30^=^; 
records, 2*44, 311, 312, 313, 3M»A 
315. 3 it>. 


A\(‘r\ torsion machine, jiO 
.V/iimith, MotKUi in, 4 41 

Ikdaii'is, I 

Halaiicing. px^-^iS , A|)p.iratiiS 
for testing, 51^. I’lim.uv, ‘,15. 
517. jtroblcins soKed ^giaphi- 
calh, 41 I , of locomotices, 410; 
of lecijuocalmg masses, 31 j , of 
ic\'ol\ing masst^, 420, 500, Sc- 
(ond.irv, 517, St.ilic, }27. 
lidi healings, p)r 
H.irr’s anlogiapiuc rc'corder, ^05. 
Ikcun sections. Modulus ol, i 17 
Ueains, Jkndingin, 142 , Dending- 
moment diagr|iins, 1J5, i pi, 

I |0 , Bending-moincnt diagrams 
I'V calculation, i 55 , Bending- 
inonK-nt diagiams In’ graphic.il 
inopuuits, r |o , Beiuling-moiiieiit? 
di.igi.ims by link polygoii, i pi . 
Bending momenis and slieanng 
foiic's in, I'M , t'ontimious, 201 , 
('uisaturc in, i6p 165. Dellec- 
iKui of. i()M I>elc'nmn.iti(Ai of 
moment of icsist.ince 111, i | | ’. 
I'lastic bending of, 2<4<> . ^■^ca■'• 
tie. 176, h'.\i)?nmcnt', "ii., 200, 

, fo'i t\pu.d 1 ases of. 147 . 
e»raphi,',il solution of slope anil 
delleclion m. 171-173 . Longi¬ 
tudinal str.iins 111,1.142; Longi- 
tui’in.iKstiesses iiT, 14 m Moment 
of res^U.uice in, Ml. 141 , N.iliire 
of sde.sses in, i m . Neutral axis 
in, 142 , of 1 section, Stri"gth of, 

1 yj ; of umfori.i /'urv.iture, 185 ; 
of ‘"niforni -strength,*^ I5t*i5b ; 
IVoportioiiijP'aws of strength <d, 
132. I u,re beading ' irjr 
Propped. 183 , Ke.agtions of, jO, 
47» 5*3. 55 i Keinfod eij concrete, 
2ig: kelafums of Slope and 

Shearing 
* o 
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loac at a loiumtiati«1 load 
MO. Micanii}^ lone <!i,i^iain'', 

^ {5 . • ‘lO'l drllc* lion Ml 

MtnpK 'Nii|)i)oi ted, ax*!;!. t;s. 

iluc lo Ix-iuinif; in. 

MO 

Beit, Drixiin; by, >,:h Sdd . 1 in hon 
ofa, 5Ji». 1 (.neili of, 5 . |ni'l<\ 

airangLinenl, 5-■^ , stiiKiiig gtat', 

555 

Boll pullov'^, }• tints ot ili.ineiiiL; 

# ihainelu of, \Uoul\ i.ilio 

5 -r- 5 -n 

iiclts, M-ntiitugal t>.n'ion in, Ms 
Hoise jiower 11 .idsimi 11( <I lo 
(>l‘en and k.losHd, 

^li}> ot, M 7 

# 5 eii<ling nioiiunt, di.ii.'i.iin !• 1 a 

Lomu I tine lod. }, s . b' •' It - 

MM on ,i sid,_ ii.d. i<») , I’oiiit 
(d /(.lo, I'si 

ifendiin; ol .1 b< ini, i ; 1, m - 

Heinlini^ ti st, Knoid o( u\c-is«d 
i I - ■ t*ot ;< > ; , I J 

I 5 cn«ls, 1 OSS o| It( ;d at, o; i 
1 iioiilli's l,iu , y) j, 00; 

Be\ el u heels. I i n tion, 5 . tool In d, 

iif 

Blow , A\ ei .lee t< >n c- o| ,1. I I 
l><nda nioutlipie^ e ooj 
BiA’. s .Nol.itloll, <)«» 

Bial<e, Baud. \]^ . 1 nl, ■ 

f I M I i\dianlie ^ I j 
Biakts, Ml. hop. . ^ pt 

•Biaki wli<-eB, (, oolmg oi, 

]hidge gild' 1 s, e 1 i-.: 10 * 

Ifiidgi's, SiisjHMision, 2}0 

Bui k<'l pump, s,Sf 
J?nt1er-st()i'• \\i rage resistaiu i m 

,f),, 

^iilk modulus, lo.g Z'fi) 

15 nlk i^iocliiK^. Iiom i.\pi.^imeni d 

i^)<) • 

^ 5 iio>ancy, 50«_>. * ^ 

raicnius, <) [ 

Cains, • • . I 

C'.intiU-x ers. Bfopjied 1^1 , *Slope 
And detleetioii in, jO; -yj'f, 175- 

175 • 

Cani^;' springs. 27^ 

Cast iron. i<ei v/'^^ of tests on,»u ^ • 

Cement, Composition of, 1 me- 

DCbs of, Mo. ,?etting ijini- ol, 
321^ V>nnd1\css of^ ^2* • 
fic graMta of, 320. Strength ol 
321 ; Ms|ng, MO , 

Central fwco, 425* 

Centre, Inijtentaneous, .15^. , • j 


t'eiuie ot gra\it\, h\ laUulation, 
4151 b\' e\}H inni nt, s<* . * 

I'liuallv. 32 . ol A lloatiiig 

575 • 

C'l nt n , ol m.iss. j 12 . ot p..»-. ilM 
Ion t s, pS ,,i ptes sijie, ^ 7 I 
( I ntiilugal ton e, (2S ^ 

1 I nil itugal pumps o . Mioss 

lilt m, (.-,2 . H \ dianlh i im lem v 
ol I'S M .Mul*i] lie w lu «1, (•sJ' , 

\ all itioji ot pn ssin • in. ns i . 
\il'"itus in, (‘p>, W)ik done 
on, , 1 • 

(iiitnlngal t. iisioii in Ults. s^| ^ 
i I, im, 1 ensign in a hanging, , t, 

« h.iiiis, I MU'inis-loll ot motion l)\. 

I, . 1 \ pi s of di i\ ing. s M . p's ,• 
\\ ol k 11 .ii.sinit 11[i\, es 

< la /\ |oi miil.i loi pipt s, ^ 

i in i. . Motion 111 a, ',<>•) ^ ‘ 

I in nlai Ih nding iPO 
( l.ipi \ I oil s t la on in of time nio- 
nil Ills 

I i, -l-.'nj's, ^ ^ 

( ' a tin ant, ot di V li.i I e< , (.00, (n-s , 
ot 1 up! me, n 1 . "1 M lea 11 V , (»oo, 

I Ol tia 1. Ill ut I \pansion, I I s, t»‘'^2 , 
ot ll !i t loll, Ml. t •)') 

( oil.II I I a t n >11 of, ,0 

( oilnion. W.i'.te ol iinigs dining, 
M 7 

( I dmniis, 22 M -t 11 . I nil I's . ui \ e 
lui, 212, 1 i;l( I M till nnd 1 lor 

long, 2 2’s . I V. ing . ioi inula h a , 

2 t , I i\mg I lie ( nd ' ol, 2.1. 

(.(ltd'm's l<ll nnd.i h-i, 2 , I 1.1 I 

l.nfuis ol g\ 1 ition 111, 2 ',2 , 

M.iMimiin '-Ik .n ' t n - ' in, I 2 | , 
\on-a \,ial I' ..t'h. on, 2 ,, , Kaii- 
kine’s laiininia loi, 2 , l<< iin 

lon I d (i.iM^i ti , 1 lo S' I Olid.11 \ 
ll'-xmi' in, 2 i; , Stiaiglit line 
lonniila toi, 2 }o . Sti('.s<s on 
(il)lnpic s< I lions of, 122 , ^j'rahie 
ol I. in Ha K Ills loi, 2 . J 'd s on, 

i-s ' • • 

• r oinji .net)Is of .f fori i 

< oinpi^ssioit l<.sts <,M i.<.nicnt, buck 

aial stoni , i2<l 

< on< n te, (oenposiiion of, m'c 

lollplg.ile Stflssls, 2>''0 

( '>mK( ting md. Ai < 1 h ratioiHlTii.ige 
171 . *B>ending inonnnf dii^ 
1»». inertia on, 4/7, Inerli.i le- 

• .i< tions diie*to file, i7t>. Intinite, 

,*jMotion of, J71 , J<csuUaut 

• ■' for< e on the. |7,S ^ • 

Coi^stants, Useful, hdi. 
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('ontinuous beam-., 2oj-^oM 
Contractions in test pieces, Lateral, 

3 i> 

(^ontraflexuro. Points of, iHo , in 
columns, Points ol, 

Couple, and 1 of a l)o(l\, I^rlalion 
of, 41.} , ami i.ite <jf cii.in^c of 
angular momenluin, 4^1, de¬ 
fined, 4^, Equ^'ilnant of a, 5<i, 
71 ; Monii'iitofa, 50, Pesullant 
of a, 61 ' W'ork done by a, \ 
Coi^plos. Propertl(•^ of, 59, Kotk- 
, ing. -120 

('ouplings for slhifts, 55H 
Crab, ICxjieiiinent on a, ^20 
'C'r.ink-elloi I. 170, diagram, pib 
Crank ])in, brn lion ol a, ^71 
Cl.ink shaft beaiing-., liKlion in, 
371 

Crank, I unung inoincnt on, {(^9- 
•171 

Cieejiing in tesi pnss-^, ^lo, ^i<) 
Crossiie.id |)in, I'lulion ol <t, ^72 
"^CurvaluK', i(>|, m IkmiU'-, Anli* 
cl.'islic, ijj. in columns. 229, 
Pniforin, j85 
Cv( lonl, ^50 
Cylinders, llink, 112 

Jiao V loi imila for pi[H's, 6i } 

Dead angles, ^7} 

Delleclion .uni sticss, l<eIation of, 

187 

l)eli(‘cli«»n III bciiiits, Mca'.nu'ment 
ol, 299 : of 1)( anis, i(); 

J)<'lfa inet.il, Kei<^rd of (ensile 
(esl on, 312 < 

Densitv, 2. 

I >ei 1 u k Cl .me, b'oiac's in a, 3 ^ 
L)iMcionli.il, C.iKulns, y , (.o-elii- 
cients, 1 a!»Ie of, i [,« 

Diffeiential gearing for motor c.iis, 
543- 

l)is(auee-fline di.igr.ims, ySi, 38^ 
D>naX.ic.il systems, Jopin aleiif, 

1fP'n.V 475- . 

K.irlh pie<-.ure, '279-21)0; ICarr'' 
kinc’s tlieois’ of. 280; Wedge 
theoi V of, 283. i 

{. 

KiXynti'ie, .(So. 

F-Cceis aus, Comjionenl, ,(8i, 
Kfficienev of a micC, .F*; , of 
' in.iclnnes, ^28 • 

Fd.istic break-down, f'oinisof, 310, 
P'). . i)‘ 

Fustic InniH, 108 , changed b>* 
overstraining, 311,313. ^ 

Elisticity, 108. 


Elbows, Loss of head at, O72. 
Electriial horse-power, 344.r 
Klecliomotor arianged as a dyna¬ 
mometer, 378 
h'llipse of stress, 262, 281 
Ivm .istrif' be.ims, 170-181 
l-.nergicsof Mowing water, 393. 
l- 2 nerg\, 326; Chcmic.il, 320 , Con- 
seivation of, 326, Idaslic, 326, 
I'dectiie.il, ^20, Fliictiialioiis in, 
|9|,490, Ile.tl, 320, H\dr.t»i!n 
tr.uisimssion ol, 581 ; Kinetic, 
32b. jof), jKi; of a rolling wheel, 
420, Potenlud, 320, transfor¬ 
mations in Mowing water, 59^ 
Ivpi(V<lir lediicmg gears. 517-549. 

1 1.1 Ills of w heels, 5 ((>-5 \>} 
l•■[.n \eIoid, 551 

lajiialioi'.s of e'|!iilil)imni of iini- 
pl.uiar forces, 05 

]v|mlil)iant, tleliited, 21 ; of an\ 
unipl.mai lon.es, Oj , I'l forces 
ill the s.ime sliaight line, 21, 
of two inteisccting forces, 22,<25 , 
of uniplaiiar foices, .it .1 point 
2'» 

iHiiiililniitm ol fones in ji.^'allel 

planes, =; 1 2 

J'''|mhl>iium, M.iles of, 52 
I'.iilei s liiimnl.t loi.eoluinns, 228 
l-'.wing's exleiisomr.'ier, -^07 , foi- 
imila foi columns, 2 ^ \ 
l•'\j)a^s|on, ('itelluient of, 115. of 
.1 g.is, Woik done duiing, 580,1. 
Strc*.ses due to, 11 s 
l^^tl■ns^<)n^ in test pieces, 311. 
Ivxlcnsoineteis, 3*‘7 

I'aelois of saf<-t\ .194 
l•.dIlng l)od\, [•Iqiiations for a, 389 
i-'eed jiii'np, 388 / , 

M\wh<‘el. 1 )iiiu nsi»ns of. 

j)eiimenUif:*-]i8 , Kinetic energy^ 
(»t, 495/, M of a, 4<)5 . Moment* 
of iner'ii.i of, 447. Nece.ssarv 
moment of inertia oi a,v 109 ; and 
; sh.i[^t. '^^.airsional p.scillations of, 

! o *• 

i < h'I\ w heels. 418, 420, 494-499; Cen- 
. 1nfug.il tension in, 498. 

»i 1'l.inji.c s( ross, 15 4 H , 

Ido.itiMg ^jodies. Centre M gravity 
j of, 575 : Pre'S^rc on, 569 , 6ta« 

I bililv of. •572-576^ 

I J'hK tiiation in energy. Cociricient 
1 '‘f. I’> 7 , n , 

Fluid fticMon, 3535. 502 
|<d''hn^l pre-s^ure, l\esuk:ant, ; 
t To/.il, 567 ; Work done a 
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Stresses in ;i. , stu"*'. 

tijagrmiLS, 3O7 , strex-s. 1 <|iiaiit\ 
of transnuxsion ol, 

Fluids, Normal xtrixx«.'-> m, 5(14 
Proj)crtU‘s of, 

I'OrCC, AbxrdlUf ilintx of. }o; , 
Centnluf'al. ■^2^ . di.i^iamx, ;>i 

89, l)eljinti<<ii of, I, .Mtsixiin- 

ment of, 2. ^ , Monu'iit of a, ji , 
Kect.inj'ul.n toinponontx t»f a. 
0 2^'. kc'i'n'Miitalion of a, lo. 
Spacc-avti.is;c of a, }io, s\s- 
tfiiis in [laiallrl pianc-s, si-’ 

1 line erriji<‘ of .1, ^ u , I ml > 
of. 2 

i-'oriex, a< tiin; at a point, 10- 
f l''\t',riial .111(1 Iniciiial, ;>> , In.- 
pulM\ e, j 11 . in til' s.inif 
stiaiKlit hue, oi , J’.ii,il!< I |o 
P.nalh'lo*.;!.1111 of, .>i. 22 . l‘ol\ 
f.;on of, J'S , 'x\ >i( [ll^ t.t uniplan.n 
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aibstitiited liaims, Su 
tiibstiliunfn, fou(>and*coiiple 
lor a given rt^rce, 02 , .if a font 
f^r a given foo e and coufHe, 0 t 
aipcr-ele\-itKii'. of outer i.iil, 127 
iiisjietpJiin bihig('., 246; Stitlen- 
ing girders fi-r. 2 }7 
isstcnib ^ nnipl.iijar fovts. 6 \ . 
acting it a f>o»nt,'2t*. 
t * 

;able leg*', fT^rci’s in, 5 j 
fectJi, CHijIjKi.il, 350. Irtvointe, 
55t; f’atli of ounlact^of. 551. 
5f^; JVo'j^irtions of wheel. <^1 
ShJiicof. 5 p) ;^jStrcngth of wlietl 


1 01 'loll. Angle of, 2 I , meter, 11 j, 
t p» , ^loln( nt ot Jesi'tamr* |o, 
2 S 1. -M7 . t( -Is M 7 , I hill t oIh* 
limit I 27,7 , \\ IK s iimier. 2'i| 
loiMoiiai, tisi ill ttioiis ol spiings. 
2 i)S , osMll.itlolls 0} \\l|(s, 2 'i 7 , 

iigi<lit\. 2'ti. sti.uiis, Me.isure- 
iiieni ol. 11 N 

lowers' exjieiinients on friction, 
tS 3 

I ia( (n\, pH) 

1 Mins ol wilt I Is, S | 2 -'i pi 
1 Mii'^ itioii, < oiK lit ions of I'ure. 11 { 

‘ .d\ iiam'iiiieti 1 >, \ pi 

id on a siisjiciision 


1 MiisimsMon 
iMMliing 1' 

' bl idge, 2 j; 

I M\elling ifiad', I<i7-20j 
! liiangle of hn-*‘s, 2}, J\cIation 
of lol I es .111(1 .uigies, 26 
Ti igoiiumcti ii al ratios, 088. 

! I igoiiOnK 11 V, 0 

1 iijiod, I OK es in .1, t3 i 

** l-^irbines, J h>i '< .jiower , de\ elofied 
' in, <> 17. o j; , 11 \dt.'uhi, 072- 

0 pi , iS’oi k d(^ne in 0^7 
* I liming moipeiil th.tgi.iiiis, }0j, 

, 17 <> • J 

1 J urmng moim nts nioddie',.--niy 
j Iriction, t;*', t 72 -U 4 
; Tiirijing moment (>n cr.mk, 469 
; J'w'ist, Pure, ifi. 
t 

f^ni^anaVconcurrent lirces, ICqua- 
** tions for, 27 ^ 

I'nv^n’.s formula for carving loat^, 

t 10 '. • 
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INDEX 


Valve diagrams, 481. 

VaUre, lL(iuation for motion of a, 

Valve-gear 479; characteristic line 
for a, 404; Hackworth, 48Z, 
Vector quantities defined, 19. 
N'elocilies, Composition and resolu¬ 
tion of, 389 ; -m a link, 457 . in 
a rotating bony, 45O, Parallelo¬ 
gram and triangle of, 3^9. 
\elocity, 381; at an instant, 381:; 
changed in direction, 304 , ratio 
m machines, 327, 32H ; Relative, 
402; -space diagram. 399: 
-time diagiams, 381, 399, Units 
of, 381. 

VentuA water meter. 595, 608 
Vibrations, Sinii>lo-harmonic, 43O , 
'finie of' 4 ^7, 4 ^8, 400, 4 jo 
Virtual slope of a pipe, Ckk) 
Viscosity <^f iiibncants, ^57 
Volumes, Ueterunnatiou of, (>. 
vortex, h'orccil, O54 , f ree, 655 

Wall crane, Forces in .1. 31 
Walls, for earth, Kelammg, 281 . 

Stability of, 303 
Wan on girders, 218 
Water wheels, Tvpes of, 631 
Watt parallel motion, }i)i 
Wedge theoiy of earth piessme, 
281. 

Weight in absolute iimU. 107 
Weights and Specific (iravihes, 
'table of, ^ 

Weston’s diflcrcutial blocks#,333 


Wheel and axle. Friction 'A a 
370, 

Wheel and differential axle, 333. * 

Wheel and racks, 460. 

Wheel, Energy of a rolling, 420. 

Wheels, Motion of roUmg. 393 
Toothed, 540-558 

Whirling, of a loaded shd^fi;, 519 
of unloaded shafts. 520^ 

Whirlpool chamber, PressuM 
tion in a, 657 .. 

Wliitworth (juick-roturn motion, 
{89 

Wind pressure, 82-86, 196 

Wires, forsional oscillations of, 297; 
uikIct pull, 292 ; under torsic^g 
294. 

Woik, 325; Diagrams of, 33} ; 
d^mc !)>• a couple, 3^9; done by 
,i jet . 6i8 . done in an engine’ 
lylmder, 3^7, done 1 •*e!e\ ating 
a body, n5 . done in hoisting 
a load and lope, 335, d^ne 111 
jiiiiiching, 310; <lone ui tuisting 
a test specimen, 318 , Units of, 
^2.1 V 

Woikmg loads, 191*197. 

Wrought iron, Records of tests on. 


Yield, poinf, 310, 318 ; stress, 311. 

Young's modulus. 109 , by bend¬ 
ing, 1 )ctei min.ilion of. 300. Uy 
fi^'sioii.ii oscillations, Dotermina* 
lion of, 2<i8 , b\ direct pull, 
Determination of, 293, 310. 
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